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New Foreword

On October 1, 2001 Axiom was withdrawn from the market and ended life as a commer-
cial product. On September 3, 2002 Axiom was released under the Modified BSD license,
including this document. On August 27, 2003 Axiom was released as free and open source
software available for download from the Free Software Foundation’s website, Savannah.

Work on Axiom has had the generous support of the Center for Algorithms and Interactive
Scientific Computation (CAISS) at City College of New York. Special thanks go to Dr.
Gilbert Baumslag for his support of the long term goal.

The online version of this documentation is roughly 1000 pages. In order to make printed
versions we’ve broken it up into three volumes. The first volume is tutorial in nature. The
second volume is for programmers. The third volume is reference material. We’ve also added
a fourth volume for developers. All of these changes represent an experiment in print-on-
demand delivery of documentation. Time will tell whether the experiment succeeded.

Axiom has been in existence for over thirty years. It is estimated to contain about three
hundred man-years of research and has, as of September 3, 2003, 143 people listed in the
credits. All of these people have contributed directly or indirectly to making Axiom available.
Axiom is being passed to the next generation. I'm looking forward to future milestones.

With that in mind I've introduced the theme of the “30 year horizon”. We must invent
the tools that support the Computational Mathematician working 30 years from now. How
will research be done when every bit of mathematical knowledge is online and instantly
available? What happens when we scale Axiom by a factor of 100, giving us 1.1 million
domains? How can we integrate theory with code? How will we integrate theorems and
proofs of the mathematics with space-time complexity proofs and running code? What
visualization tools are needed? How do we support the conceptual structures and semantics
of mathematics in effective ways? How do we support results from the sciences? How do we
teach the next generation to be effective Computational Mathematicians?

The “30 year horizon” is much nearer than it appears.

Tim Daly
CAISS, City College of New York
November 10, 2003 ((iHy))



Chapter 1

Chapter Overview

This book contains the domains in Axiom, in alphabetical order.

Each domain has an associated 'dotpic’ chunk which only lists the domains, categories, and
packages that are in the layer immediately below in the build order. For the full list see the
algebra Makefile where this information is maintained.

Each domain is preceded by a picture. The picture indicates several things. The colors
indicate whether the name refers to a category, domain, or package. An ellipse means that
the name refers to something in the bootstrap set. Thus,

- T
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Chapter 2

Chapter A

2.1 package AFALGGRO AffineAlgebraicSetCompute-
WithGroebnerBasis

— AffineAlgebraicSetComputeWithGroebnerBasis.input —

)set break resume

)sys rm -f AffineAlgebraicSetComputeWithGroebnerBasis.output
)spool AffineAlgebraicSetComputeWithGroebnerBasis.output
)set message test on

)set message auto off

)clear all

S 1of 1
)show AffineAlgebraicSetComputeWithGroebnerBasis

--R AffineAlgebraicSetComputeWithGroebnerBasis(K: Field,symb: List(Symbol),PolyRing: PolynomialCategory(K,E
--R Abbreviation for AffineAlgebraicSetComputeWithGroebnerBasis is AFALGGRO

--R This constructor is exposed in this frame.

--R Issue )edit bookvol1l0.4.pamphlet to see algebra source code for AFALGGRO

--R-——————- -—= - Operations -—= -——

--R affineAlgSet : List(PolyRing) -> Union(List(ProjPt),"failed",Infinite,Integer)
--R affineRationalPoints : (PolyRing,PositivelInteger) -> List(ProjPt)

--R affineSingularPoints : PolyRing -> Union(List(ProjPt),"failed",Infinite,Integer)

--E 1

) spool
)1lisp (bye)
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— AffineAlgebraicSetComputeWithGroebnerBasis.help —

AffineAlgebraicSetComputeWithGroebnerBasis examples

See Also:
o )show AffineAlgebraicSetComputeWithGroebnerBasis

2.1.1 AffineAlgebraicSetComputeWithGroebnerBasis (AFALGGRO)

Exports:
affineAlgSet  affineRationalPoints  affineSingularPoints

— package AFALGGRO AffineAlgebraicSetComputeWithGroebner-
Basis —

)abbreviation package AFALGGRO AffineAlgebraicSetComputeWithGroebnerBasis
++ Author: Gaetan Hache
++ Date Created: 17 nov 1992
++ Date Last Updated: May 2010 by Tim Daly
++ Description:
++ The following is part of the PAFF package
AffineAlgebraicSetComputeWithGroebnerBasis(K,symb,PolyRing,E,ProjPt) :Exports_
== Implementation where

K : Field

symb: List(Symbol)

0V ==> OrderedVariableList (symb)
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E : DirectProductCategory (#symb,NonNegativeInteger)
PolyRing : PolynomialCategory(K,E,0V)

ProjPt : ProjectiveSpaceCategory(K)
PCS : LocalPowerSeriesCategory (K)
OF ==> QutputForm

PI ==> PositivelInteger

NNI  ==> NonNegativelnteger

RFP  ==> RootsFindingPackage

SUP  ==> SparseUnivariatePolynomial

PPFC1 ==> PolynomialPackageForCurve (K,PolyRing,E,#symb,ProjPt)
Exports ==> with

affineAlgSet: List PolyRing -> _
Union(List(ProjPt),"failed","Infinite",Integer)

affineSingularPoints : PolyRing -> _
Union(List(ProjPt),"failed","Infinite",Integer)

affineRationalPoints: (PolyRing,PI) -> List ProjPt
++ \axiom{rationalPoints(f,d)} returns all points on the curve
++ \axiom{f} in the extension of the ground field of degree \axiom{d}.
++ For \axiom{d > 1} this only works if \axiom{K} is a
++ \axiomType{LocallyAlgebraicallyClosedField}

Implementation ==> add
ss2:List Symbol:= [X1,X2]

DD ==> DistributedMultivariatePolynomial(ss2,K)
LexE ==> DirectProduct (#ss2,NonNegativeInteger)

0V2 ==> OrderedVariableList(ss2)

InGB ==> InterfaceGroebnerPackage(K,ss2,LexE,0V2,DD)

affineAlgSetLocal : List DD -> _
Union(List(ProjPt),"failed","Infinite",Integer)

import PPFC1
import PolyRing
import ProjPt

listVar:List(0V):= [index(i::PI)$0V for i in 1..#symb]

polyToYX1l : PolyRing -> DD

-- NOTE : polyToYX1l set the last variable to 1 and swap the 1st and 2nd var
-- so that a call to grobner will eliminate the second var before the

-- first one

-- 23/10/98 : Ce n’est plus vrai. La fonction a ete "repare’".

-- A priori ce la ne creait pas de bug, car on tenait compte de
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-- cette particulariite dans la fonction affineAlgSetLocal.

-- cette derniere fct a aussi ete "ajuste’"

-- 27/10/98

-- Ce n’est pas vraie !!! Il fauit trouve X d’abord et ensuite Y !!
-- sinon tout sr la notion de places distinguee fout le camp !!!

polyToX10 : PolyRing -> SUP(X)
--fonctions de resolution de sys. alg. de dim O
if K has FiniteFieldCategory then
affineRationalPoints(crv:PolyRing,extdegree:PI) :List(ProjPt) ==
--The code of this is almost the same as for algebraicSet
--We could just construct the ideal and call algebraicSet
--Should we do that? This might be a bit faster.

listPtsIdl:List(ProjPt):= empty()

monomial (1,directProduct (vector ([1,0])$Vector (NNI)))$DD
monomial (1,directProduct (vector ([0,1])$Vector (NNI)))$DD

o]
1]

if K has PseudoAlgebraicClosureOfFiniteFieldCategory then
setTower! (1$K) $K
q:= size()$K
px:= x**x(q**extdegree) - x
py:= y**(g**extdegree) - y

crvXY1l := polyToYX1l crv
rpts:= affineAlgSetLocal([crvXY1l,px,pyl)

-- si les 3 tests qui suivent ne sont pas la,
-- alors ca ne compile pas !!! 777
rpts case "failed" =>_

error "failed: From affineRationalPoints in AFALGGRO,"
rpts case "Infinite" =>_

error "Infinite: From affineRationalPoints in AFALGGRO,"
rpts case Integer =>_

error "Integer: From affineRationalPoints in AFALGGRO,"
rpts case List(ProjPt) => rpts
error "Unknown: From affineRationalPoints in AFALGGRO,"

affineSingularPoints(crb)==
F:= polyToYX1l crb
Fx:=differentiate(F,index(1)$0V2)
Fy:=differentiate(F,index(2)$0V2)
affineAlgSetLocal ([F,Fx,Fyl)

affineAlgSet (ideal : List PolyRing )==
idealXY1l := [polyToYX1 pol for pol in ideall]
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affineAlgSetLocal idealXY1

--fonctions de resolution de sys. alg. de dim O
affineAlgSetLocal(idealToXY1:List DD ) ==
listPtsIdl:List(ProjPt)
idealGroXY1:=groebner (idealToXY1)$InGB
listZeroY:List (K) :=empty()
listZeroX:List (K) :=empty ()
listOfExtDeg:List (Integer) :=empty ()
polyZeroX:DD:=last (idealGroXY1)
member? (index (1) $0V2, variables(polyZeroX)$DD) =>

print (("The number of point in the algebraic set is not finite")::0F)

print(("or the curve is not absolubtly irreducible.")::0F)

error "Have a nice day"

--now we find all of the projective points where z "= 0
rec0fZerosX:=distinguishedRoots0f (univariate(polyZeroX) , 1$K) $RFP (K)
-- HERE CHANGE
degExtX:=recO0fZerosX.extDegree
listZeroX:List K := recOfZerosX.zeros
1list0fExtDeg:=cons (degExtX,list0fExtDeg)
for a in listZeroX repeat

tjeker := [(eval(f,index(2)$0V2,a)$DD) for f in idealGroXY1i]

idealGroaXbl := [univariate(f)$DD for f in tjeker]

rec0fZerosOfIdeal:=distinguishedCommonRoots0f (idealGroaXbl,a)$RFP(K)
listZeroY:= recOfZerosOfIdeal.zeros
1list0fExtDeg:=cons(recO0fZeros0fIdeal.extDegree,list0fExtDeg)
listPtsIdl:=
concat( [projectivePoint([a,b,1]) for b in listZeroY] ,listPtsIdl)

degExt:=1lcm listOfExtDeg

zero?(degExt) =>
print (("------- Infinite number of points ------ ") ::0F)
"Infinite"

“one?(degExt) =>

print (("You need an extension of degree")::0F)

print (degExt: :0F)

degExt
listPtsIdl

polyToYX1(pol)==
zero?(pol) => 0
dd:= degree pol
lc:= leadingCoefficient pol
pp:= parts dd
ppr:= rest reverse pp
ppv:Vector (NNI):= vector ppr
eppr:=directProduct (ppv) $LexE
monomial (lc,eppr)$DD + polyToYX1 reductum pol

polyToX10(pol)==
zero?(pol) => 0
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dd:= degree pol

lc:= leadingCoefficient pol

pp:= parts dd

1lp:= last pp

“zero?(lp) => polyToX10 reductum pol
el:= pp.1

monomial(lc,el)$SUP(K) + polyToX10 reductum pol

— AFALGGRO.dotabb —

"AFALGGRO" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AFALGGRO"]
"DIRPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=DIRPCAT"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"AFALGGRO" -> "DIRPCAT"

"AFALGGRO" -> "PFECAT"

2.2 package AFALGRES AffineAlgebraicSetComputeWith-
Resultant

— AffineAlgebraicSetComputeWithResultant.input —

)set break resume

)sys rm -f AffineAlgebraicSetComputeWithResultant.output
)spool AffineAlgebraicSetComputeWithResultant.output
)set message test on

)set message auto off

)clear all

-——S1of 1

)show AffineAlgebraicSetComputeWithResultant

--R

--R AffineAlgebraicSetComputeWithResultant(K: Field,symb: List(Symbol),PolyRing: PolynomialCateg
--R Abbreviation for AffineAlgebraicSetComputeWithResultant is AFALGRES

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.4.pamphlet to see algebra source code for AFALGRES

--R

--R—- —m— o Operations --- e

--R affineAlgSet : List(PolyRing) -> Union(List(ProjPt),"failed",Infinite,Integer)

--R affineAlgSetLocal : List(SparseUnivariatePolynomial (SparseUnivariatePolynomial(K))) -> Union
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--R affineRationalPoints : (PolyRing,PositiveInteger) -> Union(List(ProjPt),"failed",Infinite,Integer)

--R affineSingularPoints : PolyRing -> Union(List(ProjPt),"failed",Infinite,Integer)

--R affineSingularPoints : SparseUnivariatePolynomial (SparseUnivariatePolynomial(K)) -> Union(List(ProjPt),
--R allPairsAmong : List(SparseUnivariatePolynomial (SparseUnivariatePolynomial(K))) -> List(List(SparseUniv
--R polyRing2UPUP : PolyRing -> SparseUnivariatePolynomial(SparseUnivariatePolynomial (X))

--E 1

) spool
)1lisp (bye)

— AffineAlgebraicSetComputeWithResultant.help —

AffineAlgebraicSetComputeWithResultant examples

See Also:
o )show AffineAlgebraicSetComputeWithResultant

2.2.1 AffineAlgebraicSetComputeWithResultant (AFALGRES)

Exports:
affineAlgSet affineAlgSetLocal affineRationalPoints
affineSingularPoints  allPairsAmong polyRing2UPUP

— package AFALGRES AffineAlgebraicSetComputeWithResultant
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)abbrev package AFALGRES AffineAlgebraicSetComputeWithResultant
++ Author: Gaetan Hache
++ Date Created: 17 nov 1992
++ Date Last Updated: May 2010 by Tim Daly
++ Description:
++ The following is part of the PAFF package
AffineAlgebraicSetComputeWithResultant (K,symb,PolyRing,E,ProjPt) :Ex==Impl where
K : Field
symb: List(Symbol)
0V ==> OrderedVariableList(symb)
E : DirectProductCategory (#symb,NonNegativeInteger)
PolyRing : PolynomialCategory(K,E,QV)

ProjPt : ProjectiveSpaceCategory(K)
PCS : LocalPowerSeriesCategory (K)
SUP ==> SparseUnivariatePolynomial

UPUP ==> SUP(SUP(K))
NNI ==> NonNegativelnteger
RFP ==> RootsFindingPackage

Ex ==> with

affineSingularPoints: PolyRing -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineSingularPoints: UPUP -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineAlgSetLocal: List UPUP -> _
Union(List(ProjPt),"failed","Infinite",Integer)

affineAlgSet: List PolyRing -> _
Union(List ProjPt ,"failed","Infinite",Integer)

polyRing2UPUP: PolyRing -> UPUP
allPairsAmong: List UPUP -> List List UPUP

affineRationalPoints: (PolyRing, PositiveInteger) -> _
Union(List(ProjPt),"failed","Infinite",Integer)

Impl == add
import ProjPt
evAtcoef: (UPUP,K) -> SUP(K)
evAtcoef (pol,a)==

zero?(pol) => 0
dd:= degree pol



PACKAGE AFALGRES AFFINEALGEBRAICSETCOMPUTEWITHRESULTANT11

lc:= leadingCoefficient pol
monomial( lc(a), dd )$SUP(K) + evAtcoef( reductum(pol), a )

polyRing2UPUP (pol)==
zero?(pol) => 0
dd:= degree pol
lc:= leadingCoefficient pol
pp:= parts dd
monomial (monomial (1c,pp.1)$SUP(K) ,pp.2) $UPUP+polyRing2UPUP (reductum(pol))

if K has FiniteFieldCategory then

affineRationalPoints(crv:PolyRing,extdegree:PositiveInteger) ==
listPtsIdl:List(ProjPt):= empty()
x:= monomial(1,directProduct(vector([1,0,0])$Vector(NNI)))$PolyRing
y:= monomial(1,directProduct(vector([0,1,0])$Vector (NNI)))$PolyRing
if K has PseudoAlgebraicClosureOfFiniteFieldCategory then
setTower! (1$K) $K
q:= size()$K
px:= x**x(q**extdegree) - x
py:= y**(g**extdegree) - y
rpts:= affineAlgSet([crv,px,pyl)
-- si les 3 tests qui suivent ne sont pas la,
-- alors ca ne compile pas !!! 777
rpts case "failed" => _
error "case failed: From affineRationalPoints in AFALGRES"
rpts case "Infinite" => _
error "case infinite: From affineRationalPoints in AFALGRES"
rpts case Integer => _
error "case Integer: From affineRationalPoints in AFALGRES"
rpts case List(ProjPt) => rpts
error "case unknown: From affineRationalPoints in AFALGRES"

allPairsAmong(lp)==
#1p = 2 => [1p]
rlp:=rest 1lp
subL:= allPairsAmong rlp
pol:=first 1p
frontL:= [[pol,p] for p in rlp]
concat( frontlL , subL )

affineSingularPoints(pol:PolyRing)==
affineSingularPoints( polyRing2UPUP pol )

affineSingularPoints(pol:UPUP)==
ground? pol => "failed"
lc := coefficients pol
lcb := [ ground?( c )$SUP(K) for c in lc ]
reduce("and" , 1lcb) => "failed"
dy:=differentiate(pol)
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dx:=map(differentiate$SUP(K) ,pol)
affineAlgSetLocal( [ pol, dy, dx ] )

resultantL: List UPUP -> SUP(X)
resultantL(lp)==

g:=first 1lp

h:= last 1p

resultant(g,h)

affineAlgSet(lpol:List PolyRing)==
affineAlgSetLocal( [ polyRing2UPUP pol for pol in lpol ] )

affineAlgSetLocal(lpol:List UPUP)==
listPtsIdl:List(ProjPt)
allP:= allPairsAmong lpol
beforGed:List SUP(K) := [resultantL(lp) for lp in allP]
polyZeroX:SUP(K) :=gcd beforGced
zero? polyZeroX => "failed"
listZeroY:List (K) :=empty()
listZeroX:List (K) :=empty ()
rec0fZerosX:=distinguishedRoots0f (polyZeroX, 1$K) $RFP (K)
degExtX:=recOfZerosX.extDegree
listZeroX:List K := recOfZerosX.zeros
listOfExtDeg:List (Integer) :=empty ()
listOfExtDeg:=cons(degExtX,1list0fExtDeg)
lpolEval:List SUP(K)
for a in listZeroX repeat
lpolEval := [ evAtcoef(p,a) for p in 1lpol ]
rec0fZerosOfIdeal:=distinguishedCommonRoots0f ( 1lpolEval ,a)$RFP(K)
listZeroY:= recOfZerosOfIdeal.zeros
listOfExtDeg:=cons(recO0fZerosOfIdeal.extDegree,list0fExtDeg)
listPtsIdl:=
concat( [projectivePoint([a,b,1]) for b in listZeroY] ,listPtsIdl)
degExt:=lcm listOfExtDeg
zero? (degExt) =>
print (("AFALGRES:Infinite number of points")::0utputForm)
"Infinite"
“one? (degExt) =>
print (("AFALGRES:You need an extension of degree")::OutputForm)
print (degExt: :OutputForm)
degExt
listPtsIdl

— AFALGRES.dotabb —

"AFALGRES" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AFALGRES"]
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"RFP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=RFP"]
"AFALGRES" -> "RFP"

2.3 package AF AlgebraicFunction

2.3.1 AlgebraicFunction (AF)

Exports:
belong?  droot definingPolynomial inrootof iroot
minPoly operator rootOf KD

— package AF AlgebraicFunction —

)abbrev package AF AlgebraicFunction

++ Author: Manuel Bronstein

++ Date Created: 21 March 1988

++ Date Last Updated: 11 November 1993

++ Keywords: algebraic, function.

++ Description:

++ This package provides algebraic functions over an integral domain.

AlgebraicFunction(R, F): Exports == Implementation where
R: Join(OrderedSet, IntegralDomain)

F: FunctionSpace R

SE ==> Symbol

Z  ==> Integer

Q ==> Fraction Z

0P ==> BasicOperator

K ==> Kernel F

P  ==> SparseMultivariatePolynomial(R, K)

UP ==> SparseUnivariatePolynomial F
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UPR ==> SparseUnivariatePolynomial R
ALGOP ==> "Yalg"

SPECIALDISP ==> "YspecialDisp"
SPECIALDIFF ==> "YsspecialDiff"

Exports ==> with
root0Of : (UP, SE) -> F
++ root0f(p, y) returns y such that \spad{p(y) = 0}.
++ The object returned displays as \spad{’y}.
operator: 0P -> OP
++ operator(op) returns a copy of \spad{op} with the domain-dependent
++ properties appropriate for \spad{F}.
++ Error: if op is not an algebraic operator, that is,
++ an nth root or implicit algebraic operator.
belong? : 0P -> Boolean
++ belong?(op) is true if \spad{op} is an algebraic operator, that is,
++ an nth root or implicit algebraic operator.
inrootof: (UP, F) > F
++ inrootof(p, x) should be a non-exported function.
—-- un-export when the compiler accepts conditional local functions!
droot : List F -> OutputForm
++ droot(1l) should be a non-exported function.
—-- un-export when the compiler accepts conditional local functions!
if R has RetractableTo Integer then
Wk ! : (F, Q) > F
++ x ** q is \spad{x} raised to the rational power \spad{q}.
minPoly: K -> UP
++ minPoly(k) returns the defining polynomial of \spad{k}.
definingPolynomial: F -> F
++ definingPolynomial (f) returns the defining polynomial of \spad{f}
++ as an element of \spad{F}.
++ Error: if f is not a kernmel.
iroot : (R, Z) -> F
++ iroot(p, n) should be a non-exported function.
-- un-export when the compiler accepts conditional local functions!

Implementation ==> add
ialg : List F -> F
dvalg: (List F, SE) -> F
dalg : List F -> OutputForm

opalg := operator("rootOf"::Symbol)$CommonOperators
oproot operator ("nthRoot": : Symbol) $CommonOperators

belong? op == has?(op, ALGOP)
dalg 1 == second(1)::0OutputForm

root0f (p, x) ==
k := kernel(x)$K
(r := retractIfCan(p)@Union(F, "failed")) case "failed" =>
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inrootof (p, k::F)
n := numer(f := univariate(r::F, k))
degree denom f > 0 => error "roofOf: variable appears in denom"
inrootof (n, k::F)

dvalg(l, x) ==
p := numer univariate(first 1, retract(second 1)@K)
alpha := kernel(opalg, 1)
- (map((s:F):F +-> differentiate(s, x), p) alpha)_
/ ((differentiate p) alpha)

ialg 1 ==
f := univariate(p := first 1, retract(x := second 1)@K)
degree denom f > 0 => error "roof(Of: variable appears in denom"
inrootof (numer f, x)

operator op ==
is?(op, "root0f"::Symbol) => opalg
is?(op, "nthRoot"::Symbol) => oproot
error "Unknown operator"

if R has AlgebraicallyClosedField then
UP2R: UP -> Union(UPR, "failed")

inrootof(q, x) ==
monomial? q => 0

(d := degree q) <= 0 => error "rootOf: constant polynomial"
- one? d=> - leadingCoefficient(reductum q) / leadingCoefficient q
(d = 1) => - leadingCoefficient(reductum q) / leadingCoefficient q
((rx := retractIfCan(x)@Union(SE, "failed")) case SE) and
((r := UP2R q) case UPR) => rootOf(r::UPR, rx::SE)::F
kernel (opalg, [q x, x])

UP2R p ==
ans:UPR := 0
while p "= 0 repeat
(r := retractIfCan(leadingCoefficient p)@Union(R, "failed"))
case "failed" => return "failed"

ans := ans + monomial(r::R, degree p)
P := reductum p
ans

else
inrootof(q, x) ==
monomial? q => 0
(d := degree q) <= 0 => error "rootOf: constant polynomial"
-- one? d => - leadingCoefficient(reductum q) /leadingCoefficient q
(d = 1) => - leadingCoefficient(reductum q) /leadingCoefficient q
kernel(opalg, [q x, x])
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evaluate(opalg, ialg)$BasicOperatorFunctionsl1(F)
setProperty(opalg, SPECIALDIFF,

dvalg@((List F, SE) -> F) pretend None)
setProperty(opalg, SPECIALDISP,

dalg@(List F -> OutputForm) pretend None)

if R has RetractableTo Integer then
import PolynomialRoots(IndexedExponents K, K, R, P, F)

dumvar := "}%var"::Symbol::F
1lzero : List F > F
dvroot : List F -> F
inroot : List F -> F

hackroot: (F, Z) > F
inroot0 : (F, Z, Boolean, Boolean) -> F

lzero 1 ==

droot 1 ==
x := first(1l)::OutputForm
(n := retract(second 1)@Z) = 2 => root x
root(x, n::0utputForm)

dvroot 1 ==
n := retract(second 1)@Z
(first(1l) **x ((1 - n) / n)) / (m::F)

X ** q ==
gr := divide(numer q, denom q)
X ** gr.quotient * inroot([x, (denom q)::F]) ** gr.remainder

hackroot(x, n) ==

(n=1) or (x=1) =>x

(((dx := denom x) "= 1) and
((rx := retractIfCan(dx)@Union(Integer,"failed")) case Integer) and
positive?(rx))
=> hackroot ((numer x)::F, n)/hackroot(rx::Integer::F, n)

(x =-1) and n = 4 =>
((-1::F) *x (1::Q / 2::Q) + 1) / ((2::F) *x (1::Q / 2::Q))

kernel (oproot, [x, n::F])

inroot ==
zero?(n := retract(second 1)@Z) => error "root: exponent = 0"
one?(x := first 1) or one? n => x
((x := first 1) = 1) or (n = 1) => x
(r := retractIfCan(x)@Union(R,"failed")) case R => iroot(r::R,n)
(u := isExpt(x, oproot)) case Record(var:K, exponent:Z) =>
pr := u::Record(var:K, exponent:Z)
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(first argument (pr.var)) *x*
(pr.exponent /$Fraction(Z)
(n * retract(second argument(pr.var))@Z))
inroot0(x, n, false, false)

-- removes powers of positive integers from numer and denom
-- num? or den? is true if numer or denom already processed
inrootO0(x, n, num?, den?) ==
rn:Union(Z, "failed") := (num? => "failed"; retractIfCan numer x)
rd:Union(Z, "failed") := (den? => "failed"; retractIfCan denom x)
(rn case Z) and (rd case Z) =>
rec := qroot(rn::Z / rd::Z, n::NonNegativeInteger)
rec.coef * hackroot(rec.radicand, rec.exponent)
rn case Z =>
rec := qroot(rn::Z::Fraction(Z), n::NonNegativeInteger)
rec.coef * inrootO((rec.radicand**(n exquo rec.exponent)::Z)
/ (denom(x)::F), n, true, den?)
rd case Z =>
rec := qroot(rd::Z::Fraction(Z), n::NonNegativeInteger)
inroot0((numer(x)::F) /
(rec.radicand ** (n exquo rec.exponent)::Z),
n, num?, true) / rec.coef
hackroot (x, n)

if R has AlgebraicallyClosedField then iroot(r, n) == nthRoot(r, n)::
else

iroot0: (R, Z) > F

if R has RadicalCategory then
if R has imaginary:() -> R then iroot(r, n) == nthRoot(r, n)::F
else
iroot(r, n) ==
0odd? n or r >= 0 => nthRoot(r, n)::F
iroot0(r, n)

else iroot(r, n) == irootO0(r, n)

irootO(r, n) ==
rec := rroot(r, n::NonNegativeInteger)
rec.coef * hackroot(rec.radicand, rec.exponent)

definingPolynomial x ==
(r := retractIfCan(x)@Union(K, "failed")) case K =>
is?(k := r::K, opalg) => first argument k
is?(k, oproot) =>
dumvar ** retract(second argument k)Q@Z - first argument k
dumvar - x
dumvar - x

minPoly k ==
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is?(k, opalg) =>
numer univariate(first argument k,
retract(second argument k)@K)
is?(k, oproot) =>
monomial (1,retract(second argument k)@Z :: NonNegativeInteger)
- first(argument k)::UP
monomial(l, 1) - k::F::UP

evaluate(oproot, inroot)$BasicOperatorFunctionsl(F)
derivative(oproot, [dvroot, lzero])

else -- R is not retractable to Integer
droot ==
x := first(1)::0OutputForm
(n := second 1) = 2::F => root x

root(x, n::0utputForm)

minPoly k ==
is?(k, opalg) =>
numer univariate(first argument k,
retract(second argument k)@K)
monomial(1l, 1) - k::F::UP

setProperty(oproot, SPECIALDISP,
droot@(List F -> OutputForm) pretend None)

— AF.dotabb —

"AF" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AF"]
"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]
"ACF" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=ACF"]
IIAFII _> IIFS"

IIAF n _> IIACFII
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2.4 package INTHERAL AlgebraicHermitelntegration

2.4.1 AlgebraicHermiteIntegration (INTHERAL)

Exports:
Hermitelntegrate

— package INTHERAL AlgebraicHermitelntegration —

)abbrev package INTHERAL AlgebraicHermiteIntegration
++ Author: Manuel Bronstein

++ Date Created: 1987

++ Date Last Updated: 25 July 1990

++ Description:

++ Algebraic Hermite reduction.

AlgebraicHermiteIntegration(F,UP,UPUP,R) :Exports == Implementation where
F : Field
UP : UnivariatePolynomialCategory F
UPUP: UnivariatePolynomialCategory Fraction UP
R : FunctionFieldCategory(F, UP, UPUP)

N  ==> NonNegativeInteger
RF ==> Fraction UP

Exports ==> with
HermiteIntegrate: (R, UP -> UP) -> Record(answer:R, logpart:R)
++ HermiteIntegrate(f, ’) returns \spad{[g,h]} such that
++ \spad{f = g’ + h} and h has a only simple finite normal poles.

Implementation ==> add
localsolve: (Matrix UP, Vector UP, UP) -> Vector UP

-- the denominator of f should have no prime factor P s.t. P | P’
-- (which happens only for P = t in the exponential case)
HermiteIntegrate(f, derivation) ==
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ratform:R := 0

n := rank()
m = transpose((mat:= integralDerivationMatrix derivation).num)
inum := (cform := integralCoordinates f).num
if ((iden := cform.den) exquo (e := mat.den)) case "failed" then
iden := (coef := (e exquo gcd(e, iden))::UP) * iden
inum := coef * inum

for trm in factors squareFree iden | (j:= trm.exponent) > 1 repeat
u’:=(u:=(iden exquo (v:=trm.factor)**(j::N))::UP) * derivation v

sys := ((u * v) exquo e)::UP * m

nn := minRowIndex sys - minIndex inum

while j > 1 repeat
j:=3j-1
p:=-3]x*xu
sol := localsolve(sys + scalarMatrix(n, p), inum, v)
ratform := ratform + integralRepresents(sol, v ** (j::N))
inum := [((qelt(inum, i) - p * gelt(sol, i) -

dot(row(sys, i - nn), sol))
exquo v)::UP - u * derivation qelt(sol, i)
for i in minIndex inum .. maxIndex inum]
iden :=u * v
[ratform, integralRepresents(inum, iden)]

localsolve(mat, vec, modulus) ==
ans:Vector(UP) := new(nrows mat, 0)
diagonal? mat =>

for i in minIndex ans .. maxIndex ans
for j in minRowIndex mat .. maxRowIndex mat
for k in minColIndex mat .. maxColIndex mat repeat

(bc := extendedEuclidean(qelt(mat, j, k), modulus,
gelt(vec, 1))) case "failed" => return new(0, 0)
gsetelt_!(ans, i, bc.coefl)
ans
sol := particularSolution(
map (x+->x: :RF, mat)$MatrixCategoryFunctions2(UP,
Vector UP, Vector UP, Matrix UP, RF,
Vector RF, Vector RF, Matrix RF),
map (x+->x: :RF, vec)$VectorFunctions2(UP,
RF))$LinearSystemMatrixPackage (RF,
Vector RF, Vector RF, Matrix RF)
sol case "failed" => new(0, 0)
for i in minIndex ans .. maxIndex ans repeat
(bc := extendedEuclidean(denom gelt(sol, i), modulus, 1))
case "failed" => return new(0, 0)
gsetelt_!(ans, i, (numer gelt(sol, i) * bc.coefl) rem modulus)
ans
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— INTHERAL.dotabb —

"INTHERAL" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=INTHERAL"]
"FFCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FFCAT"]
"INTHERAL" -> "FFCAT"

2.5 package INTALG AlgebraicIntegrate

2.5.1 AlgebraicIntegrate (INTALG)

Exports:
algintegrate palginfieldint palgintegrate

— package INTALG AlgebraicIntegrate —

)abbrev package INTALG AlgebraicIntegrate

++ Author: Manuel Bronstein

++ Date Created: 1987

++ Date Last Updated: 19 May 1993

++ Description:

++ This package provides functions for integrating a function
++ on an algebraic curve.

AlgebraicIntegrate(RO, F, UP, UPUP, R): Exports == Implementation where

RO : Join(OrderedSet, IntegralDomain, RetractableTo Integer)
F : Join(AlgebraicallyClosedField, FunctionSpace RO)
UP : UnivariatePolynomialCategory F

UPUP : UnivariatePolynomialCategory Fraction UP
R : FunctionFieldCategory(F, UP, UPUP)
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SE ==> Symbol
Z  ==> Integer
Q ==> Fraction Z
SUP ==> SparseUnivariatePolynomial F
QF ==> Fraction UP
GP ==> LaurentPolynomial(F, UP)
K  ==> Kernel F
IR ==> IntegrationResult R
UPQ ==> SparseUnivariatePolynomial Q
UPR ==> SparseUnivariatePolynomial R
FRQ ==> Factored UPQ
FD ==> FiniteDivisor(F, UP, UPUP, R)
FAC ==> Record(factor:UPQ, exponent:Z)
LOG ==> Record(scalar:Q, coeff:UPR, logand:UPR)
DIV ==> Record(num:R, den:UP, derivden:UP, gd:UP)

FAILO ==> error "integrate: implementation incomplete (constant residues)"

FAIL1==> error "integrate: implementation incomplete (non-algebraic residues)"

FAIL2 ==> error "integrate: implementation incomplete (residue poly has multiple non-linear fa
FAIL3 ==> error "integrate: implementation incomplete (has polynomial part)"

NOTI ==> error "Not integrable (provided residues have no relations)"

Exports ==> with
algintegrate : (R, UP -> UP) -> IR
++ algintegrate(f, d) integrates f with respect to the derivation d.
palgintegrate : (R, UP -> UP) -> IR
++ palgintegrate(f, d) integrates f with respect to the derivation d.
++ Argument f must be a pure algebraic function.
palginfieldint: (R, UP -> UP) -> Union(R, "failed")
++ palginfieldint(f, d) returns an algebraic function g
++ such that \spad{dg = f} if such a g exists, "failed" otherwise.
++ Argument f must be a pure algebraic function.

Implementation ==> add
import FD
import DoubleResultantPackage(F, UP, UPUP, R)
import PointsOfFiniteOrder(RO, F, UP, UPUP, R)
import AlgebraicHermiteIntegration(F, UP, UPUP, R)
import InnerCommonDenominator(Z, Q, List Z, List Q)
import FunctionSpaceUnivariatePolynomialFactor (RO, F, UP)
import PolynomialCategoryQuotientFunctions(IndexedExponents K,
K, RO, SparseMultivariatePolynomial(RO, K), F)

F2R : F ->R
F2UPR : F -> UPR
UP2SUP : UP -> SUP
SUP2UP : SUP -> UP
UPQ2F : UPQ -> UP
univ : (F, K) -> QF

pLogDeriv : (LOG, R -> R) -> R
nonLinear : List FAC -> Union(FAC, "failed")
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mkLog : (UP, Q, R, F) -> List LOG

R2UP : (R, K) -> UPR

alglogint : (R, UP -> UP) -> Union(List LOG, "failed")
palglogint : (R, UP -> UP) -> Union(List LOG, "failed")

trace00 : (DIV, UP, List LOG) -> Union(List LOG,"failed")

trace0 : (DIV, UP, Q, FD) -> Union(List LOG, "failed")

tracel : (DIV, UP, List Q, List FD, Q) -> Union(List L0OG, "failed")
nonQ : (DIV, UP) -> Union(List LOG, "failed")

rlift : (F, K, K) -> R

varRoot? : (UP, F -> F) -> Boolean

algintexp : (R, UP -> UP) -> IR
algintprim : (R, UP -> UP) -> IR

dummy:R := 0
dumx := kernel(new()$SE)$K
dumy := kernel (new()$SE)$K

F2UPR f == F2R(f)::UPR
F2R £ == f::UP::QF::R

algintexp(f, derivation) ==

d := (c := integralCoordinates f).den
v := c.num
vp:Vector(GP) := new(n := #v, 0)
vf:Vector (QF) new(n, 0)
for i in minIndex v .. maxIndex v repeat

r := separate(qelt(v, i) / d)$GP

gsetelt_!(vf, i, r.fracPart)

gsetelt_!(vp, i, r.polyPart)
ff := represents(vf, w := integralBasis())
h := HermiteIntegrate(ff, derivation)
p := represents(

map ((x1:GP) :QF+->convert (x1)@QF, vp)$VectorFunctions2(GP, QF), w)
zero?(h.logpart) and zero? p => h.answer::IR
(u := alglogint(h.logpart, derivation)) case "failed" =>
mkAnswer (h.answer, empty(), [[p + h.logpart, dummy]])

zero? p => mkAnswer (h.answer, u::List(L0G), empty())
FAIL3

algintprim(f, derivation) ==
h := HermitelIntegrate(f, derivation)
zero?(h.logpart) => h.answer::IR
(u := alglogint(h.logpart, derivation)) case "failed" =>
mkAnswer (h.answer, empty(), [[h.logpart, dummy]])
mkAnswer (h.answer, u::List(LOG), empty())

-- checks whether f = +/[ci (ui)’/(ui)]
-- f dx must have no pole at infinity
palglogint(f, derivation) ==
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rec := algSplitSimple(f, derivation)

ground?(r := doubleResultant(f, derivation)) => "failed"
r(z) has roots which are the residues of f at all its poles
(u := gfactor r) case "failed" => nonQ(rec, r)

(fc := nonLinear(1f := factors(u::FRQ))) case "failed" => FAIL2
at this point r(z) = fc(z) (z - bl)"el .. (z - bk)“ek
where the ri’s are rational numbers, and fc(z) is arbitrary
(fc can be linear too)
la = [bl....,bk] (all rational residues)
la := [- coefficient(q.factor, 0) for q in remove_! (fc::FAC, 1f)]

1d = [D1,...,Dk] where Di is the sum of places where f has residue bi
1d := [divisor(rec.num, rec.den, rec.derivden, rec.gd, b::F) for b in la]
pp := UPQ2F(fc.factor)
bb = - sum of all the roots of fc (i.e. the other residues)
zero?(bb := coefficient(fc.factor,
(degree(fc.factor) - 1)::NonNegativeInteger)) =>
-- cd = [[al,...,ak], d] such that bi = ai/d
cd := splitDenominator la
-- g = gcd(al,...,ak), so bi = (g/d) ci with ci =bi / g
-- so [g/d] is a basis for [al,...,ak] over the integers
g := gcd(cd.num)

-- dvO is the divisor +/[ci Di] corresponding to all the residues
-- of f except the ones which are root of fc(z)
dv0 := +/[(a quo g) * dv for a in cd.num for dv in 1d]
traceO(rec, pp, g / cd.den, dv0)

tracel(rec, pp, la, 1d, bb)

UPQ2F p ==
map((x:Q) :F+->x::F,p)$UnivariatePolynomialCategoryFunctions2(Q,UPQ,F,UP)

UP2SUP p ==
map ((x:F) :F+->x,p) $UnivariatePolynomialCategoryFunctions2(F, UP, F, SUP)

SUP2UP p ==
map ((x:F) :F+->x,p)$UnivariatePolynomialCategoryFunctions2(F, SUP, F, UP)

varRoot?(p, derivation) ==
for ¢ in coefficients primitivePart p repeat
derivation(c) “= 0 => return true
false

pLogDeriv(log, derivation) ==
map(derivation, log.coeff) "= 0 =>
error "can only handle logs with constant coefficients"

one?(n := degree(log.coeff)) =>
((n := degree(log.coeff)) = 1) =>
¢ := - (leadingCoefficient reductum log.coeff)
/ (leadingCoefficient log.coeff)

(log.logand) c
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(log.
numlog
(diflog

"fa
algans
ans:R

scalar)::R * c * derivation(ans) / ans
:= map(derivation, log.logand)
:= extendedEuclidean(log.logand, log.coeff, numlog)) case
iled" => error "this shouldn’t happen"
:= diflog.coefl

=0

for i in 0..n-1 repeat

algan
ans
(log.sc

R2UP(f, k

s := (algans * monomial(l, 1)) rem log.coeff
:= ans + coefficient(algans, i)
alar)::R * ans

) ==

x = dumx :: F

g :=
(map ((

£1:QF) :F+->f1(x), lift f)_

$UnivariatePolynomialCategoryFunctions2(QF,UPUP,F,UP))

(y

map ((x1:F) :R+->rlift(xl, dumx, dumy), univariate(g, k, minPoly k))_

$Univ
univ(f, k
g := un

(SUP2UP

rlift(f,

:= dumy: :F)
ariatePolynomialCategoryFunctions2(F,SUP,R,UPR)
) ==
ivariate(f, k)

numer g) / (SUP2UP denom g)

kx, ky) ==

reduce map(x1+->univ(xl, kx), retract(univariate(f, ky))@SUP)_

$Univ

nonQ(rec,
empty?

FAIL1

—-- case when

ariatePolynomialCategoryFunctions2 (F,SUP,QF,UPUP)

p) ==
rest(1f := factors ffactor primitivePart p) =>
trace00(rec, first(lf).factor, empty()$List(LOG))

the irreducible factor p has roots which sum to O

-- p is assumed doubly transitive for now

traceO(re

lg:List

zero?
(rcO

c, q, r, dv0) ==

(LOG) :=

dv0 => empty()

:= torsionIfCan dv0) case "failed" => NOTI

mkLog(1l, r / (rcO.order::Q), rcO.function, 1)

trace00

(rec, q, 1lg)

trace00(rec, pp, 1lg) ==
pO := divisor(rec.num, rec.den, rec.derivden, rec.gd,

q :=(
alpha
dvr :=
(rc :=

degre

alpha0O := zeroOf UP2SUP pp)
pp exquo (monomial(l, 1)$UP - alphaO::UP))::UP

:= root0f UP2SUP q

divisor(rec.num, rec.den, rec.derivden, rec.gd, alpha) - pO
torsionIfCan dvr) case "failed" =>
e(pp) <= 2 => "failed"

25
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NOTI
concat(lg, mkLog(q, inv(rc.order::Q), rc.function, alpha))

-- case when the irreducible factor p has roots which sum <> 0O

-- the residues of f are of the form [al,...,ak] rational numbers
—-- plus all the roots of q(z), which is squarefree
-- la is the list of residues la := [al,...,ak]

-- 1d is the list of divisors [D1,...Dk] where Di is the sum of all the
-- places where f has residue ai
-- q(z) is assumed doubly transitive for now.
-- let [alpha_1,...,alpha_m] be the roots of q(z)
-- in this function, b = - alpha_l - ... - alpha_m is <> 0
-- which implies only one generic log term
tracel(rec, q, la, 1d, b) ==

-- cd = [[b1,...,bk], d] such that ai / b =bi / d
cd := splitDenominator [a / b for a in la]
-- then, a basis for all the residues of f over the integers is
-- [beta_1 = - alpha_1 / d,..., beta_m = - alpha_m / d], since:
- alpha_i = - d beta_i
-- ai = (ai / b) * b=(bi/ d) *b =D>bl * beta_l + ... + bm * beta_m
-- linear independence is a consequence of the doubly transitive assumption
-- v0 is the divisor +/[bi Di] corresponding to the residues [al,...,ak]
v0 := +/[a * dv for a in cd.num for dv in 1d]

-- alpha is a generic root of q(z)
alpha := root0f UP2SUP q
-- v is the divisor corresponding to all the residues

v := v0 - cd.den * divisor(rec.num, rec.den, rec.derivden, rec.gd, alpha)
(rc := torsionIfCan v) case "failed" => -- non-torsion case

degree(q) <= 2 => "failed" -- guaranteed doubly-transitive

NOTI -- maybe doubly-transitive

mkLog(q, inv((- rc.order * cd.den)::Q), rc.function, alpha)

mkLog(q, scalr, lgd, alpha) ==
degree(q) <=1 =>
[[scalr, monomial(l, 1)$UPR - F2UPR alpha, lgd::UPR]]
[[scalr,
map(F2R, q)$UnivariatePolynomialCategoryFunctions2(F,UP,R,UPR),
R2UP(1gd, retract(alpha)@K)]]

-- return the non-linear factor, if unique
-- or any linear factor if they are all linear
nonLinear 1 ==
found:Boolean := false
ans := first 1
for q in 1 repeat
if degree(q.factor) > 1 then
found => return "failed"
found := true
ans = q
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-- f dx must be locally integral at infinity
palginfieldint(f, derivation) ==

h := HermitelIntegrate(f, derivation)
zero?(h.logpart) => h.answer
"failed"

-- f dx must be locally integral at infinity
palgintegrate(f, derivation) ==
h := HermitelIntegrate(f, derivation)
zero?(h.logpart) => h.answer::IR
(not integralAtInfinity?(h.logpart)) or
((u := palglogint(h.logpart, derivation)) case "failed") =>
mkAnswer (h.answer, empty(), [[h.logpart, dummyl])
zero?(difFirstKind := h.logpart - +/[pLogDeriv(lg,
xl+->differentiate(xl, derivation)) for lg in u::List(LOG)]) =>
mkAnswer (h.answer, u::List(L0G), empty())
mkAnswer (h.answer, u::List(LOG), [[difFirstKind, dummy]])

-- for mixed functions. f dx not assumed locally integral at infinity
algintegrate(f, derivation) ==

zero? degree(x’ := derivation(x := monomial(l, 1)$UP)) =>
algintprim(f, derivation)
((zx := x’ exquo x) case UP) and

(retractIfCan(xx::UP)@Union(F, "failed") case F) =>
algintexp(f, derivation)
error "should not happen"

alglogint(f, derivation) ==
varRoot?(doubleResultant (f, derivation),
x1+->retract(derivation(x1::UP))@F) => "failed"
FAILO

— INTALG.dotabb —

"INTALG" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=INTALG"]
"ACF" [color="#4488FF" ,href="bookvol1l0.2.pdf#nameddest=ACF"]

"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]

"FFCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FFCAT"]
"INTALG" -> "ACF"

"INTALG" -> "FS"

"INTALG" -> "FFCAT"

27
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2.6 package INTAF AlgebraicIntegration

2.6.1 AlgebraicIntegration (INTAF)

Exports:
algint

— package INTAF AlgebraicIntegration —

)abbrev package INTAF AlgebraicIntegration

++ Author: Manuel Bronstein

++ Date Created: 12 October 1988

++ Date Last Updated: 4 June 1988

++ Description:

++ This package provides functions for the integration of
++ algebraic integrands over transcendental functionms;

AlgebraicIntegration(R, F): Exports == Implementation where
R : Join(OrderedSet, IntegralDomain)
F : Join(AlgebraicallyClosedField, FunctionSpace R)

SY ==> Symbol

N  ==> NonNegativelnteger

K ==> Kernel F

P  ==> SparseMultivariatePolynomial(R, K)
UP ==> SparseUnivariatePolynomial F

RF ==> Fraction UP

UPUP==> SparseUnivariatePolynomial RF

IR ==> IntegrationResult F

IR2 ==> IntegrationResultFunctions2(curve, F)

ALG ==> AlgebraicIntegrate(R, F, UP, UPUP, curve)
FAIL==> error "failed - cannot handle that integrand"

Exports ==> with
algint: (F, K, K, UP -> UP) -> IR
++ algint(f, x, y, d) returns the integral of \spad{f(x,y)dx}
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++ where y is an algebraic function of x;
++ d is the derivation to use on \spad{k[x]}.

Implementation ==> add
import ChangeOfVariable(F, UP, UPUP)
import PolynomialCategoryQuotientFunctions(IndexedExponents K,
K, R, P, F)

rootintegrate: (F, K, K, UP -> UP) -> IR
algintegrate : (F, K, K, UP -> UP) -> IR

UPUP2F : (UPUP, RF, K, K) -> F
F2UPUP : (F, K, XK, UP) -> UPUP
UP2UPUP : (UP, K) -> UPUP

F2UPUP(f, kx, k, p) == UP2UPUP(univariate(f, k, p), kx)

rootintegrate(f, t, k, derivation) ==

rl = mkIntegral (modulus := UP2UPUP(p := minPoly k, t))
f1 = F2UPUP(f, t, k, p) monomial(inv(rl.coef), 1)

r = radPoly(rl.poly)::Record(radicand:RF, deg:N)

q = retract(r.radicand)

curve := RadicalFunctionField(F, UP, UPUP, q::RF, r.deg)
map (x1+->UPUP2F (1ift x1, rl.coef, t, k),
algintegrate(reduce f1, derivation)$ALG)$IR2

algintegrate(f, t, k, derivation) ==

rl := mkIntegral (modulus := UP2UPUP(p := minPoly k, t))
f1 := F2UPUP(f, t, k, p) monomial(inv(rl.coef), 1)
modulus:= UP2UPUP(p := minPoly k, t)

curve := AlgebraicFunctionField(F, UP, UPUP, rl.poly)

map (x1+->UPUP2F (1ift x1, rl.coef, t, k),
algintegrate(reduce f1, derivation)$ALG)$IR2

UP2UPUP (p, k) ==
map (x1+->univariate(x1,k),p)$SparseUnivariatePolynomialFunctions2(F,RF)

UPUP2F (p, cf, t, k) ==
map ((x1:RF) :F+->multivariate(x1, t),
p) $SparseUnivariatePolynomialFunctions2(RF, F)
(multivariate(cf, t) * k::F)

algint(f, t, y, derivation) ==
is?(y, "nthRoot"::SY) => rootintegrate(f, t, y, derivation)
is?(y, "rootOf"::8Y) => algintegrate(f, t, y, derivation)
FAIL

29



30 CHAPTER 2. CHAPTER A
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2.7 package ALGMANIP AlgebraicManipulations

2.7.1 AlgebraicManipulations (ALGMANIP)

Exports:
ratDenom ratPoly rootKerSimp rootPower
rootProduct rootSimp rootSplit

— package ALGMANIP AlgebraicManipulations —

)abbrev package ALGMANIP AlgebraicManipulations

++ Author: Manuel Bronstein

++ Date Created: 28 Mar 1988

++ Date Last Updated: 5 August 1993

++ Keywords: algebraic, manipulation.

++ Description:

++ AlgebraicManipulations provides functions to simplify and expand
++ expressions involving algebraic operators.

AlgebraicManipulations(R, F): Exports == Implementation where
R : IntegralDomain
F : Join(Field, ExpressionSpace) with
numer : $ -> SparseMultivariatePolynomial(R, Kernel $)
++ numer (x) \undocumented
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denom : $ -> SparseMultivariatePolynomial(R, Kernel $)
++ denom(x) \undocumented

coerce : SparseMultivariatePolynomial(R, Kernel $) -> $
++ coerce(x) \undocumented

N ==> NonNegativeIlnteger
Z ==> Integer
0P ==> BasicOperator

SY ==> Symbol

K ==> Kernel F

P ==> SparseMultivariatePolynomial(R, K)
RF ==> Fraction P

REC ==> Record(ker:List K, exponent: List Z)
ALGOP ==> "Jalg"
NTHR ==> "nthRoot"

Exports ==> with

rootSplit: F -> F
++ rootSplit(f) transforms every radical of the form
++ \spad{(a/b)**(1/n)} appearing in f into \spad{a**(1/n) / b*x(1/n)}.
++ This transformation is not in general valid for all
++ complex numbers \spad{a} and b.

ratDenom : F -> F
++ ratDenom(f) rationalizes the denominators appearing in f
++ by moving all the algebraic quantities into the numerators.

ratDenom : (F, F) -> F
++ ratDenom(f, a) removes \spad{a} from the denominators in f
++ if \spad{a} is an algebraic kermel.

ratDenom : (F, List F) -> F
++ ratDenom(f, [al,...,an]) removes the ai’s which are
++ algebraic kernels from the denominators in f.
ratDenom : (F, List K) -> F
++ ratDenom(f, [al,...,an]) removes the ai’s which are
++ algebraic from the denominators in f.
ratPoly : F -> SparseUnivariatePolynomial F

++ ratPoly(f) returns a polynomial p such that p has no
++ algebraic coefficients, and \spad{p(f) = 0}.
if R has Join(OrderedSet, GcdDomain, RetractableTo Integer)
and F has FunctionSpace(R) then
rootPower : F -> F
++ rootPower (f) transforms every radical power of the form
++ \spad{(ax*(1/n))**m} into a simpler form if \spad{m} and
++ \spad{n} have a common factor.
rootProduct: F -> F
++ rootProduct(f) combines every product of the form
++ \spad{(a**(1/n))**m * (a*x*(1/s))**t} into a single power
++ of a root of \spad{a}, and transforms every radical power
++ of the form \spad{(a**(1/n))**m} into a simpler form.
rootSimp : F->F
++ rootSimp(f) transforms every radical of the form
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++ \spad{(a * b*x(g*n+r))**(1/n)} appearing in f into
++ \spad{b*xq * (a * bx*r)**x(1/n)}.
++ This transformation is not in general valid for all
++ complex numbers b.

rootKerSimp: (0P, F, N) -> F
++ rootKerSimp(op,f,n) should be local but conditional.

Implementation ==> add
import PolynomialCategoryQuotientFunctions(IndexedExponents K,K,R,P,F)

innerRF : (F, List K) > F
rootExpand : K -> F

algkernels : List K -> List K
rootkernels: List K -> List K

dummy := kernel(new()$SY)$K

ratDenom x == innerRF(x, algkernels tower x)

ratDenom(x:F, 1l:List K):F == innerRF(x, algkernels 1)

ratDenom(x:F, y:F) == ratDenom(x, [y])

ratDenom(x:F, 1l:List F) == ratDenom(x, [retract(y)@ for y in 1]$List (X))
algkernels 1 == select_!((z1:K):Boolean +-> has?(operator z1l, ALGOP), 1)

rootkernels 1 == select_!((z1:K):Boolean +-> is?(operator z1, NTHR::SY), 1)

ratPoly x ==
numer univariate(denom(ratDenom inv(dummy::P::F - x))::F, dummy)

rootSplit x ==
1k := rootkernels tower x

eval(x, 1k, [rootExpand k for k in 1k])

rootExpand k ==

x := first argument k
n := second argument k
op := operator k

op(numer(x)::F, n) / op(denom(x)::F, n)

-- all the kernels in 11 must be algebraic
innerRF(x, 11) ==
empty? (1l := sort_!((z1:K,z2:K):Boolean +-> zl1 > z2,kernels x)$List(K)) or
empty? setIntersection(ll, tower x) => x
1k := empty()$List(K)
while not member?(k := first 1, 11) repeat
1k := concat(k, 1lk)
empty?(1l := rest 1) =>
return eval(x, 1k, [map((z3:F):F+->innerRF(z3,11), kk) for kk in 1k])
q := univariate(eval(x, 1k,
[map((z4:F) :F+->innerRF(z4,11) ,kk) for kk in 1k]),k,minPoly k)
map ((z5:F) :F+->innerRF(z5, 11), q) (map((z6:F):F+->innerRF(z6, 11), k))
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if R has Join(OrderedSet, GcdDomain, RetractableTo Integer)
and F has FunctionSpace(R) then
import PolynomialRoots(IndexedExponents K, K, R, P, F)

sroot : K -> F

inroot : (0P, F, N) -> F
radeval: (P, K) -> F
breakup: List K -> List REC

if R has RadicalCategory then
rootKerSimp(op, x, n) ==
(r := retractIfCan(x)@Union(R, "failed")) case R =>
nthRoot(r::R, n)::F
inroot(op, x, n)
else
rootKerSimp(op, x, n) == inroot(op, x, n)

-- 1 is a list of nth-roots, returns a list of records of the form
-- [a**x(1/n1),a**(1/n2),...], [n1,n2,...]1]
-- such that the whole list covers 1 exactly
breakup 1 ==

empty? 1 => empty()

k := first 1

a := first(arg := argument(k := first 1))

n := retract(second arg)@Z

expo := empty()$List(Z)

others := same := empty()$List(K)

for kk in rest 1 repeat

if (a = first(arg := argument kk)) then

same := concat(kk, same)
expo := concat(retract(second arg)@Z, expo)
else others := concat(kk, others)

11 := breakup others
concat([concat(k, same), concat(n, expo)], 11)

rootProduct x ==
for rec in breakup rootkernels tower x repeat
k0 := first(l := rec.ker)

nx := numer x; dx := denom x

if empty? rest 1 then x := radeval(nx, kO) / radeval(dx, kO)

else
n := lcm(rec.exponent)
k := kernel(operator kO, [first argument kO, n::F], height k0)$K
lv := [monomial(l, k, (n quo m)::N) for m in rec.exponent]$List (P)
x := radeval(eval(nx, 1, 1v), k) / radeval(eval(dx, 1, 1lv), k)

X

rootPower x ==
for k in rootkernels tower x repeat
x := radeval (numer x, k) / radeval(denom x, k)
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—-- replaces (a**(1/n))**m in p by a power of a simpler radical of a if
-- n and m have a common factor
radeval(p, k) ==
a := first(arg := argument k)
n := (retract(second arg)@Integer)::NonNegativeInteger
ans:F := 0
q := univariate(p, k)
while (d := degree q) > O repeat
term :=
- one?(g := gcd(d, n)) => monomial(l, k, d)
((g := gcd(d, n)) = 1) => monomial(l, k, d)
monomial (1, kernel(operator k, [a,(n quo g)::F], height k), d quo g)
ans := ans + leadingCoefficient(q)::F * term::F
q := reductum q
leadingCoefficient(q)::F + ans

inroot(op, x, n) ==
- one? x => X
(x=1) =>x
- (x "= -1) and (one?(num := numer x) or (num = -1)) =>
(x "= -1) and (((qum := numer x) = 1) or (num = -1)) =>
inv inroot(op, (num * denom x)::F, n)
(u := isExpt(x, op)) case "failed" => kernel(op, [x, n::F])
pr := u::Record(var:K, exponent:Integer)
q := pr.exponent /$Fraction(Z)
(n * retract(second argument(pr.var))QZ)
gqr := divide(numer g, denom q)
X first argument (pr.var)
X ** gqr.quotient * rootKerSimp(op,x,denom(q)::N) ** qr.remainder

sroot k ==
pr := froot(first(arg := argument k), (retract(second arg)@Z)::N)
pr.coef * rootKerSimp(operator k, pr.radicand, pr.exponent)

rootSimp x ==
1k := rootkernels tower x
eval(x, 1k, [sroot k for k in 1k])
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2.8 package ALGMFACT AlgebraicMultFact

2.8.1 AlgebraicMultFact (ALGMFACT)

Exports:
factor

— package ALGMFACT AlgebraicMultFact —

)abbrev package ALGMFACT AlgebraicMultFact

++ Author: P. Gianni

++ Date Created: 1990

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords:

++ References:

++ Description:

++ This package factors multivariate polynomials over the

++ domain of \spadtype{AlgebraicNumber} by allowing the user
++ to specify a list of algebraic numbers generating the particular
++ extension to factor over.

AlgebraicMultFact(OV,E,P) : C == T

where

AN ==> AlgebraicNumber

ov : OrderedSet

E : OrderedAbelianMonoidSup

P :  PolynomialCategory (AN,E,QOV)
BP ==> SparseUnivariatePolynomial AN

z ==> Integer

35
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MParFact ==> Record(irr:P,pow:Z)
USP ==> SparseUnivariatePolynomial P
SUParFact ==> Record(irr:USP,pow:Z)
SUPFinalFact ==> Record(contp:R,factors:List SUParFact)
MFinalFact ==> Record(contp:R,factors:List MParFact)
-- contp = content,
-- factors = List of irreducible factors with exponent
L ==> List
C == with
factor : (P,L AN) -> Factored P

++ factor(p,lan) factors the polynomial p over the extension
++ generated by the algebraic numbers given by the list lan.
factor : (USP,L AN) -> Factored USP
++ factor(p,lan) factors the polynomial p over the extension
++ generated by the algebraic numbers given by the list lan.
++ p is presented as a univariate polynomial with multivariate
++ coefficients.
T == add

AF := AlgFactor(BP)
INNER ==> InnerMultFact(0V,E,AN,P)

factor(p:P,lalg:L AN) : Factored P ==
factor(p, (z1:BP) :Factored(BP) +-> factor(zl,lalg)$AF)$INNER

factor(up:USP,lalg:L AN) : Factored USP ==
factor (up, (z1:BP) :Factored(BP) +-> factor(zl,lalg)$AF)$INNER

— ALGMFACT.dotabb —
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2.9 package ALGPKG AlgebraPackage

2.9.1 AlgebraPackage (ALGPKG)

Exports:
basis basisOfCenter basisOfCentroid
basisOfLeftNucleus basisOfLeftNucloid basisOfMiddleNucleus
basisOfRightNucleus basisOfRightNucloid biRank
radicalOfLeft TraceForm  rightRank weakBiRank

— package ALGPKG AlgebraPackage —

)abbrev package ALGPKG AlgebraPackage

++ Authors: J. Grabmeier, R. Wisbauer

++ Date Created: 04 March 1991

++ Date Last Updated: 04 April 1992

++ Basic Operatioms:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords: rank, nucleus, nucloid, structural constants
++ Reference:

++ R.S. Pierce: Associative Algebras

++ Graduate Texts in Mathematics 88

++ Springer-Verlag, Heidelberg, 1982, ISBN 0-387-90693-2
++

++ R.D. Schafer: An Introduction to Nonassociative Algebras
++ Academic Press, New York, 1966

++

++ A. Woerz-Busekros: Algebra in Genetics

++ Lectures Notes in Biomathematics 36,

++ Springer-Verlag, Heidelberg, 1980

++ Description:

++ AlgebraPackage assembles a variety of useful functions for
++ general algebras.

AlgebraPackage (R: IntegralDomain, A: FramedNonAssociativeAlgebra(R)): _

37

basisOfCommutingElements
basisOfNucleus
doubleRank

basisOfL
basisOfR
leftRank
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public == private where
V ==> Vector
M ==> Matrix

I ==> Integer

NNI ==> NonNegativelnteger

REC ==> Record(particular: Union(V R,"failed"),basis: List V R)
LSMP ==> LinearSystemMatrixPackage(R,V R,V R, M R)

public ==> with

leftRank: A -> NonNegativelnteger
++ leftRank(x) determines the number of linearly independent elements
++ in \spad{x*b1},...,\spad{x*bn},
++ where \spad{b=[bl,...,bn]} is a basis.
rightRank: A -> NonNegativeIlnteger
++ rightRank(x) determines the number of linearly independent elements
++ in \spad{bl*x},...,\spad{bn*x},
++ where \spad{b=[bl,...,bn]} is a basis.
doubleRank: A -> NonNegativeInteger
++ doubleRank(x) determines the number of linearly
++ independent elements
++ in \spad{bl*x},...,\spad{x*bn},
++ where \spad{b=[bl,...,bn]} is a basis.
weakBiRank: A -> NonNegativeInteger
++ weakBiRank(x) determines the number of
++ linearly independent elements
++ in the \spad{bi*x*bj}, \spad{i,j=1,...,n},
++ where \spad{b=[bl,...,bn]l} is a basis.
biRank: A -> NonNegativelnteger
++ biRank(x) determines the number of linearly independent elements
++ in \spad{x}, \spad{x#*bil}, \spad{bi*x}, \spad{bi*x*bj},
++ \spad{i,j=1,...,n},
++ where \spad{b=[bl,...,bn]} is a basis.
++ Note that if \spad{A} has a unit,
++ then doubleRank, weakBiRank, and biRank coincide.
basisOfCommutingElements: () -> List A
++ basisOfCommutingElements() returns a basis of the space of
++ all x of \spad{A} satisfying \spad{0 = commutator(x,a)} for all
++ \spad{a} in \spad{A}.
basisOfLeftAnnihilator: A -> List A
++ basisOfLeftAnnihilator(a) returns a basis of the space of
++ all x of \spad{A} satisfying \spad{0 = x*al}.
basisOfRightAnnihilator: A -> List A
++ basisOfRightAnnihilator(a) returns a basis of the space of
++ all x of \spad{A} satisfying \spad{0 = a*x}.
basisOfLeftNucleus: () -> List A
++ basisOfLeftNucleus() returns a basis of the space of
++ all x of \spad{A} satisfying \spad{0 = associator(x,a,b)}
++ for all \spad{a},b in \spad{A}.
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basisOfRightNucleus: () -> List A
++ basisOfRightNucleus() returns a basis of the space of
++ all x of \spad{A} satisfying \spad{0 = associator(a,b,x)}
++ for all \spad{a},b in \spad{A}.
basisOfMiddleNucleus: () -> List A
++ basisOfMiddleNucleus() returns a basis of the space of
++ all x of \spad{A} satisfying \spad{0 = associator(a,x,b)}
++ for all \spad{al},b in \spad{A}.
basisOfNucleus: () -> List A
++ basisOfNucleus() returns a basis of the space of
++ all x of \spad{A} satisfying

++ \spad{associator(x,a,b) = associator(a,x,b) = associator(a,b,x) = 0}
++ for all \spad{a},b in \spad{A}.
basisOfCenter: () -> List A
++ basisOfCenter() returns a basis of the space of
++ all x of \spad{A} satisfying \spad{commutator(x,a) = 0} and
++ \spad{associator(x,a,b) = associator(a,x,b) = associator(a,b,x) = 0}

++ for all \spad{a},b in \spad{A}.
basisOfLeftNucloid: ()-> List Matrix R

++ basisOfLeftNucloid() returns a basis of the space of

++ endomorphisms of \spad{A} as right module.

++ Note that left nucloid coincides with left nucleus

++ if \spad{A} has a unit.
basisOfRightNucloid: ()-> List Matrix R

++ basisOfRightNucloid() returns a basis of the space of

++ endomorphisms of \spad{A} as left module.

++ Note that right nucloid coincides with right nucleus

++ if \spad{A} has a unit.
basisOfCentroid: ()-> List Matrix R

++ basisOfCentroid() returns a basis of the centroid, i.e. the

++ endomorphism ring of \spad{A} considered as \spad{(A,A)}-bimodule.
radicalOfLeftTraceForm: () -> List A

++ radicalOfLeftTraceForm() returns basis for null space of

++ \spad{leftTraceMatrix()}, if the algebra is

++ associative, alternative or a Jordan algebra, then this

++ space equals the radical (maximal nil ideal) of the algebra.
if R has EuclideanDomain then

basis : VA -> VA

++ basis(va) selects a basis from the elements of va.

private ==> add
-— constants
n : PositiveInteger := rank()$A
n2 : Positivelnteger := n*n
n3 : Positivelnteger := n*n2

gamma : Vector Matrix R := structuralConstants()$A
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—-- local functions

convVM : Vector R -> Matrix R
-- converts n2-vector to (n,n)-matrix row by row
convMV : Matrix R -> Vector R
-- converts n-square matrix to mn2-vector row by row
convVM v ==
cond : Matrix(R) := new(n,n,0$R)$M(R)
z : Integer := 0
for i in 1..n repeat
for j in 1..n repeat
z = z+l
setelt(cond,i,j,v.z)
cond

-- convMV m ==

- vec : Vector(R) := new(n*n,O$R)
-- z : Integer := 0

- for i in 1..n repeat

- for j in 1..n repeat

- z = z+l

- setelt(vec,z,elt(m,i,j))

- vec

radicalOfLeftTraceForm() ==
ma : M R := leftTraceMatrix()$A
map (represents, nullSpace ma)$ListFunctions2(Vector R, A)

basisOfLeftAnnihilator a ==
ca : MR := transpose (coordinates(a) :: M R)
cond : M R := reduce(vertConcat$(M R),
[ca*transpose(gamma.i) for i in 1..#gamma])
map (represents, nullSpace cond)$ListFunctions2(Vector R, A)

basisOfRightAnnihilator a ==
ca : MR := transpose (coordinates(a) :: M R)
cond : M R := reduce(vertConcat$(M R),
[ca*(gamma.i) for i in 1..#gamma])
map (represents, nullSpace cond)$ListFunctions2(Vector R, A)

basisOfLeftNucloid() ==
cond : Matrix(R) := new(n3,n2,0%R)$M(R)
condo: Matrix(R) := new(n3,n2,0$R)$M(R)
z : Integer := 0
for i in 1..n repeat
for j in 1..n repeat

CHAPTER A
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rl : Integer := 0
for k in 1..n repeat
z =z +1
-- z equals (i-1)*n*n+(j-1)*n+k (loop-invariant)
r2 : Integer := 1
for r in 1..n repeat
rl :=r1 +1
-- here r1 equals (k-1)#*n+r (loop-invariant)
setelt(cond,z,rl,elt(gamma.r,i,j))
-- here r2 equals (r-1)#*n+i (loop-invariant)
setelt(condo,z,r2,-elt(gamma.k,r,j))
r2 :=r2 +n
[convVM(sol) for sol in nullSpace(cond+condo)]

basisOfCommutingElements() ==

--gammal := first gamma

--gammal := gammal - transpose gammal

--cond : Matrix(R) := gammal :: Matrix(R)

--for i in 2..n repeat

-- gammak := gamma.i

-- gammak := gammak - transpose gammak

-- cond := vertConcat(cond, gammak :: Matrix(R))$Matrix(R)

--map (represents, nullSpace cond)$ListFunctions2(Vector R, A)

cond : M R := reduce(vertConcat$(M R),
[(gam := gamma.i) - transpose gam for i in 1..#gamma])
map (represents, nullSpace cond)$ListFunctions2(Vector R, A)

basisOfLeftNucleus() ==
condi: Matrix(R) := new(n3,n,0$R)$Matrix(R)
z : Integer := 0
for k in 1..n repeat
for j in 1..n repeat
for s in 1..n repeat
z = z+l
for i in 1..n repeat
entry : R := 0
for 1 in 1..n repeat
entry := entry+telt(gamma.l,j,k)*elt(gamma.s,i,1)_
-elt(gamma.l,i,j)*elt(gamma.s,1,k)
setelt(condi,z,i,entry)$Matrix(R)
map (represents, nullSpace condi)$ListFunctions2(Vector R,A)

basis0fRightNucleus () ==
condo : Matrix(R) := new(n3,n,0$R)$Matrix(R)
z : Integer := 0
for k in 1..n repeat
for j in 1..n repeat
for s in 1..n repeat
z = z+1

41



42 CHAPTER 2. CHAPTER A

for i in 1..n repeat
entry : R := 0
for 1 in 1..n repeat
entry := entry+elt(gamma.l,k,i)*elt(gamma.s,j,1) _
-elt(gamma.l,j,k)*elt (gamma.s,1,1i)
setelt(condo,z,i,entry)$Matrix (R)
map (represents, nullSpace condo)$ListFunctions2(Vector R,A)

basisOfMiddleNucleus() ==
conda : Matrix(R) := new(n3,n,0$R)$Matrix(R)
z : Integer := 0
for k in 1..n repeat
for j in 1..n repeat
for s in 1..n repeat
z = z+1
for i in 1..n repeat
entry : R := 0
for 1 in 1..n repeat
entry := entry+elt(gamma.l,j,i)*elt(gamma.s,1l,k)
-elt(gamma.l,i,k)*elt(gamma.s,j,1)
setelt(conda,z,i,entry)$Matrix (R)
map (represents, nullSpace conda)$ListFunctions2(Vector R,A)

basisOfNucleus() ==
condi: Matrix(R) := new(3*n3,n,0$R)$Matrix(R)
z : Integer := 0
u : Integer := n3
w : Integer := 2*n3
for k in 1..n repeat
for j in 1..n repeat
for s in 1..n repeat

z = z+l
u = utl
w o= wtl
for i in 1..n repeat
entry : R := 0
enter : R :=0
ent : R :=0
for 1 in 1..n repeat
entry := entry + elt(gamma.l,j,k)*elt(gamma.s,i,1l) _
- elt(gamma.l,i,j)*elt(gamma.s,1l,k)
enter := enter + elt(gamma.l,k,i)*elt(gamma.s,j,1) _

- elt(gamma.l,j,k)*elt(gamma.s,1,i)
ent := ent + elt(gamma.l,j,k)*elt(gamma.s,i,l) _
- elt(gamma.l,j,i)*elt(gamma.s,1,k)
setelt(condi,z,i,entry)$Matrix(R)
setelt(condi,u,i,enter)$Matrix(R)
setelt(condi,w,i,ent)$Matrix(R)
map (represents, nullSpace condi)$ListFunctions2(Vector R,A)
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basisOfCenter() ==
gammal := first gamma
gammal := gammal - transpose gammal
cond : Matrix(R) := gammal :: Matrix(R)
for i in 2..n repeat
gammak := gamma.i
gammak := gammak - transpose gammak
cond := vertConcat(cond, gammak :: Matrix(R))$Matrix(R)

B := cond :: Matrix(R)
condi: Matrix(R) := new(2#n3,n,0$R)$Matrix(R)
z : Integer := 0
u : Integer := n3
for k in 1..n repeat
for j in 1..n repeat
for s in 1..n repeat
z = z+1
u := u+l
for i in 1..n repeat
entry : R := 0
enter : R := 0
for 1 in 1..n repeat

entry := entry + elt(gamma.l,j,k)*elt(gamma.s,i,l) _
- elt(gamma.l,i,j)*elt(gamma.s,1,k)
enter := enter + elt(gamma.l,k,i)*elt(gamma.s,j,1) _

- elt(gamma.l,j,k)*elt(gamma.s,1,i)
setelt(condi,z,i,entry)$Matrix(R)
setelt(condi,u,i,enter)$Matrix(R)

D := vertConcat(condi,B)$Matrix(R)
map (represents, nullSpace D)$ListFunctions2(Vector R, A)

basis0fRightNucloid() ==
cond : Matrix(R) := new(n3,n2,0$R)$M(R)
condo: Matrix(R) := new(n3,n2,0$R)$M(R)
z : Integer := 0
for i in 1..n repeat
for j in 1..n repeat
rl : Integer := 0
for k in 1..n repeat

z =z +1
-- z equals (i-1)#*n#*n+(j-1)*n+k (loop-invariant)
r2 : Integer := 1

for r in 1..n repeat
rl :=r1 +1
-- here rl equals (k-1)#*n+r (loop-invariant)
setelt(cond,z,rl,elt(gamma.r,j,i))
-- here r2 equals (r-1)#*n+i (loop-invariant)
setelt(condo,z,r2,-elt(gamma.k,j,r))
r2 :=r2 +n
[convVM(sol) for sol in nullSpace(cond+condo)]
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basis0fCentroid() ==
cond : Matrix(R) new (2*n3,n2,0$R) $M(R)
condo: Matrix(R) := new(2*n3,n2,0$R)$M(R)
z : Integer := 0
u : Integer := n3
for i in 1..n repeat
for j in 1..n repeat
rl : Integer := 0
for k in 1..n repeat

z =z +1

u:=u+1

-- z equals (i-1)*n*n+(j-1)*n+k (loop-invariant)

—-- u equals n**3 + (i-1)*n*n+(j-1)*n+k (loop-invariant)

r2 : Integer := 1

for r in 1..n repeat
rl :=r1 +1
-- here rl equals (k-1)#*n+r (loop-invariant)
setelt(cond,z,rl,elt(gamma.r,i,j))
setelt(cond,u,rl,elt(gamma.r,j,i))
-- here r2 equals (r-1)#*n+i (loop-invariant)
setelt(condo,z,r2,-elt(gamma.k,r,j))
setelt(condo,u,r2,-elt(gamma.k,j,r))
r2 :=r2 +n

[convVM(s0l) for sol in nullSpace(cond+condo)]

doubleRank x ==
cond : Matrix(R) := new(2*n,n,0$R)
for k in 1..n repeat
z : Integer := 0

u : Integer :=n
for j in 1..n repeat
z = z+l
u := u+l
entry : R := 0
enter : R := 0

for i in 1..n repeat
entry := entry + elt(x,i)*elt(gamma.k,j,i)
enter := enter + elt(x,i)*elt(gamma.k,i,j)
setelt(cond,z,k,entry)$Matrix(R)
setelt(cond,u,k,enter)$Matrix (R)
rank(cond)$(M R)

weakBiRank (x) ==
cond : Matrix(R) := new(n2,n,0$R)$Matrix(R)
z : Integer := 0
for i in 1..n repeat
for j in 1..n repeat
z = z+l
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for k in 1..n repeat
entry : R := 0
for 1 in 1..n repeat
for s in 1..n repeat
entry:=entry+elt(x,1l)*elt(gamma.s,i,l)*elt(gamma.k,s,j)
setelt(cond,z,k,entry)$Matrix (R)
rank(cond)$(M R)

biRank(x) ==
cond : Matrix(R) := new(n2+2*n+1,n,0$R)$Matrix(R)
z : Integer := 0

for j in 1..n repeat
for i in 1..n repeat

z = z+1

for k in 1..n repeat
entry : R := 0
for 1 in 1..n repeat
for s in 1..n repeat

entry:=entry+elt(x,1l)*elt(gamma.s,i,l)*elt(gamma.k,s,j)

setelt(cond,z,k,entry)$Matrix(R)

u : Integer := n*n
w : Integer := nx(n+l)
c :=n2 + 2%n + 1
for j in 1..n repeat
u := u+l
w o= w+l

for k in 1..n repeat
entry : R := 0
enter : R := 0
for i in 1..n repeat
entry := entry + elt(x,i)*elt(gamma.k,j,i)
enter := enter + elt(x,i)*elt(gamma.k,i,j)
setelt(cond,u,k,entry)$Matrix(R)
setelt(cond,w,k,enter)$Matrix (R)
setelt(cond,c,j, elt(x,j))
rank(cond)$(M R)

leftRank x ==
cond : Matrix(R) := new(n,n,O0$R)
for k in 1..n repeat
for j in 1..n repeat
entry : R := 0
for i in 1..n repeat
entry := entry + elt(x,i)*elt(gamma.k,i,j)
setelt(cond, j,k,entry)$Matrix(R)
rank(cond)$(M R)

rightRank x ==
cond : Matrix(R) := new(n,n,O$R)
for k in 1..n repeat
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for j in 1..n repeat
entry : R := 0
for i in 1..n repeat
entry := entry + elt(x,i)*elt(gamma.k,j,i)
setelt(cond, j,k,entry)$Matrix(R)
rank(cond)$(M R)

if R has EuclideanDomain then
basis va ==
v : VA := remove(zero?, va)$(V A)
v : V A := removeDuplicates v
empty? v => [0$4]
m : Matrix R := coerce(coordinates(v.1))$(Matrix R)
for i in 2..maxIndex v repeat
m := horizConcat(m,coerce(coordinates(v.i))$Matrix R) )
m := rowEchelon m
1j : List Integer := []
h : Integer :=1

mRI : Integer := maxRowIndex m
mCI : Integer := maxCollIndex m
finished? : Boolean := false

j : Integer :=1
while not finished? repeat

not zero? m(h,j) => -- corner found
1j := cons(j,1j)
h := mRI

while zero? m(h,j) repeat h := h-1
finished? := (h = mRI)
if not finished? then h := h+1l

if j < mCI then

ji=g+
else
finished? := true

[v.j for j in reverse 1j]

— ALGPKG.dotabb —

"ALGPKG" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=ALGPKG"]
"FRNAALG" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FRNAALG"]
"ALGPKG" -> "FRNAALG"



2.10. PACKAGE ALGFACT ALGFACTOR 47

2.10 package ALGFACT AlgFactor

2.10.1 AlgFactor (ALGFACT)

Exports:
doublyTransitive? factor split

— package ALGFACT AlgFactor —

)abbrev package ALGFACT AlgFactor

++ Author: Manuel Bronstein

++ Date Created: 777

++ Date Last Updated: 777

++ Description:

++ Factorization of univariate polynomials with coefficients in
++ \spadtype{AlgebraicNumber}.

AlgFactor(UP): Exports == Implementation where
UP: UnivariatePolynomialCategory AlgebraicNumber

N  ==> NonNegativelnteger
Z  ==> Integer

Q ==> Fraction Integer
AN ==> AlgebraicNumber

K ==> Kernel AN

UPQ ==> SparseUnivariatePolynomial Q
SUP ==> SparseUnivariatePolynomial AN
FR ==> Factored UP

Exports ==> with
factor: (UP, List AN) -> FR

++ factor(p, [al,...,an]) returns a prime factorisation of p
++ over the field generated by its coefficients and al,...,an.
factor: UP -> FR

++ factor(p) returns a prime factorisation of p
++ over the field generated by its coefficients.
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split : UP -> FR
++ split(p) returns a prime factorisation of p
++ over its splitting field.

doublyTransitive?: UP -> Boolean
++ doublyTransitive?(p) is true if p is irreducible over
++ over the field K generated by its coefficients, and
++ if \spad{p(X) / (X - a)} is irreducible over
++ \spad{K(a)} where \spad{p(a) = O}.

Implementation ==> add
import PolynomialCategoryQuotientFunctions(IndexedExponents K,
K, Z, SparseMultivariatePolynomial(Z, K), AN)

UPCF2 ==> UnivariatePolynomialCategoryFunctions2

fact : (UP, List K) -> FR

ifactor : (SUP, List K) -> Factored SUP
extend : (UP, Z) -> FR

allk : List AN -> List K

downpoly: UP -> UPQ

liftpoly: UPQ -> UP

irred? : UP -> Boolean

allk 1 == removeDuplicates concat [kernels x for x in 1]
liftpoly p == map(x +-> x::AN, p)$UPCF2(Q, UPQ, AN, UP)
downpoly p == map(x +-> retract(x)@Q, p)$UPCF2(AN, UP ,Q, UPQ)
ifactor(p,l) == (fact(p pretend UP, 1)) pretend Factored(SUP)
factor p == fact(p, allk coefficients p)

factor(p, 1) ==

fact(p, allk removeDuplicates concat(l, coefficients p))

split p ==
fp := factor p
unit(fp) *
_x/[extend(fc.factor, fc.exponent) for fc in factors fp]

extend(p, n) ==
- one? degree p => primeFactor(p, n)
(degree p = 1) => primeFactor(p, n)
q := monomial(l, 1)$UP - zeroOf (p pretend SUP)::UP
primeFactor(q, n) * split((p exquo q)::UP) ** (n::N)

doublyTransitive? p ==
irred? p and irred?((p exquo
(monomial (1, 1)$UP - zeroOf(p pretend SUP)::UP))::UP)

irred? p ==
fp := factor p
- one? numberOfFactors fp and one? nthExponent (fp, 1)
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(number0fFactors fp = 1) and (nthExponent(fp, 1) = 1)

fact(p, 1) ==
-- one? degree p => primeFactor(p, 1)
(degree p = 1) => primeFactor(p, 1)
empty? 1 =>
dr := factor(downpoly p)$RationalFactorize (UPQ)
(liftpoly unit dr) *
_*/[primeFactor (liftpoly dc.factor,dc.exponent)
for dc in factors dr]

q := minPoly(alpha := "max"/1)$AN

newl := remove((x:K):Boolean +-> alpha = x, 1)

sae := SimpleAlgebraicExtension(AN, SUP, q)

ups := SparseUnivariatePolynomial sae

fr := factor(map(x +-> reduce univariate(x, alpha, q),p)_

$UPCF2 (AN, UP, sae, ups),_
x +-> ifactor(x, newl))$InnerAlgFactor (AN, SUP, sae, ups)

newalpha := alpha::AN
map((x:sae) :AN +-> (1ift(x)$sae) newalpha, unit fr)_

$UPCF2(sae, ups, AN, UP) *

_x/[primeFactor (map((y:sae) :AN +-> (1ift(y)$sae) newalpha,fc.factor)_

$UPCF2(sae, ups, AN, UP),
fc.exponent) for fc in factors fr]

— ALGFACT.dotabb —

"ALGFACT" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=ALGFACT"]
"ACF" [color="#4488FF" ,href="bookvol1l0.2.pdf#nameddest=ACF"]
"ALGFACT" -> "ACF"
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2.11 package INTPACK AnnaNumericallntegrationPack-
age

2.11.1 AnnaNumericallntegrationPackage (INTPACK)

Exports:
integrate measure

— package INTPACK AnnaNumericallntegrationPackage —

)abbrev package INTPACK AnnaNumericallIntegrationPackage
++ Author: Brian Dupee

++ Date Created: August 1994

++ Date Last Updated: December 1997

++ Basic Operations: integrate, measure

++ Related Constructors: Result, RoutinesTable

++ Also See:

++ AMS Classifications:

++ Keywords:

++ References:

++ Description:

++ \axiomType{AnnaNumericalIntegrationPackage} is a \axiom{package}
++ of functions for the \axiom{category}

++ \axiomType{NumericallntegrationCategory}

++ with \axiom{measure}, and \axiom{integratel}.

AnnaNumericalIntegrationPackage(): EE == II where

EDF ==> Expression DoubleFloat

DF ==> DoubleFloat

EF ==> Expression Float

F ==> Float

INT ==> Integer

SOCDF ==> Segment OrderedCompletion DoubleFloat
0CDF ==> OrderedCompletion DoubleFloat
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SBOCF ==> SegmentBinding OrderedCompletion Float

LSOCF ==> List Segment OrderedCompletion Float

SOCF ==> Segment OrderedCompletion Float

OCF ==> OrderedCompletion Float

LS ==> List Symbol

S ==> Symbol

LST ==> List String

ST ==> String

RT ==> RoutinesTable

NIA ==> Record(var:S, fn:EDF, range:SOCDF, abserr:DF, relerr:DF)
MDNIA ==> Record(fn:EDF,range:List SOCDF,abserr:DF,relerr:DF)
IFL ==> List(Record(ifail:Integer,instruction:String))

Entry ==> Record(chapter:String, type:String, domainName: String,

defaultMin:F, measure:F, failList:IFL, explList:List String)

Measure ==> Record(measure:F, name:ST, explanations:LST, extra:Result)
EE ==> with
integrate: (EF,SOCF,F,F,RT) -> Result
++ integrate(exp, a..b, epsrel, routines) is a top level ANNA function
++ to integrate an expression, {\tt exp}, over a given range {\tt a}
++ to {\tt b} to the required absolute and relative accuracy using
++ the routines available in the RoutinesTable provided.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalIntegrationCategory}
++ to get the name and other
++ relevant information of the the (domain of the) numerical
++ routine likely to be the most appropriate,
++ i.e. have the best \axiom{measurel}.
++
++ It then performs the integration of the given expression
++ on that \axiom{domain}.
integrate: NumericallntegrationProblem -> Result

++ integrate(IntegrationProblem) is a top level ANNA function
++ to integrate an expression over a given range or ranges
++ to the required absolute and relative accuracy.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalIlntegrationCategory} to get the name and other
++ relevant information of the the (domain of the) numerical
++ routine likely to be the most appropriate,
++ i.e. have the best \axiom{measure}.
++
++ It then performs the integration of the given expression
++ on that \axiom{domain}.

integrate: (EF,SOCF,F,F) -> Result
++ integrate(exp, a..b, epsabs, epsrel) is a top level ANNA function
++ to integrate an expression, {\tt exp}, over a given range {\tt a}
++ to {\tt b} to the required absolute and relative accuracy.
++
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It iterates over the \axiom{domains} of
\axiomType{NumericalIntegrationCategory} to get the name and other
relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measurel}.

It then performs the integration of the given expression
on that \axiom{domain}.

integrate: (EF,SOCF,F) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++
++

integrate(exp, a..b, epsrel) is a top level ANNA
function to integrate an expression, {\tt expl}, over a given
range {\tt a} to {\tt b} to the required relative accuracy.

It iterates over the \axiom{domains} of
\axiomType{NumericalIntegrationCategory} to get the name and other
relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

It then performs the integration of the given expression
on that \axiom{domain}.

If epsrel = 0, a default absolute accuracy is used.

integrate: (EF,SOCF) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++
++

integrate(exp, a..b) is a top
level ANNA function to integrate an expression, {\tt exp},
over a given range {\tt a} to {\tt b}.

It iterates over the \axiom{domains} of
\axiomType{NumericalIntegrationCategory} to get the name and other
relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

It then performs the integration of the given expression
on that \axiom{domain}.

Default values for the absolute and relative error are used.

integrate: (EF,LSOCF) -> Result

++
++
++
++
++
++
++
++

integrate(exp, [a..b,c..d,...]) is a top
level ANNA function to integrate a multivariate expression, {\tt exp},
over a given set of ranges.

It iterates over the \axiom{domains} of
\axiomType{NumericalIntegrationCategory} to get the name and other
relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,
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++ i.e. have the best \axiom{measurel}.

++

++ It then performs the integration of the given expression

++ on that \axiom{domain}.

++

++ Default values for the absolute and relative error are used.

integrate: (EF,LSOCF,F) -> Result
++ integrate(exp, [a..b,c..d,...], epsrel) is a top
++ level ANNA function to integrate a multivariate expression, {\tt exp},
++ over a given set of ranges to the required relative
++ accuracy.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalIntegrationCategory} to get the name and other
++ relevant information of the the (domain of the) numerical
++ routine likely to be the most appropriate,
++ i.e. have the best \axiom{measurel}.
++
++ It then performs the integration of the given expression
++ on that \axiom{domain}.
++
++ If epsrel = 0, a default absolute accuracy is used.

integrate: (EF,LSOCF,F,F) -> Result
++ integrate(exp, [a..b,c..d,...], epsabs, epsrel) is a top
++ level ANNA function to integrate a multivariate expression, {\tt exp},
++ over a given set of ranges to the required absolute and relative
++ accuracy.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalIlntegrationCategory} to get the name and other
++ relevant information of the the (domain of the) numerical
++ routine likely to be the most appropriate,
++ i.e. have the best \axiom{measure}.
++
++ It then performs the integration of the given expression
++ on that \axiom{domain}.

integrate: (EF,LSOCF,F,F,RT) -> Result
++ integrate(exp, [a..b,c..d,...], epsabs, epsrel, routines) is a top
++ level ANNA function to integrate a multivariate expression, {\tt exp},
++ over a given set of ranges to the required absolute and relative
++ accuracy, using the routines available in the RoutinesTable provided.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalIlntegrationCategory} to get the name and other
++ relevant information of the the (domain of the) numerical
++ routine likely to be the most appropriate,
++ i.e. have the best \axiom{measure}.
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It then performs the integration of the given expression
on that \axiom{domain}.

measure:NumericalIntegrationProblem -> Measure

++
++
++
++
++
++
++
++
++

measure (prob) is a top level ANNA function for identifying the most
appropriate numerical routine for solving the numerical integration
problem defined by \axiom{prob}.

It calls each \axiom{domain} of \axiom{categoryl}
\axiomType{NumericalIntegrationCategory} in turn to calculate all measures
and returns the best

i.e. the name of the most appropriate domain and any other relevant
information.

measure: (NumericalIntegrationProblem,RT) -> Measure

++
++
++
++
++
++
++
++
++
++

measure (prob,R) is a top level ANNA function for identifying the most
appropriate numerical routine from those in the routines table
provided for solving the numerical integration

problem defined by \axiom{probl}.

It calls each \axiom{domain} listed in \axiom{R} of \axiom{category}
\axiomType{NumericalIntegrationCategory} in turn to calculate all measures
and returns the best

i.e. the name of the most appropriate domain and any other relevant
information.

integrate: (EF,SBOCF,ST) -> Union(Result,"failed")

++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++

integrate(exp, x = a..b, "numerical") is a top level ANNA function to
integrate an expression, {\tt exp}, over a given range, {\tt a}
to {\tt b}.

It iterates over the \axiom{domains} of
\axiomType{NumericalIntegrationCategory} to get the name and other
relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

It then performs the integration of the given expression
on that \axiom{domain}.

Default values for the absolute and relative error are used.

It is an error of the last argument is not {\tt "numerical"}.

integrate: (EF,SBOCF,S) -> Union(Result,"failed")

++
++
++
++
++
++
++

integrate(exp, x = a..b, numerical) is a top level ANNA function to
integrate an expression, {\tt exp}, over a given range, {\tt a}
to {\tt b}.

It iterates over the \axiom{domains} of
\axiomType{NumericalIntegrationCategory} to get the name and other
relevant information of the the (domain of the) numerical
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++ routine likely to be the most appropriate,

++ i.e. have the best \axiom{measure}.

++

++ It then performs the integration of the given expression

++ on that \axiom{domain}.

++

++ Default values for the absolute and relative error are used.
++

++ It is an error if the last argument is not {\tt numerical}.
IT ==> add

zeroMeasure: Measure -> Result

scriptedVariables?: MDNIA -> Boolean

preAnalysis: (Union(nia:NIA,mdnia:MDNIA),RT) -> RT

measureSpecific: (ST,RT,Union(nia:NIA,mdnia:MDNIA)) -> Record(measure:F,explanations:LST,extra:Result)
changeName: (Result,ST) -> Result

recoverAfterFail: (Union(nia:NIA,mdnia:MDNIA),RT,Measure,INT,Result) -> Record(a:Result,b:Measure)
better?: (Result,Result) -> Boolean

integrateConstant: (EF,SOCF) -> Result

integrateConstantList: (EF,LSOCF) -> Result

integrateArgs: (NumericalIntegrationProblem,RT) -> Result

integrateSpecific: (Union(nia:NIA,mdnia:MDNIA),ST,Result) -> Result

import ExpertSystemToolsPackage

integrateConstantList (exp:EF,ras:LSOCF) :Result ==
c:0CF := ((retract(exp)@F)$EF)::0CF

b := [hi(j)-1o(j) for j in ras]
c := cxreduce((x,y) +-> x*y,b)
a := coerce(c)$AnyFunctionsl1 (0CF)

text := coerce("Constant Function")$AnyFunctions1(ST)
construct ([[result@S,a], [method@S,text]])$Result

integrateConstant (exp:EF,ra:SOCF) :Result ==
c := (retract(exp)@F)$EF
r:0CF := (c::0CF)*(hi(ra)-lo(ra))
a := coerce(r)$AnyFunctions1 (OCF)
text := coerce("Constant Function")$AnyFunctions1(ST)
construct ([ [result@S,a], [method@S,text]])$Result

zeroMeasure (m:Measure) :Result ==
a := coerce(0$DF)$AnyFunctions1 (DF)
text := coerce("Constant Function")$AnyFunctions1(String)
r := construct([[result@Symbol,a], [method@Symbol,text]])$Result
concat (measure2Result m,r)$ExpertSystemToolsPackage

scriptedVariables?(mdnia:MDNIA) :Boolean ==
vars:List Symbol := variables(mdnia.fn)$EDF
varl := first(vars)$(List Symbol)
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not scripted?(varl) => false
namel := name(varil)$Symbol
for i in 2..# vars repeat
not ((scripted?(vars.i)$Symbol) and (namel = name(vars.i)$Symbol)) =>
return false
true

preAnalysis(args:Union(nia:NIA,mdnia:MDNIA),t:RT):RT ==
import RT
r:RT := selectIntegrationRoutines t
args case nia =>
arg:NIA := args.nia
rangeIsFinite(arg)$d01lAgentsPackage case finite =>
selectFiniteRoutines r
selectNonFiniteRoutines r
selectMultiDimensionalRoutines r

changeName (ans:Result,name:ST) :Result ==
sy:S := coerce(name "Answer")$S
anyAns:Any := coerce(ans)$AnyFunctionsi(Result)
construct ([[sy,anyAns]])$Result

measureSpecific(name:ST,R:RT,args:Union(nia:NIA,mdnia:MDNIA)):
Record(measure:F,explanations:ST,extra:Result) ==
args case nia =>

arg:NIA := args.nia

name = "dOlajfAnnaType" => measure(R,arg)$d0lajfAnnaType
name = "dOlakfAnnaType" => measure(R,arg)$d0lakfAnnaType
name = "dOlalfAnnaType" => measure(R,arg)$d0lalfAnnaType
name = "dOlamfAnnaType" => measure(R,arg)$d0lamfAnnaType
name = "dOlanfAnnaType" => measure(R,arg)$d0lanfAnnaType
name = "dOlapfAnnaType" => measure(R,arg)$d0lapfAnnaType
name = "dOlagfAnnaType" => measure(R,arg)$d0laqfAnnaType
name = "dOlasfAnnaType" => measure(R,arg)$d0lasfAnnaType

name = "dO1TransformFunctionType" =
measure (R,arg) $d01TransformFunctionType
error ("measureSpecific","invalid type name: " name)$ErrorFunctions

args case mdnia =>

arg2:MDNIA := args.mdnia

name = "dOlgbfAnnaType" => measure(R,arg2)$d01gbfAnnaType

name = "dO01fcfAnnaType" => measure(R,arg2)$d01fcfAnnaType

error ("measureSpecific","invalid type name: " name)$ErrorFunctions
error ("measureSpecific","invalid type name")$ErrorFunctions

measure (a:NumericalIntegrationProblem,R:RT) :Measure ==

args:Union(nia:NIA,mdnia:MDNIA) := retract(a)$NumericallntegrationProblem
sofar := O$F
best := "none" :: ST

routs := copy R
routs := preAnalysis(args,routs)
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empty? (routs) $RT =>
error ("measure", "no routines found")$ErrorFunctions
rout := inspect(routs)$RT
e := retract(rout.entry)$AnyFunctionsi(Entry)
meth:LST := ["Trying " e.type " integration routines"]
ext := empty()$Result
for i in 1..# routs repeat
rout := extract!(routs)$RT
e := retract(rout.entry)$AnyFunctionsl(Entry)
n := e.domainName
if e.defaultMin > sofar then
m := measureSpecific(n,R,args)
if m.measure > sofar then
sofar := m.measure
best :=n
ext := concat(m.extra,ext)$ExpertSystemToolsPackage
str:LST := [string(rout.key)$S "measure: " outputMeasure(m.measure)
" - " m.explanations]
else
str:LST := [string(rout.key)$S " is no better than other routines"]
meth := append(meth,str)$LST
[sofar,best,meth,ext]

measure (a:NumericalIntegrationProblem) :Measure ==
measure(a,routines () $RT)

integrateSpecific(args:Union(nia:NIA,mdnia:MDNIA) ,n:ST,ex:Result) :Result ==
args case nia =>
arg:NIA := args.nia
n = "dOlajfAnnaType" => numericallntegration(arg,ex)$d0lajfAnnaType
n = "dO1TransformFunctionType" =
numericalIntegration(arg,ex)$d01TransformFunctionType
= "dOlamfAnnaType" => numericallntegration(arg,ex)$dOlamfAnnaType
= "dOlapfAnnaType" => numericallntegration(arg,ex)$d0OlapfAnnaType
= "d0lagfAnnaType" => numericallntegration(arg,ex)$d0lagfAnnaType
"dOlalfAnnaType" => numericallntegration(arg,ex)$d0lalfAnnaType
= "dOlakfAnnaType" => numericallntegration(arg,ex)$d0lakfAnnaType
= "d0lanfAnnaType" => numericallntegration(arg,ex)$dOlanfAnnaType
= "dOlasfAnnaType" => numericallntegration(arg,ex)$dOlasfAnnaType
error("integrateSpecific","invalid type name: " n)$ErrorFunctions
args case mdnia =>
arg2:MDNIA := args.mdnia
n = "dOlgbfAnnaType" => numericallntegration(arg2,ex)$d01gbfAnnaType
n = "dOlfcfAnnaType" => numericallntegration(arg2,ex)$d01fcfAnnaType
error("integrateSpecific","invalid type name: " n)$ErrorFunctions
error ("integrateSpecific","invalid type name: " n)$ErrorFunctions

BBBBBBB
[}

better?(r:Result,s:Result) :Boolean ==
al := search("abserr"::S,r)$Result
al case "failed" => false
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abserrl := retract(al)$AnyFunctions1 (DF)

negative?(abserrl) => false

a2 := search("abserr"::S,s)$Result

a2 case "failed" => true

abserr2 := retract(a2)$AnyFunctions1(DF)

negative? (abserr2) => true

(abserrl < abserr2) -- true if r.abserr better than s.abserr

recoverAfterFail (n:Union(nia:NIA,mdnia:MDNIA),routs:RT,m:Measure,iint:INT,

r:Result) :Record(a:Result,b:Measure) ==

bestName := m.name
while positive?(iint) repeat
routineName := m.name
s := recoverAfterFail(routs,routineName(1..6),iint)$RoutinesTable
s case "failed" => iint := 0
if s = "changeEps" then
nn := n.nia

zero?(nn.abserr) =>
nn.abserr := 1.0e-8 :: DF
m := measure(n::NumericallntegrationProblem,routs)
zero?(m.measure) => iint := 0
r := integrateSpecific(n,m.name,m.extra)
iint := 0
rn := routineName(1..6)
buttVal := getButtonValue(rn,"functionEvaluations")$AttributeButtons
if (s = "incrFunEvals") and (buttVal < 0.8) then
increase(rn, "functionEvaluations")$AttributeButtons

if s = "increase tolerance" then

(n.nia) .relerr := (n.nia).relerr*(10.0::DF)
if s = "decrease tolerance" then

(n.nia) .relerr := (n.nia).relerr/(10.0::DF)

f1l := coerce(s)$AnyFunctions1(ST)
flrec:Record(key:S,entry:Any) :=[failure@S,fl]

m2 := measure(n::NumericalIntegrationProblem,routs)
zero?(m2.measure) => iint := 0
r2:Result := integrateSpecific(n,m2.name,m2.extra)
better?(r,r2) =>
m.name := m2.name
insert! (flrec,r)$Result
bestName := m2.name
m := m2
insert! (flrec,r2)$Result
r := concat(r2,changeName (r,routineName))$ExpertSystemToolsPackage
iany := search(ifail@S,r2)$Result
iany case "failed" => iint := 0
iint := retract(iany)$AnyFunctions1 (INT)
m.name := bestName
[r,m]

integrateArgs (prob:NumericalIntegrationProblem,t:RT) :Result ==
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args:Union(nia:NIA,mdnia:MDNIA) := retract(prob)$NumericallntegrationProblem
routs := copy(t)$RT
if args case mdnia then
arg := args.mdnia
v := (# variables(arg.fn))
not scriptedVariables?(arg) =>
error ("MultiDimensionalNumericalIntegrationPackage",
"invalid variable names")$ErrorFunctions
(v "= # arg.range)@Boolean =>
error ("MultiDimensionalNumericalIntegrationPackage",
"number of variables do not match number of ranges")$ErrorFunctions
m := measure(prob,routs)
zero?(m.measure) => zeroMeasure m
r := integrateSpecific(args,m.name,m.extra)
iany := search(ifail@S,r)$Result
iint O$INT
if (iany case Any) then
iint := retract(iany)$AnyFunctionsi1 (INT)
if positive?(iint) then

tu:Record(a:Result,b:Measure) := recoverAfterFail(args,routs,m,iint,r)
r := tu.a
m := tu.b
r := concat(measure2Result m,r)$ExpertSystemToolsPackage
n := m.name
nn:S8T :=
(# n > 14) => "dOltransform"
n(1..6)
expl := getExplanations(routs,nn)$RoutinesTable

expla := coerce(expl)$AnyFunctions1(LST)
explaa:Record(key:Symbol,entry:Any) := ["explanations"::Symbol,explal
r := concat(construct([explaal),r)
args case nia =>

att := showAttributes(args.nia)$IntegrationFunctionsTable

att case "failed" =>r

concat (att2Result att,r)$ExpertSystemToolsPackage

integrate(args:NumericalIntegrationProblem) :Result ==
integrateArgs(args,routines () $RT)

integrate(exp:EF,ra:S0CF,epsabs:F,epsrel:F,r:RT) :Result ==
Var:LS := variables(exp)$EF
empty?(Var)$LS => integrateConstant(exp,ra)
args:NIA := [first(Var)$LS,ef2edf exp,socf2socdf ra,f2df epsabs,f2df epsrell
integrateArgs(args: :NumericalIntegrationProblem,r)

integrate(exp:EF,ra:S0CF,epsabs:F,epsrel:F) :Result ==
integrate(exp,ra,epsabs,epsrel,routines () $RT)

integrate(exp:EF,ra:S0CF,err:F) :Result ==
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positive?(err)$F => integrate(exp,ra,0$F,err)
integrate(exp,ra,1.0E-5,err)

integrate(exp:EF,ra:S0CF) :Result == integrate(exp,ra,0$F,1.0E-5)

integrate(exp:EF,sb:SBOCF, st:ST) ==
st = "numerical" => integrate(exp,segment sb)
"failed"

integrate(exp:EF,sb:SBOCF, s:S) ==
s = (numerical::Symbol) => integrate(exp,segment sb)
"failed"

integrate(exp:EF,ra:LSOCF,epsabs:F,epsrel:F,r:RT) :Result ==
vars := variables(exp)$EF
empty?(vars)$LS => integrateConstantList(exp,ra)
args:MDNIA := [ef2edf exp,convert ra,f2df epsabs,f2df epsrell
integrateArgs(args: :NumericalIntegrationProblem,r)

integrate(exp:EF,ra:LSOCF,epsabs:F,epsrel:F) :Result ==
integrate(exp,ra,epsabs,epsrel,routines () $RT)

integrate(exp:EF,ra:LSOCF,epsrel:F) :Result ==
zero? epsrel => integrate(exp,ra,l.0e-6,epsrel)

integrate(exp,ra,0$F,epsrel)

integrate(exp:EF,ra:LSOCF) :Result == integrate(exp,ra,l1.0e-4)

— INTPACK.dotabb —

"INTPACK" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=INTPACK"]
"TBAGG" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=TBAGG"]
"INTPACK" -> "TBAGG"

CHAPTER A
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2.12 package OPTPACK AnnaNumericalOptimization-
Package

2.12.1 AnnaNumericalOptimizationPackage (OPTPACK)

ALIST

Exports:
goodnessOfFit measure optimize

— package OPTPACK AnnaNumericalOptimizationPackage —

)abbrev package OPTPACK AnnaNumericalOptimizationPackage

++ Author: Brian Dupee

++ Date Created: February 1995

++ Date Last Updated: December 1997

++ Basic Operations: measure, optimize, goodnessOfFit.

++ Description:

++ \axiomType{AnnaNumericalOptimizationPackage} is a \axiom{package} of
++ functions for the \axiomType{NumericalOptimizationCategory}

++ with \axiom{measure} and \axiom{optimize}.

AnnaNumericalOptimizationPackage(): EE == II where

EDF ==> Expression DoubleFloat

LEDF ==> List Expression DoubleFloat
LDF ==> List DoubleFloat

MDF ==> Matrix DoubleFloat

DF ==> DoubleFloat

LOCDF ==> List OrderedCompletion DoubleFloat
0CDF ==> OrderedCompletion DoubleFloat
LOCF ==> List OrderedCompletion Float
0CF ==> OrderedCompletion Float

LEF ==> List Expression Float

EF ==> Expression Float

LF ==> List Float

F ==> Float
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LS ==> List Symbol
LST ==> List String

INT ==> Integer

NOA ==> Record(fn:EDF, init:LDF, 1b:LOCDF, cf:LEDF, ub:LOCDF)
LSA ==> Record(1fn:LEDF, init:LDF)

IFL ==> List(Record(ifail:Integer,instruction:String))

Entry ==> Record(chapter:String, type:String, domainName: String,
defaultMin:F, measure:F, failList:IFL, explList:LST)

Measure ==> Record(measure:F,name:String, explanations:List String)

Measure2 ==> Record(measure:F,explanations:String)

RT ==> RoutinesTable

UNOALSA ==> Union(noa:NOA,lsa:LSA)

EE ==> with

measure:NumericalOptimizationProblem -> Measure
++ measure(prob) is a top level ANNA function for identifying the most
++ appropriate numerical routine from those in the routines table
++ provided for solving the numerical optimization problem defined by
++ \axiom{prob} by checking various attributes of the functions and
++ calculating a measure of compatibility of each routine to these
++ attributes.
++
++ It calls each \axiom{domain} of \axiom{category}
++ \axiomType{NumericalOptimizationCategory} in turn to calculate all
++ measures and returns the best i.e. the name of the most
++ appropriate domain and any other relevant information.

measure: (NumericalOptimizationProblem,RT) -> Measure
++ measure(prob,R) is a top level ANNA function for identifying the most
++ appropriate numerical routine from those in the routines table
++ provided for solving the numerical optimization problem defined by
++ \axiom{prob} by checking various attributes of the functions and
++ calculating a measure of compatibility of each routine to these
++ attributes.
++
++ It calls each \axiom{domain} listed in \axiom{R} of \axiom{category}
++ \axiomType{NumericalOptimizationCategory} in turn to calculate all
++ measures and returns the best i.e. the name of the most
++ appropriate domain and any other relevant information.

optimize: (NumericalOptimizationProblem,RT) -> Result
++ optimize(prob,routines) is a top level ANNA function to
++ minimize a function or a set of functions with any constraints
++ as defined within \axiom{prob}.
++
++ It iterates over the \axiom{domains} listed in \axiom{routines} of
++ \axiomType{NumericalOptimizationCategory}
++ to get the name and other relevant information of the best
++ \axiom{measure} and then optimize the function on that \axiom{domain}.
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optimize:NumericalOptimizationProblem -> Result
++ optimize(prob) is a top level ANNA function to
++ minimize a function or a set of functions with any constraints
++ as defined within \axiom{prob}.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalOptimizationCategory}
++ to get the name and other relevant information of the best
++ \axiom{measure} and then optimize the function on that \axiom{domain}.

goodness0fFit:NumericalOptimizationProblem -> Result
++ goodness0fFit(prob) is a top level ANNA function to
++ check to goodness of fit of a least squares model
++ as defined within \axiom{probl}.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalOptimizationCategory}
++ to get the name and other relevant information of the best
++ \axiom{measure} and then optimize the function on that \axiom{domain}.
++ It then calls the numerical routine \axiomType{EO4YCF} to get estimates
++ of the variance-covariance matrix of the regression coefficients of
++ the least-squares problem.
++
++ It thus returns both the results of the optimization and the
++ variance-covariance calculation.

optimize: (EF,LF,LOCF,LEF,LOCF) -> Result
++ optimize(f,start,lower,cons,upper) is a top level ANNA function to
++ minimize a function, \axiom{f}, of one or more variables with the
++ given constraints.
++
++ These constraints may be simple constraints on the variables
++ in which case \axiom{cons} would be an empty list and the bounds on
++ those variables defined in \axiom{lower} and \axiom{upperl}, or a
++ mixture of simple, linear and non-linear constraints, where
++ \axiom{cons} contains the linear and non-linear constraints and
++ the bounds on these are added to \axiom{upper} and \axiom{lower}.
++
++ The parameter \axiom{start} is a list of the initial guesses of the
++ values of the variables.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{NumericalOptimizationCategory}
++ to get the name and other relevant information of the best
++ \axiom{measure} and then optimize the function on that \axiom{domain}.

optimize: (EF,LF,LOCF,LOCF) -> Result
++ optimize(f,start,lower,upper) is a top level ANNA function to
++ minimize a function, \axiom{f}, of one or more variables with
++ simple constraints. The bounds on
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the variables are defined in \axiom{lower} and \axiom{upper}.

The parameter \axiom{start} is a list of the initial guesses of the
values of the variables.

It iterates over the \axiom{domains} of
\axiomType{NumericalOptimizationCategory}

to get the name and other relevant information of the best
\axiom{measure} and then optimize the function on that \axiom{domain}.

optimize: (EF,LF) -> Result

++
++
++
++
++
++
++
++
++
++
++

optimize(f,start) is a top level ANNA function to
minimize a function, \axiom{f}, of one or more variables without
constraints.

The parameter \axiom{start} is a list of the initial guesses of the
values of the variables.

It iterates over the \axiom{domains} of
\axiomType{NumericalOptimizationCategory}

to get the name and other relevant information of the best
\axiom{measure} and then optimize the function on that \axiom{domain}.

optimize: (LEF,LF) -> Result

++
++
++
++
++
++
++
++
++
++
++

optimize(1f,start) is a top level ANNA function to
minimize a set of functions, \axiom{lf}, of one or more variables
without constraints i.e. a least-squares problem.

The parameter \axiom{start} is a list of the initial guesses of the
values of the variables.

It iterates over the \axiom{domains} of
\axiomType{NumericalOptimizationCategory}

to get the name and other relevant information of the best
\axiom{measure} and then optimize the function on that \axiom{domain}.

goodness0fFit: (LEF,LF) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++

goodnessOfFit (1f,start) is a top level ANNA function to

check to goodness of fit of a least squares model i.e. the minimization
of a set of functions, \axiom{lf}, of one or more variables without
constraints.

The parameter \axiom{start} is a list of the initial guesses of the
values of the variables.

It iterates over the \axiom{domains} of
\axiomType{NumericalOptimizationCategory}

to get the name and other relevant information of the best
\axiom{measure} and then optimize the function on that \axiom{domain}.
It then calls the numerical routine \axiomType{EO4YCF} to get estimates
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++ of the variance-covariance matrix of the regression coefficients of
++ the least-squares problem.

++

++ It thus returns both the results of the optimization and the

++ variance-covariance calculation.

++ goodness0fFit (1f,start) is a top level function to iterate over

++ the \axiom{domains} of \axiomType{NumericalOptimizationCategory}

++ to get the name and other relevant information of the best

++ \axiom{measure} and then optimize the function on that \axiom{domain}.
++ It then checks the goodness of fit of the least squares model.

IT ==> add

preAnalysis:RT -> RT

zeroMeasure:Measure -> Result

optimizeSpecific: (UNOALSA,String) -> Result

measureSpecific: (String,RT,UNOALSA) -> Measure2

changeName: (Result,String) -> Result

recoverAfterFail: (UNOALSA,RT,Measure,INT,Result) -> Record(a:Result,b:Measure)
constant :UNOALSA -> Union(DF, "failed")

optimizeConstant:DF -> Result

import ExpertSystemToolsPackage,e04AgentsPackage,NumericalOptimizationProblem

constant (args:UNOALSA) :Union(DF,"failed") ==
args case noa =>
Args := args.noa
f := Args.fn
retractIfCan(f)@Union(DoubleFloat,"failed")
"failed"

optimizeConstant (c:DF): Result ==
a := coerce(c)$AnyFunctionsl (DF)
text := coerce("Constant Function")$AnyFunctionsl(String)
construct ([[objf@Symbol,a], [method@Symbol,text]]) $Result

preAnalysis(args:UNOALSA,t:RT) :RT ==
r := selectOptimizationRoutines(t)$RT
args case lsa =>
selectSumOfSquaresRoutines (r) $RT
r

zeroMeasure (m:Measure) :Result ==
a := coerce(0$F) $AnyFunctions1(F)
text := coerce("Zero Measure")$AnyFunctionsl(String)
r := construct([[objf@Symbol,al, [method@Symbol,text]])$Result
concat (measure2Result m,r)

measureSpecific(name:String,R:RT,args:UNOALSA) : Measure2 ==
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args case noa =>
arg:NOA := args.noa
name = "eO4dgfAnnaType" => measure(R,arg)$e04dgfAnnaType
name = "e04fdfAnnaType" => measure(R,arg)$e04fdfAnnaType
name = "eO4gcfAnnaType" => measure(R,arg)$e04gcfAnnaType
name = "eO4jafAnnaType" => measure(R,arg)$e04jafAnnaType
name = "eO4mbfAnnaType" => measure(R,arg)$eO04mbfAnnaType

name = "eO4nafAnnaType" => measure(R,arg)$e04nafAnnaType
name = "eO4ucfAnnaType" => measure(R,arg)$eO4ucfAnnaType
error ("measureSpecific","invalid type name: " name)$ErrorFunctions

args case lsa =>

arg2:LSA := args.lsa

name = "e04fdfAnnaType" => measure(R,arg2)$e04fdfAnnaType

name = "eO4gcfAnnaType" => measure(R,arg2)$e04gcfAnnaType

error ("measureSpecific","invalid type name: " name)$ErrorFunctions
error ("measureSpecific","invalid argument type")$ErrorFunctions

measure (Args:NumericalOptimizationProblem,R:RT) :Measure ==
args:UNOALSA := retract(Args)$NumericalOptimizationProblem
sofar := O$F

best := "none" :: String
routs := copy R
routs := preAnalysis(args,routs)
empty? (routs) $RT =>
error ("measure", "no routines found")$ErrorFunctions
rout := inspect(routs)$RT

e := retract(rout.entry)$AnyFunctionsi(Entry)
meth := empty()$(List String)
for i in 1..# routs repeat
rout := extract!(routs)$RT
e retract (rout.entry)$AnyFunctionsl (Entry)
n := e.domainName
if e.defaultMin > sofar then
m := measureSpecific(n,R,args)
if m.measure > sofar then

sofar := m.measure
best :=n
str := [concat(concat([string(rout.key)$Symbol, "measure: ",
outputMeasure (m.measure) ," - "],
m.explanations)$(List String))$String]
else
str :

[concat ([string(rout.key)$Symbol
," is no better than other routines"])$String]
meth := append(meth,str)$(List String)
[sofar,best,meth]

measure (args:NumericalOptimizationProblem) :Measure == measure(args,routines()$RT)

optimizeSpecific(args:UNOALSA,name:String) :Result ==
args case noa =>
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arg:NOA := args.noa

name = "eO04dgfAnnaType" => numericalOptimization(arg)$e04dgfAnnaType
name = "e04fdfAnnaType" => numericalOptimization(arg)$e04fdfAnnaType
name = "eO4gcfAnnaType" => numericalOptimization(arg)$eO4gcfAnnaType
name = "eO4jafAnnaType" => numericalOptimization(arg)$e04jafAnnaType
name = "eO4mbfAnnaType" => numericalOptimization(arg)$e04mbfAnnaType
name = "eO4nafAnnaType" => numericalOptimization(arg)$eO4nafAnnaType
name = "eO4ucfAnnaType" => numericalOptimization(arg)$eO4ucfAnnaType
error ("optimizeSpecific","invalid type name: " name)$ErrorFunctions

args case lsa =>

arg2:LSA := args.lsa

name = "e04fdfAnnaType" => numericalOptimization(arg2)$e04fdfAnnaType
name = "eO4gcfAnnaType" => numericalOptimization(arg2)$eO4gcfAnnaType
error("optimizeSpecific","invalid type name: " name)$ErrorFunctions

error ("optimizeSpecific","invalid type name: " name)$ErrorFunctions

changeName (ans :Result,name:String) :Result ==

st:String := concat([name,"Answer"])$String
sy:Symbol := coerce(st)$Symbol
anyAns:Any := coerce(ans)$AnyFunctionsi(Result)

construct ([[sy,anyAns]])$Result

recoverAfterFail (args:UNOALSA,routs:RT,m:Measure,

iint:INT,r:Result) :Record(a:Result,b:Measure) ==

while positive?(iint) repeat

routineName := m.name

s := recoverAfterFail (routs,routineName(1..6),iint)$RT
s case "failed" => iint := 0

(s = "no action")@Boolean => iint := 0

fl := coerce(s)$AnyFunctionsl(String)
flrec:Record(key:Symbol,entry:Any) :=[failure@Symbol,f1]
m2 := measure(args: :NumericalOptimizationProblem,routs)
zero?(m2.measure) => iint := 0

r2:Result := optimizeSpecific(args,m2.name)

m := m2

insert! (flrec,r2)$Result

r := concat(r2,changeName(r,routineName))

iany := search(ifail@Symbol,r2)$Result

iany case "failed" => iint := 0

iint := retract(iany)$AnyFunctions1 (INT)

[r,m]

optimize (Args:NumericalOptimizationProblem,t:RT) :Result ==

args:UNOALSA := retract(Args)$NumericalOptimizationProblem
routs := copy(t)$RT

c:Union(DF,"failed") := constant(args)

c case DF => optimizeConstant(c)

:= measure (Args,routs)

zero?(m.measure) => zeroMeasure m

:= optimizeSpecific(args,n := m.name)

67
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iany := search(ifail@Symbol,r)$Result
iint := O$INT
if (iany case Any) then

iint := retract(iany)$AnyFunctionsi1 (INT)
if positive?(iint) then

tu:Record(a:Result,b:Measure) := recoverAfterFail(args,routs,m,iint,r)
r := tu.a
m := tu.b

r := concat(measure2Result m,r)

expl := getExplanations(routs,n(1l..6))$RoutinesTable
expla := coerce(expl)$AnyFunctions1 (LST)

explaa:Record(key:Symbol,entry:Any) := ["explanations"::Symbol,explal
r := concat(construct([explaal),r)

att:List String := optAttributes(args)

atta := coerce(att)$AnyFunctionsi(List String)
attr:Record(key:Symbol,entry:Any) := [attributes@Symbol,attal

insert! (attr,r)$Result
optimize (args:NumericalOptimizationProblem) :Result == optimize(args,routines()$RT)

goodness0fFit (Args:NumericalOptimizationProblem) :Result ==
r := optimize(Args)
args1:UNOALSA := retract(Args)$NumericalOptimizationProblem
argsl case noa => error("goodness0fFit","Not an appropriate problem")
args:LSA := argsl.lsa
1f := args.lfn
n:INT := #(variables(args))
m:INT := # 1f
me := search(method,r)$Result
me case "failed" =>r
meth := retract(me)$AnyFunctionsl(Result)

na := search(nameOfRoutine,meth)$Result

na case "failed" =>r

name := retract(na)$AnyFunctions1(String)

temp:INT := (n*(n-1)) quo 2

ns:INT :=
name = "e04fdfAnnaType" => 6*n+(2+n)*m+l+max(1,temp)
8*n+(n+2) *m+temp+1+max (1, temp)

nv:INT := ns+n

ww := search(w,r)$Result

ww case "failed" =>r

ws:MDF := retract(ww)$AnyFunctions1 (MDF)

fr := search(objf,r)$Result

fr case "failed" => r

£ retract (fr)$AnyFunctions1 (DF)

s subMatrix(ws,1,1,ns,nv-1)$MDF
subMatrix(ws,1,1,nv,nv+n*n-1)$MDF

r2 := e04ycf(0,m,n,f,s,n,v,-1)$NaglptimisationPackage
concat (r,r2)
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optimize (f:EF,start:LF,lower:LOCF,cons:LEF,upper:LOCF) :Result ==
args:NOA := [ef2edf(f),[f2df i for i in start], [ocf2ocdf j for j in lower],
[ef2edf k for k in cons], [ocf2ocdf 1 for 1 in upper]]
optimize(args: :NumericalOptimizationProblem)

optimize (f:EF,start:LF,lower:LOCF,upper:LOCF) :Result ==
optimize(f,start,lower,empty()$LEF,upper)

optimize (f:EF,start:LF) :Result ==
optimize(f,start,empty()$LOCF, empty () $LOCF)

optimize (1f:LEF,start:LF) :Result ==
args:LSA := [[ef2edf i for i in 1f],[f2df j for j in start]]
optimize(args: :NumericalOptimizationProblem)

goodness0fFit (1f:LEF,start:LF) :Result ==

args:LSA := [[ef2edf i for i in 1f],[f2df j for j in start]]
goodness0fFit (args: :NumericalOptimizationProblem)

— OPTPACK.dotabb —

"OPTPACK" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=0PTPACK"]
"ALIST" [color="#88FF44" href="bookvol1l0.3.pdf#nameddest=ALIST"]
"OPTPACK" -> "ALIST"

2.13 package ODEPACK AnnaOrdinaryDifferentialEqua-
tionPackage

2.13.1 AnnaOrdinaryDifferentialEquationPackage (ODEPACK)

ALIST
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Exports:
measure solve

— package ODEPACK AnnaOrdinaryDifferentialEquationPackage —

)abbrev package ODEPACK AnnaOrdinaryDifferentialEquationPackage

++ Author: Brian Dupee

++ Date Created: February 1995

++ Date Last Updated: December 1997

++ Basic Operations: solve, measure

++ Description:

++ \axiomType{AnnaOrdinaryDifferentialEquationPackage} is a \axiom{package}
++ of functions for the \axiom{category}

++ \axiomType{OrdinaryDifferentialEquationsSolverCategory}

++ with \axiom{measure}, and \axiom{solvel}.

AnnaOrdinaryDifferentialEquationPackage(): EE == II where

EDF ==> Expression DoubleFloat

LDF ==> List DoubleFloat

MDF ==> Matrix DoubleFloat

DF ==> DoubleFloat

FI ==> Fraction Integer

EFI ==> Expression Fraction Integer

SOCDF ==> Segment OrderedCompletion DoubleFloat

VEDF ==> Vector Expression DoubleFloat

VEF ==> Vector Expression Float

EF ==> Expression Float

LF ==> List Float

F ==> Float

VDF ==> Vector DoubleFloat

VMF ==> Vector MachineFloat

MF ==> MachineFloat

LS ==> List Symbol

ST ==> String

LST ==> List String

INT ==> Integer

RT ==> RoutinesTable

ODEA ==> Record(xinit:DF,xend:DF,fn:VEDF,yinit:LDF,intvals:LDF, _
g:EDF,abserr:DF,relerr:DF)

IFL ==> List(Record(ifail:Integer,instruction:String))

Entry ==> Record(chapter:String, type:String, domainName: String,
defaultMin:F, measure:F, faillist:IFL, explList:LST)

Measure ==> Record(measure:F,name:String, explanations:List String)

EE ==> with
solve: (NumericalODEProblem) -> Result
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++ solve(odeProblem) is a top level ANNA function to solve numerically a
++ system of ordinary differential equations i.e. equations for the
++ derivatives y[1]’..y[n]’ defined in terms of x,y[1]..y[n], together
++ with starting values for x and y[1]..y[n] (called the initial
++ conditions), a final value of x, an accuracy requirement and any
++ intermediate points at which the result is required.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{OrdinaryDifferentialEquationsSolverCategory}
++ to get the name and other
++ relevant information of the the (domain of the) numerical
++ routine likely to be the most appropriate,
++ i.e. have the best \axiom{measure}.
++
++ The method used to perform the numerical
++ process will be one of the routines contained in the NAG numerical
++ Library. The function predicts the likely most effective routine
++ by checking various attributes of the system of ODE’s and calculating
++ a measure of compatibility of each routine to these attributes.
++
++ It then calls the resulting ‘best’ routine.

solve: (NumericalODEProblem,RT) -> Result
++ solve(odeProblem,R) is a top level ANNA function to solve numerically a
++ system of ordinary differential equations i.e. equations for the
++ derivatives y[1]’..y[n]’ defined in terms of x,y[1]..y[n], together
++ with starting values for x and y[1]..y[n] (called the initial
++ conditions), a final value of x, an accuracy requirement and any
++ intermediate points at which the result is required.
++
++ It iterates over the \axiom{domains} of
++ \axiomType{OrdinaryDifferentialEquationsSolverCategory} contained in
++ the table of routines \axiom{R} to get the name and other
++ relevant information of the the (domain of the) numerical
++ routine likely to be the most appropriate,
++ i.e. have the best \axiom{measure}.
++
++ The method used to perform the numerical
++ process will be one of the routines contained in the NAG numerical
++ Library. The function predicts the likely most effective routine
++ by checking various attributes of the system of ODE’s and calculating
++ a measure of compatibility of each routine to these attributes.
++
++ It then calls the resulting ‘best’ routine.

solve: (VEF,F,F,LF) -> Result
++ solve(f,xStart,xEnd,yInitial) is a top level ANNA function to solve
++ numerically a system of ordinary differential equations i.e. equations
++ for the derivatives y[1]’..y[n]’ defined in terms of x,y[1]..y[n],
++ together with a starting value for x and y[1]..y[n] (called the initial
++ conditions) and a final value of x. A default value
++ is used for the accuracy requirement.
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It iterates over the \axiom{domains} of
\axiomType{OrdinaryDifferentialEquationsSolverCategory} contained in
the table of routines \axiom{R} to get the name and other

relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

The method used to perform the numerical

process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine

by checking various attributes of the system of ODE’s and calculating
a measure of compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

solve: (VEF,F,F,LF,F) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++

solve(f,xStart,xEnd,yInitial,tol) is a top level ANNA function to solve
numerically a system of ordinary differential equations, \axiom{f},
i.e. equations for the derivatives y[1]’..y[n]’ defined in terms

of x,y[1]..y[n] from \axiom{xStart} to \axiom{xEnd} with the initial
values for y[1]..y[n] (\axiom{yInitiall}) to a tolerance \axiom{tol}.

It iterates over the \axiom{domains} of
\axiomType{OrdinaryDifferentialEquationsSolverCategory} contained in
the table of routines \axiom{R} to get the name and other

relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

The method used to perform the numerical

process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine

by checking various attributes of the system of ODE’s and calculating
a measure of compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

solve: (VEF,F,F,LF,EF,F) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++

solve(f,xStart,xEnd,yInitial,G,tol) is a top level ANNA function to
solve numerically a system of ordinary differential equations,
\axiom{f}, i.e. equations for the derivatives y[1]’..y[n]’ defined in
terms of x,y[1]..y[n] from \axiom{xStart} to \axiom{xEnd} with the
initial values for y[1]..y[n] (\axiom{yInitial}) to a tolerance
\axiom{tol}. The calculation will stop if the function
G(x,y[1],..,y[n]) evaluates to zero before x = xEnd.

It iterates over the \axiom{domains} of
\axiomType{OrdinaryDifferentialEquationsSolverCategory} contained in
the table of routines \axiom{R} to get the name and other

relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,
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++
++
++
++
++
++
++
++
++

i.e. have the best \axiom{measurel}.

The method used to perform the numerical process will be one of the
routines contained in the NAG numerical Library. The function
predicts the likely most effective routine by checking various
attributes of the system of ODE’s and calculating a measure of
compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

solve: (VEF,F,F,LF,LF,F) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++

solve(f,xStart,xEnd,yInitial,intVals,tol) is a top level ANNA function
to solve numerically a system of ordinary differential equatioms,
\axiom{f}, i.e. equations for the derivatives y[1]’..y[n]’ defined in
terms of x,y[1]..y[n] from \axiom{xStart} to \axiom{xEnd} with the
initial values for y[1]..y[n] (\axiom{yInitiall}) to a tolerance
\axiom{tol}. The values of y[1]..y[n] will be output for the values

of x in \axiom{intVals}.

It iterates over the \axiom{domains} of
\axiomType{OrdinaryDifferentialEquationsSolverCategory} contained in
the table of routines \axiom{R} to get the name and other

relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

The method used to perform the numerical

process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine

by checking various attributes of the system of ODE’s and calculating
a measure of compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

solve: (VEF,F,F,LF,EF,LF,F) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++

solve(f,xStart,xEnd,yInitial,G,intVals,tol) is a top level ANNA
function to solve numerically a system of ordinary differential
equations, \axiom{f}, i.e. equations for the derivatives y[1]’..y[n]’
defined in terms of x,y[1]..y[n] from \axiom{xStart} to \axiom{xEnd}
with the initial values for y[1]..y[n] (\axiom{yInitiall}) to a
tolerance \axiom{tol}. The values of y[1]..y[n] will be output for
the values of x in \axiom{intVals}. The calculation will stop if the
function G(x,y[1],..,y[n]) evaluates to zero before x = xEnd.

It iterates over the \axiom{domains} of
\axiomType{OrdinaryDifferentialEquationsSolverCategory} contained in
the table of routines \axiom{R} to get the name and other

relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

The method used to perform the numerical
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process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine

by checking various attributes of the system of ODE’s and calculating
a measure of compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

solve: (VEF,F,F,LF,EF,LF,F,F) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++

solve(f,xStart,xEnd,yInitial,G,intVals,epsabs,epsrel) is a top level
ANNA function to solve numerically a system of ordinary differential
equations, \axiom{f}, i.e.

equations for the derivatives y[1]’..y[n]’ defined in terms

of x,y[1]..y[n] from \axiom{xStart} to \axiom{xEnd} with the initial
values for y[1]..y[n] (\axiom{yInitial}) to an absolute error
requirement \axiom{epsabs} and relative error \axiom{epsrel}.

The values of y[1]..y[n] will be output for the values of x in
\axiom{intVals}. The calculation will stop if the function
G(x,y[1],..,y[n]) evaluates to zero before x = xEnd.

It iterates over the \axiom{domains} of
\axiomType{OrdinaryDifferentialEquationsSolverCategory} contained in
the table of routines \axiom{R} to get the name and other

relevant information of the the (domain of the) numerical

routine likely to be the most appropriate,

i.e. have the best \axiom{measure}.

The method used to perform the numerical

process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine

by checking various attributes of the system of ODE’s and calculating
a measure of compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

measure: (NumericalODEProblem) -> Measure

++
++
++
++
++
++
++
++
++
++
++
++
++

measure(prob) is a top level ANNA function for identifying the most
appropriate numerical routine from those in the routines table
provided for solving the numerical ODE

problem defined by \axiom{probl}.

It calls each \axiom{domain} of \axiom{category}
\axiomType{OrdinaryDifferentialEquationsSolverCategory} in turn to
calculate all measures and returns the best i.e. the name of

the most appropriate domain and any other relevant information.

It predicts the likely most effective NAG numerical

Library routine to solve the input set of ODEs

by checking various attributes of the system of ODEs and calculating
a measure of compatibility of each routine to these attributes.

measure: (NumericalODEProblem,RT) -> Measure

++
++
++

measure (prob,R) is a top level ANNA function for identifying the most
appropriate numerical routine from those in the routines table
provided for solving the numerical ODE
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++ problem defined by \axiom{prob}.

++

++ It calls each \axiom{domain} listed in \axiom{R} of \axiom{categoryl}
++ \axiomType{OrdinaryDifferentialEquationsSolverCategory} in turn to
++ calculate all measures and returns the best i.e. the name of

++ the most appropriate domain and any other relevant information.

++ It predicts the likely most effective NAG numerical

++ Library routine to solve the input set of ODEs

++ by checking various attributes of the system of ODEs and calculating
++ a measure of compatibility of each routine to these attributes.

II ==> add
import ODEA,NumericalODEProblem

f2df:F -> DF

ef2edf:EF -> EDF

preAnalysis: (ODEA,RT) -> RT

zeroMeasure:Measure -> Result

measureSpecific: (ST,RT,0DEA) -> Record(measure:F,explanations:ST)
solveSpecific: (ODEA,ST) -> Result

changeName: (Result,ST) -> Result

recoverAfterFail: (ODEA,RT,Measure, Integer ,Result) -> Record(a:Result,b:Measure)

£2df (£:F) :DF == (convert (f)@DF)$F
ef2edf (f:EF) :EDF == map(f2df,f)$ExpressionFunctions2(F,DF)

preAnalysis(args:0DEA,t:RT) :RT ==
rt := selectODEIVPRoutines(t)$RT
if positive?(# variables(args.g)) then
changeMeasure (rt,d02bbf@Symbol , getMeasure (rt,d02bbf@Symbol) *0.8)
if positive?(# args.intvals) then
changeMeasure (rt,d02bhf@Symbol, getMeasure (rt,d02bhf@Symbol)*0.8)
rt

zeroMeasure (m:Measure) :Result ==
a := coerce(0$F)$AnyFunctionsl(F)
text := coerce("Zero Measure")$AnyFunctions1(ST)
r := construct([[result@Symbol,a], [method@Symbol,text]])$Result
concat (measure2Result m,r)$ExpertSystemToolsPackage

measureSpecific(name:ST,R:RT,ode:0DEA) :Record(measure:F,explanations:ST) ==
name = "d02bbfAnnaType" => measure(R,ode)$d02bbfAnnaType
name = "d02bhfAnnaType" => measure(R,ode)$d02bhfAnnaType
name = "d02cjfAnnaType" => measure(R,ode)$d02cjfAnnaType
name = "d02ejfAnnaType" => measure(R,ode)$d02ejfAnnaType
error ("measureSpecific","invalid type name: " name)$ErrorFunctions

measure (Ode: NumericalODEProblem,R:RT) :Measure ==
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ode:0DEA := retract(0Ode)$NumericalODEProblem
sofar := O$F

best := "none" :: ST
routs := copy R
routs := preAnalysis(ode,routs)
empty? (routs) $RT =>
error ("measure", "no routines found")$ErrorFunctions

rout := inspect(routs)$RT
e := retract(rout.entry)$AnyFunctionsi(Entry)
meth := empty()$LST
for i in 1..# routs repeat
rout := extract!(routs)$RT
e retract(rout.entry)$AnyFunctionsl (Entry)
n := e.domainName
if e.defaultMin > sofar then
m := measureSpecific(n,R,ode)
if m.measure > sofar then

sofar := m.measure
best :=n
str:LST := [string(rout.key)$Symbol "measure: "

outputMeasure (m.measure) $ExpertSystemToolsPackage " - "
m.explanations]

else
str := [string(rout.key)$Symbol " is no better than other routines"]
meth := append(meth,str)$LST
[sofar,best,meth]
measure (ode:NumericalODEProblem) :Measure == measure (ode,routines()$RT)

solveSpecific(ode:0DEA,n:ST) :Result ==
n = "d02bbfAnnaType" => ODESolve(ode)$d02bbfAnnaType
n = "d02bhfAnnaType" => ODESolve(ode)$d02bhfAnnaType
n = "d02cjfAnnaType" => ODESolve(ode)$d02cjfAnnaType
n = "d02ejfAnnaType" => ODESolve(ode)$d02ejfAnnaType
error("solveSpecific","invalid type name: " n)$ErrorFunctions

changeName (ans:Result,name:ST) :Result ==
sy:Symbol := coerce(name "Answer")$Symbol
anyAns:Any := coerce(ans)$AnyFunctionsl(Result)
construct ([ [sy,anyAns]])$Result

recoverAfterFail (ode:0DEA,routs:RT,m:Measure,iint:Integer,r:Result):
Record(a:Result,b:Measure) ==
while positive?(iint) repeat

routineName := m.name
s := recoverAfterFail (routs,routineName(1..6),iint)$RT
s case "failed" => iint := 0
if s = "increase tolerance" then
ode.relerr := ode.relerr*(10.0::DF)

ode.abserr := ode.abserr*(10.0::DF)
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if s = "decrease tolerance" then
ode.relerr := ode.relerr/(10.0::DF)
ode.abserr := ode.abserr/(10.0::DF)
(s = "no action")@Boolean => iint := 0
f1 := coerce(s)$AnyFunctions1(ST)
flrec:Record(key:Symbol,entry:Any) :=[failure@Symbol,f1]
m2 := measure(ode: :NumericalODEProblem,routs)
zero?(m2.measure) => iint := 0
r2:Result := solveSpecific(ode,m2.name)
m := m2
insert! (flrec,r2)$Result
r := concat(r2,changeName(r,routineName))$ExpertSystemToolsPackage
iany := search(ifail@Symbol,r2)$Result
iany case "failed" => iint := 0
iint := retract(iany)$AnyFunctionsi(Integer)
[r,m]

solve(Ode:NumericalODEProblem,t:RT) :Result ==
ode:0DEA := retract(0Ode)$NumericalODEProblem
routs := copy(t)$RT

m := measure(0Ode,routs)
zero? (m.measure) => zeroMeasure m
r := solveSpecific(ode,n := m.name)

iany := search(ifail@Symbol,r)$Result
iint := O$Integer
if (iany case Any) then

iint := retract(iany)$AnyFunctionsi(Integer)
if positive?(iint) then
tu:Record(a:Result,b:Measure) := recoverAfterFail(ode,routs,m,iint,r)
r := tu.a
m := tu.b
r := concat(measure2Result m,r)$ExpertSystemToolsPackage

expl := getExplanations(routs,n(1l..6))$RoutinesTable
expla := coerce(expl)$AnyFunctionsl (LST)

explaa:Record(key:Symbol,entry:Any) := ["explanations"::Symbol,explal
r := concat(construct([explaal),r)
iflist := showIntensityFunctions(ode)$0DEIntensityFunctionsTable

iflist case "failed" =>r
concat(iflist2Result iflist, r)$ExpertSystemToolsPackage

solve (ode:NumericalODEProblem) :Result == solve(ode,routines()$RT)

solve (f:VEF,xStart:F,xEnd:F,yInitial:LF,G:EF,intVals:LF,epsabs:F,epsrel:F) :Result ==
d:0DEA := [f2df xStart,f2df xEnd,vector([ef2edf e for e in members f])$VEDF,
[f2df i for i in yInitial], [£f2df j for j in intVals],
ef2edf G,f2df epsabs,f2df epsrell
solve(d: :NumericalODEProblem,routines () $RT)

solve(f:VEF,xStart:F,xEnd:F,yInitial:LF,G:EF,intVals:LF,tol:F) :Result ==
solve(f,xStart,xEnd,yInitial,G,intVals,tol,tol)
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solve(f:VEF,xStart:F,xEnd:F,yInitial:LF,intVals:LF,tol:F) :Result ==
solve(f,xStart,xEnd,yInitial, 1$EF,intVals,tol)

solve(f:VEF,xStart:F,xEnd:F,y:LF,G:EF,tol:F) :Result ==
solve(f,xStart,xEnd,y,G,empty () $LF,tol)

solve(f:VEF,xStart:F,xEnd:F,yInitial:LF,tol:F) :Result ==
solve(f,xStart,xEnd,yInitial, 1$EF,empty () $LF,tol)

solve(f:VEF,xStart:F,xEnd:F,yInitial:LF) :Result == solve(f,xStart,xEnd,yInitial,1.0e-4)

— ODEPACK.dotabb —

"ODEPACK" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=0DEPACK"]
"ALIST" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=ALIST"]
"ODEPACK" -> "ALIST"

2.14 package PDEPACK AnnaPartialDifferentialEqua-
tionPackage

2.14.1 AnnaPartialDifferentialEquationPackage (PDEPACK)

Exports:
measure solve

— package PDEPACK AnnaPartialDifferentialEquationPackage —
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)abbrev package PDEPACK AnnaPartialDifferentialEquationPackage

++ Author: Brian Dupee

++ Date Created: June 1996

++ Date Last Updated: December 1997

++ Basic Operations:

++ Description:

++ AnnaPartialDifferentialEquationPackage is an uncompleted

++ package for the interface to NAG PDE routines. It has been realised that
++ a new approach to solving PDEs will need to be created.

AnnaPartialDifferentialEquationPackage(): EE == II where
LEDF ==> List Expression DoubleFloat

EDF ==> Expression DoubleFloat

LDF ==> List DoubleFloat

MDF ==> Matrix DoubleFloat

DF ==> DoubleFloat

LEF ==> List Expression Float
EF ==> Expression Float
MEF ==> Matrix Expression Float

LF ==> List Float

F ==> Float

LS ==> List Symbol

ST ==> String

LST ==> List String

INT ==> Integer

NNI ==> NonNegativeIlnteger

RT ==> RoutinesTable

PDEC ==> Record(start:DF, finish:DF, grid:NNI, boundaryType:INT,
dStart:MDF, dFinish:MDF)

PDEB ==> Record(pde:LEDF, constraints:List PDEC,
f:List LEDF, st:ST, tol:DF)

IFL ==> List(Record(ifail:INT,instruction:ST))

Entry ==> Record(chapter:ST, type:ST, domainName: ST,
defaultMin:F, measure:F, faillist:IFL, explList:LST)

Measure ==> Record(measure:F,name:ST, explanations:LST)

EE ==> with

solve: (NumericalPDEProblem) -> Result
++ solve(PDEProblem) is a top level ANNA function to solve numerically
++ a system of partial differential equatioms.
++
++ The method used to perform the numerical
++ process will be one of the routines contained in the NAG numerical
++ Library. The function predicts the likely most effective routine
++ by checking various attributes of the system of PDE’s and calculating
++ a measure of compatibility of each routine to these attributes.
++
++ It then calls the resulting ‘best’ routine.
++
++ ** At the moment, only Second Order Elliptic Partial Differential
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Equations are solved *x*

solve: (NumericalPDEProblem,RT) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++

solve (PDEProblem,routines) is a top level ANNA function to solve numerically a system
of partial differential equatioms.

The method used to perform the numerical

process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine

by checking various attributes of the system of PDE’s and calculating
a measure of compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

** At the moment, only Second Order Elliptic Partial Differential
Equations are solved **

solve: (F,F,F,F,NNI,NNI,LEF,List LEF,ST,DF) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++

solve(xmin,ymin,xmax,ymax,ngx,ngy,pde,bounds,st,tol) is a top level
ANNA function to solve numerically a system of partial differential
equations. This is defined as a list of coefficients (\axiom{pdel}),

a grid (\axiom{xmin}, \axiom{ymin}, \axiom{xmax}, \axiom{ymax},
\axiom{ngx}, \axiom{ngy}), the boundary values (\axiom{bounds}) and a
tolerance requirement (\axiom{tol}). There is also a parameter
(\axiom{st}) which should contain the value "elliptic" if the PDE is
known to be elliptic, or "unknown" if it is uncertain. This causes the
routine to check whether the PDE is elliptic.

The method used to perform the numerical

process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine

by checking various attributes of the system of PDE’s and calculating
a measure of compatibility of each routine to these attributes.

It then calls the resulting ‘best’ routine.

** At the moment, only Second Order Elliptic Partial Differential
Equations are solved **

solve: (F,F,F,F,NNI,NNI,LEF,List LEF,ST) -> Result

++
++
++
++
++
++
++
++
++
++
++
++
++

solve(xmin,ymin,xmax,ymax,ngx,ngy,pde,bounds,st) is a top level

ANNA function to solve numerically a system of partial differential
equations. This is defined as a list of coefficients (\axiom{pdel}),

a grid (\axiom{xmin}, \axiom{ymin}, \axiom{xmax}, \axiom{ymax},
\axiom{ngx}, \axiom{ngy}) and the boundary values (\axiom{bounds}).

A default value for tolerance is used. There is also a parameter
(\axiom{st}) which should contain the value "elliptic" if the PDE is
known to be elliptic, or "unknown" if it is uncertain. This causes the
routine to check whether the PDE is elliptic.

The method used to perform the numerical
process will be one of the routines contained in the NAG numerical
Library. The function predicts the likely most effective routine



2.14. PACKAGE PDEPACK ANNAPARTIALDIFFERENTIALEQUATIONPACKAGES1

++ by checking various attributes of the system of PDE’s and calculating
++ a measure of compatibility of each routine to these attributes.
++
++ It then calls the resulting ‘best’ routine.
++
++ **x At the moment, only Second Order Elliptic Partial Differential
++ Equations are solved **
measure: (NumericalPDEProblem) -> Measure
++ measure(prob) is a top level ANNA function for identifying the most
++ appropriate numerical routine from those in the routines table
++ provided for solving the numerical PDE
++ problem defined by \axiom{prob}.
++
++ It calls each \axiom{domain} of \axiom{category}
++ \axiomType{PartialDifferentialEquationsSolverCategory} in turn to
++ calculate all measures and returns the best i.e. the name of
++ the most appropriate domain and any other relevant information.
++ It predicts the likely most effective NAG numerical
++ Library routine to solve the input set of PDEs
++ by checking various attributes of the system of PDEs and calculating
++ a measure of compatibility of each routine to these attributes.
measure: (NumericalPDEProblem,RT) -> Measure
++ measure(prob,R) is a top level ANNA function for identifying the most
++ appropriate numerical routine from those in the routines table
++ provided for solving the numerical PDE
++ problem defined by \axiom{prob}.
++
++ It calls each \axiom{domain} listed in \axiom{R} of \axiom{categoryl}
++ \axiomType{PartialDifferentialEquationsSolverCategory} in turn to
++ calculate all measures and returns the best i.e. the name of
++ the most appropriate domain and any other relevant information.
++ It predicts the likely most effective NAG numerical
++ Library routine to solve the input set of PDEs
++ by checking various attributes of the system of PDEs and calculating
++ a measure of compatibility of each routine to these attributes.

IT ==> add
import PDEB, dO3AgentsPackage, ExpertSystemToolsPackage, NumericalPDEProblem

zeroMeasure:Measure -> Result

measureSpecific: (ST,RT,PDEB) -> Record(measure:F,explanations:ST)
solveSpecific: (PDEB,ST) -> Result

changeName: (Result,ST) -> Result

recoverAfterFail: (PDEB,RT,Measure,Integer,Result) -> Record(a:Result,b:Measure)

zeroMeasure (m:Measure) :Result ==
a := coerce(0$F)$AnyFunctions1(F)
text := coerce("No available routine appears appropriate")$AnyFunctions1(ST)
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r := construct([[result@Symbol,a], [method@Symbol,text]])$Result
concat (measure2Result m,r)$ExpertSystemToolsPackage

measureSpecific(name:ST,R:RT,p:PDEB) :Record (measure:F,explanations:ST) ==
name = "d03eefAnnaType" => measure(R,p)$d03eefAnnaType
--name = "d03fafAnnaType" => measure(R,p)$d03fafAnnaType
error ("measureSpecific","invalid type name: " name)$ErrorFunctions

measure (P:NumericalPDEProblem,R:RT) :Measure ==
p:PDEB := retract(P)$NumericalPDEProblem
sofar := O$F

best := "none" :: ST
routs := copy R
routs := selectPDERoutines(routs)$RT
empty? (routs) $RT =>
error ("measure", "no routines found")$ErrorFunctions
rout := inspect(routs)$RT

e := retract(rout.entry)$AnyFunctionsi(Entry)
meth := empty()$LST
for i in 1..# routs repeat
rout := extract!(routs)$RT
e retract (rout.entry)$AnyFunctionsl (Entry)
n := e.domainName
if e.defaultMin > sofar then
m := measureSpecific(n,R,p)
if m.measure > sofar then

sofar := m.measure
best :=n
str:LST := [string(rout.key)$Symbol "measure: "
outputMeasure (m.measure) $ExpertSystemToolsPackage " - "
m.explanations]

else
str := [string(rout.key)$Symbol " is no better than other routines"]
meth := append(meth,str)$LST
[sofar,best,meth]
measure (P:NumericalPDEProblem) :Measure == measure(P,routines()$RT)

solveSpecific(p:PDEB,n:ST) :Result ==
n = "d03eefAnnaType" => PDESolve(p)$d03eefAnnaType
--n = "d03fafAnnaType" => PDESolve(p)$d03fafAnnaType
error("solveSpecific","invalid type name: " n)$ErrorFunctions

changeName (ans:Result,name:ST) :Result ==
sy:Symbol := coerce(name "Answer")$Symbol
anyAns:Any := coerce(ans)$AnyFunctionsl(Result)
construct ([ [sy,anyAns]])$Result

recoverAfterFail (p:PDEB,routs:RT,m:Measure,iint:Integer,r:Result):
Record(a:Result,b:Measure) ==
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while positive?(iint) repeat

routineName := m.name

s := recoverAfterFail (routs,routineName(1..6),iint)$RT
s case "failed" => iint := 0

(s = "no action")@Boolean => iint := 0

fl := coerce(s)$AnyFunctions1(ST)
flrec:Record(key:Symbol,entry:Any) :=[failure@Symbol,f1]

m2 := measure(p::NumericalPDEProblem,routs)
zero?(m2.measure) => iint := 0
r2:Result := solveSpecific(p,m2.name)
m := m2
insert! (flrec,r2)$Result
r := concat(r2,changeName(r,routineName))$ExpertSystemToolsPackage
iany := search(ifail@Symbol,r2)$Result
iany case "failed" => iint := 0
iint := retract(iany)$AnyFunctionsl(Integer)
[r,m]

solve (P:NumericalPDEProblem,t:RT) :Result ==
routs := copy(t)$RT
m := measure(P,routs)
p:PDEB := retract(P)$NumericalPDEProblem
zero? (m.measure) => zeroMeasure m
r := solveSpecific(p,n := m.name)
iany := search(ifail@Symbol,r)$Result
iint := O$Integer
if (iany case Any) then

iint := retract(iany)$AnyFunctionsl(Integer)
if positive?(iint) then
tu:Record(a:Result,b:Measure) := recoverAfterFail(p,routs,m,iint,r)
r := tu.a
m := tu.b

expl := getExplanations(routs,n(1l..6))$RoutinesTable

expla := coerce(expl)$AnyFunctions1(LST)
explaa:Record(key:Symbol,entry:Any) := ["explanations"::Symbol,explal
r := concat(construct([explaal),r)

concat (measure2Result m,r)$ExpertSystemToolsPackage

solve (P:NumericalPDEProblem) :Result == solve(P,routines()$RT)

solve(xmi:F,xma:F,ymi:F,yma:F,nx:NNI,ny:NNI,pe:LEF,bo:List
LEF,s:ST,to0:DF) :Result ==
cx:PDEC := [f2df xmi, f2df xma, nx, 1, empty()$MDF, empty()$MDF]
cy:PDEC := [f2df ymi, f2df yma, ny, 1, empty()$MDF, empty()$MDF]
p:PDEB := [[ef2edf e for e in pel, [cx,cy],
[[ef2edf u for u in w] for w in bol,s,to]
solve(p: :NumericalPDEProblem,routines () $RT)

solve(xmi:F,xma:F,ymi:F,yma:F,nx:NNI,ny:NNI,pe:LEF,bo:List
LEF,s:ST) :Result ==
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solve(xmi,xma,ymi,yma,nx,ny,pe,bo,s,0.0001: :DF)

— PDEPACK.dotabb —

"PDEPACK" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=PDEPACK"]
"TBAGG" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=TBAGG"]
"PDEPACK" -> "TBAGG"

2.15 package ANY1 AnyFunctionsl

2.15.1 AnyFunctionsl (ANY1)

Exports:
coerce retract retractable? retractIfCan

— package ANY1 AnyFunctionsl —

)abbrev package ANY1l AnyFunctionsl

++ Author:

++ Date Created:

++ Change History:

++ Basic Functions: coerce, retractIfCan, retractable?, retract
++ Related Constructors: Any

++ Also See:

++ AMS Classification:

++ Keywords:

++ Description:

++ \spadtype{AnyFunctions1} implements several utility functions for

CHAPTER A
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++ working with \spadtype{Any}. These functions are used to go back
++ and forth between objects of \spadtype{Any} and objects of other
++ types.

AnyFunctions1(S:Type): with
coerce : S -> Any
++ coerce(s) creates an object of \spadtype{Any} from the
++ object \spad{s} of type \spad{S}.
retractIfCan: Any -> Union(S, "failed")
++ retractIfCan(a) tries change \spad{a} into an object
++ of type \spad{S}. If it can, then such an object is
++ returned. Otherwise, "failed" is returned.
retractable?: Any -> Boolean
++ retractable?(a) tests if \spad{a} can be converted
++ into an object of type \spad{S}.
retract : Any -> S
++ retract(a) tries to convert \spad{a} into an object of
++ type \spad{S}. If possible, it returns the object.
++ Error: if no such retraction is possible.

== add
import NoneFunctions1(S)

Sexpr:SExpression := devaluate(S)$Lisp

retractable? a
coerce(s:S) :Any

= dom(a) = Sexpr
= any(Sexpr, s::Nomne)

retractIfCan a ==
retractable? a => obj(a) pretend S
"failed"

retract a ==
retractable? a => obj(a) pretend S
error "Cannot retract value."

— ANY1l.dotabb —

"ANY1" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=ANY1"]
"TYPE" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=TYPE"]
"ANY1" -> "TYPE"
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2.16 package API ApplicationProgramlInterface

— ApplicationProgramInterface.input —

)set break resume

)sys rm -f ApplicationProgramInterface.output
)spool ApplicationProgramInterface.output
)set message test on

)set message auto off

)clear all

--S 1 of 6

getDomains ’Collection

--R (1)

--R {AssociationList, Bits, CharacterClass, ComplexDoubleFloatVector, Datalist,
--R DoubleFloatVector, EqTable, FlexibleArray, GeneralPolynomialSet,

--R GeneralSparseTable, GeneralTriangularSet, HashTable, IndexedBits,

--R IndexedFlexibleArray, IndexedList, IndexedOneDimensionalArray,

--R IndexedString, IndexedVector, InnerTable, KeyedAccessFile, Library, List,
--R ListMultiDictionary, Multiset, NeitherSparseOrDensePowerSeries,

--R OneDimensionalArray, Point, PrimitiveArray, RegularChain,

--R RegularTriangularSet, Result, RoutinesTable, Set, SparseTable,
--R SquareFreeRegularTriangularSet, Stream, String, StringTable, Table,
--R U32Vector, Vector, WuWenTsunTriangularSet}

--R Type: Set(Symbol)
--E 1

--S 2 of 6

difference(getDomains ’IndexedAggregate,getDomains ’Collection)

--R

--R  (2)

--R {DirectProduct, DirectProductMatrixModule, DirectProductModule,
--R HomogeneousDirectProduct, OrderedDirectProduct,

--R SplitHomogeneousDirectProduct}

--R Type: Set(Symbol)
--E 2

--S 3 of 6

credits()

--R

--RAn alphabetical listing of contributors to AXIOM:

--RMichael Albaugh Cyril Alberga Roy Adler
--RChristian Aistleitner Richard Anderson George Andrews
--RS.J. Atkins

--RHenry Baker Martin Baker Stephen Balzac
--RYurij Baransky David R. Barton Gerald Baumgartner
--RGilbert Baumslag Michael Becker Nelson H. F. Beebe

--RJay Belanger David Bindel Fred Blair
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--RVladimir Bondarenko
--RPeter A. Broadbery
--RStephen Buchwald
--RWilliam Burge
--RQuentin Carpent
--ROndrej Certik

--RGregory V. Chudnovsky

--RJosh Cohen
--RGeorge Corliss
--RMeino Cramer
--RNathaniel Daly
--RJames H. Davenport
—--RJean Della Dora
--RSam Dooley
—-RMartin Dunstan
--RRobert Edwards
--RRichard Fateman
—--RJohn Fletcher
--RGeorge Frances
—--RKorrinn Fu
—--RMarc Gaetano
—--RPatricia Gianni
—--RTeresa Gomez-Diaz
—--RJohannes Grabmeier
--RJames Griesmer
--RJocelyn Guidry
—--RGaetan Hache
--RMike Hansen
--RVilya Harvey
—--RDan Hatton
--RRalf Hemmecke
--RRoger House
--RPietro Iglio
--RAlejandro Jakubi
—-RKai Kaminski
--RTony Kennedy
—-RKlaus Kusche
--RTim Lahey
—-RFranz Lehner
--RHoward Levy
—--RMichael Lucks
--RCamm Maguire
--RBob McElrath
—-RDavid Mentre
—-RMohammed Mobarak
--RMarc Moreno-Maza
--RMark Murray
--RWilliam Naylor
—-RJohn Nelder
--RJinzhong Niu

Mark Botch
Martin Brock
Florian Bundschuh

Robert Caviness
Cheekai Chin

Mark Clements
Christophe Conil
Robert Corless
Claire Di Crescenzo
Timothy Daly Sr.
Didier Deshommes
Gabriel Dos Reis
Lionel Ducos

Brian Dupee

Heow Eide-Goodman
Bertfried Fauser
Brian Ford
Constantine Frangos

Rudiger Gebauer
Samantha Goldrich
Laureano Gonzalez-Vega
Matt Grayson

Vladimir Grinberg

Steve Hague
Richard Harke
Martin Hassner
Waldek Hebisch
Henderson
Gernot Hueber

Richard Jenks
Grant Keady

Ted Kosan
Bernhard Kutzler
Larry Lambe
Frederic Lehobey
Liu Xiaojun
Richard Luczak
Francois Maltey
Michael McGettrick
Victor S. Miller
H. Michael Moeller
Scott Morrison

Patrice Naudin
Godfrey Nolan

Alexandre Bouyer
Manuel Bronstein
Luanne Burns

Bruce Char

David V. Chudnovsky
James Cloos

Don Coppersmith
Gary Cornell

David Cyganski
Timothy Daly Jr.
Michael Dewar
Claire DiCrescendo
Lee Duhem

Dominique Duval
Lars Erickson
Stuart Feldman
Albrecht Fortenbacher
Timothy Freeman

Kathy Gerber
Holger Gollan
Stephen Gortler
Klaus Ebbe Grue
Oswald Gschnitzer

Satoshi Hamaguchi
Bill Hart

Arthur S. Hathaway
Karl Hegbloom
Antoine Hersen

Wilfrid Kendall
Paul Kosinski

Kaj Laurson
Michel Levaud
Rudiger Loos

Alasdair McAndrew
Ian Meikle

Gerard Milmeister
Michael Monagan
Joel Moses

C. Andrew Neff
Arthur Norman
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--RMichael 0’Connor

--RHumberto Ortiz-Zuazaga

--RJulian A. Padget
--RSusan Pelzel
--RAyal Pinkus
--RClaude Quitte
--RArthur C. Ralfs
--RAlbert D. Rich
--RRenaud Rioboo
--RSimon Robinson
--RMartin Rubey
--RPhilip Santas
--RGerhard Schneider
--RFrithjof Schulze
--RNick Simicich
--RJonathan Steinbach
--RRobert Sutor
--RMax Tegmark
--RBalbir Thomas
--RSteve Toleque
--RGregory Vanuxem
--RBernhard Wall
--RJuergen Weiss
--RJames Wen
--RJohn M. Wiley
--RStephen Wilson
--RSandra Wityak
--RClifford Yapp
--RVadim Zhytnikov
--RBruno Zuercher
--R

--E 3

The summary command simply types out the contents of the file $AXIOM/lib/summary so

Summat Oemrawsingh

Bill Page
Michel Petitot

Jose Alfredo Portes

Norman Ramsey
Michael Richardson
Jean Rivlin
Raymond Rogers

Alfred Scheerhorn
Martin Schoenert
Fritz Schwarz
William Sit

Fabio Stumbo

Moss E. Sweedler
T. Doug Telford
Mike Thomas

Barry Trager

Stephen Watt

M. Weller
Thorsten Werther
Berhard Will
Shmuel Winograd
Waldemar Wiwianka
David Yun
Richard Zippel
Dan Zwillinger

no output is captured in the spool file.
— ApplicationProgramInterface.input —

--S 4 of 6
summary ()

--S 5 of 6
)show API
--R

--R ApplicationProgramInterface

CHAPTER 2.

Kostas Oikonomou

David Parnas
Didier Pinchon

Anatoly Raportirenko
Guilherme Reis
Nicolas Robidoux
Michael Rothstein

William Schelter
Marshall Schor
Steven Segletes
Elena Smirnova
Christine Sundaresan
Eugene Surowitz
James Thatcher
Dylan Thurston
Themos T. Tsikas

Jaap Weel

Mark Wegman

Michael Wester
Clifton J. Williamson
Robert Wisbauer

Knut Wolf

Evelyn Zoernack

is a package constructor

CHAPTER A

Type: Void

Type: Void
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--R Abbreviation for ApplicationProgramInterface is API

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.4.pamphlet to see algebra source code for API

--R

- Operations -——----———————-——————————————————
--R credits : () -> Void getDomains : Symbol -> Set(Symbol)
--R summary : () -> Void

--R

--E b5

--S 1 of 5
getAncestors ’IndexedAggregate

--R  (3)

--R  {Aggregate, BasicType, CoercibleTo, Eltable, EltableAggregate, Evalable,
--R HomogeneousAggregate, InnerEvalable, SetCategory, Type}

--R Type: Set(Symbol)
--E 6

) spool

)1lisp (bye)

— ApplicationProgramInterface.help —

ApplicationProgramInterface examples

The ApplicationProgramInterface exposes Axiom internal functions
which might be useful for understanding, debugging, or creating
tools.

The getDomains function takes the name of a category and returns
a set of domains which inherit from that category:

getDomains ’Collection

{AssociationList, Bits, CharacterClass, ComplexDoubleFloatVector, Datalist,
DoubleFloatVector, EqTable, FlexibleArray, GeneralPolynomialSet,
GeneralSparseTable, GeneralTriangularSet, HashTable, IndexedBits,
IndexedFlexibleArray, IndexedList, IndexedOneDimensionalArray,
IndexedString, IndexedVector, InnerTable, KeyedAccessFile, Library, List,
ListMultiDictionary, Multiset, NeitherSparseOrDensePowerSeries,
OneDimensionalArray, Point, PrimitiveArray, RegularChain,
RegularTriangularSet, Result, RoutinesTable, Set, SparseTable,
SquareFreeRegularTriangularSet, Stream, String, StringTable, Table,
U32Vector, Vector, WuWenTsunTriangularSet}

Type: Set Symbol
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This can be used to form the set-difference of two categories:
difference(getDomains ’IndexedAggregate, getDomains ’Collection)
{DirectProduct, DirectProductMatrixModule, DirectProductModule,
HomogeneousDirectProduct, OrderedDirectProduct,
SplitHomogeneousDirectProduct}

Type: Set Symbol

The credits function prints a list of the people who have contributed
to the development of Axiom. This is equivalent to the )credits command.

The summary function prints a short list of useful console commands.

The getAncestors function takes the name of a domain or category
and returns a list of categories from which it inherits.

getAncestors ’IndexedAggregate
{Aggregate, BasicType, CoercibleTo, Eltable, EltableAggregate, Evalable,

HomogeneousAggregate, InnerEvalable, SetCategory, Type}
Type: Set(Symbol)

2.16.1 ApplicationProgramInterface (API)

Exports:

— package API ApplicationProgramInterface —
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)abbrev package API ApplicationProgramInterface

++ Author: Timothy Daly, Martin Rubey

++ Date Created: 3 March 2009

++ Date Last Updated: 24 March 2012

++ Description:

++ This package contains useful functions that expose Axiom system internals

ApplicationProgramInterface(): Exports == Implementation where
Exports ==> with
getDomains : Symbol -> Set Symbol
++ The getDomains(s) takes a category and returns the list of domains
++ that have that category
++
++X getDomains ’IndexedAggregate
getAncestors : Symbol -> Set Symbol
++ The getAncestor(s) takes a category and returns the list of domains
++ that have that category as ancestors
++
++X getAncestors ’IndexedAggregate
credits : () -> Void
++ credits() prints a list of people who contributed to Axiom
++
++X credits()
summary : () -> Void
++ summary() prints a short list of useful console commands
++
++X summary ()
Implementation ==> add
getDomains (cat:Symbol) : Set (Symbol) ==
set [symbol car first destruct a _
for a in (destruct domainsOf (cat,NIL$Lisp)$Lisp)::List (SExpression)]

getAncestors(cat:Symbol) :Set (Symbol) ==
set [symbol car first destruct a _
for a in (destruct ancestorsOf (cat,NIL$Lisp)$Lisp)::List (SExpression)]

credits() ( credits()$Lisp ; void() )

summary() == ( summary()$Lisp ; void() )

— API.dotabb —

"API" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=APPRULE"]
"ORDSET" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=0RDSET"]
"API" -> "ORDSET"
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2.17 package APPRULE ApplyRules

2.17.1 ApplyRules (APPRULE)

Exports:
applyRules localUnquote

— package APPRULE ApplyRules —

)abbrev package APPRULE ApplyRules

++ Applications of rules to expressions

++ Author: Manuel Bronstein

++ Date Created: 20 Mar 1990

++ Date Last Updated: 5 Jul 1990

++ Keywords: pattern, matching, rule.

++ Description:

++ This package apply rewrite rules to expressions, calling
++ the pattern matcher.

ApplyRules(Base, R, F): Exports == Implementation where

Base : SetCategory

R : Join(Ring, PatternMatchable Base, OrderedSet,
ConvertibleTo Pattern Base)

F : Join(FunctionSpace R, PatternMatchable Base,
ConvertibleTo Pattern Base)

P ==> Pattern Base

PR ==> PatternMatchResult(Base, F)
RR ==> RewriteRule(Base, R, F)
K ==> Kernel F

Exports ==> with
applyRules : (List RR, F) -> F
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++ applyRules([rl,...,rn], expr) applies the rules

++ rl,...,rn to f an unlimited number of times, i.e. until

++ none of rl,...,rn is applicable to the expression.
applyRules : (List RR, F, PositivelInteger) -> F

++ applyRules([r1,...,rn], expr, n) applies the rules

++ rl,...,rn to f a most n times.
localUnquote: (F, List Symbol) -> F

++ localUnquote(f,1s) is a local function.

Implementation ==> add
import PatternFunctionsl(Base, F)

splitRules: List RR -> Record(lker: List K,lval: List F,rl: List RR)
localApply : (List K, List F, List RR, F, PositiveInteger) -> F

rewrite : (F, PR, List Symbol) -> F
app : (List RR, F) > F

applist : (List RR, List F) -> List F
isit : (F, P) -> PR

isitwithpred: (F, P, List P, List PR) -> PR
applist(lrule, arglist) == [app(lrule, arg) for arg in arglist]

splitRules 1 ==
ncr := empty()$List (RR)
1k := empty(O$List(K)
lv empty () $List (F)
for r in 1 repeat
if (u := retractIfCan(r)@Union(Equation F, "failed"))

case "failed" then ncr := concat(r, ncr)
else
1k := concat(retract(lhs(u::Equation F))@K, 1k)

lv := concat(rhs(u::Equation F), 1v)
[1k, 1v, ncrl

applyRules(l, s) ==
rec := splitRules 1

repeat
(new:= localApply(rec.lker,rec.lval,rec.rl,s,1)) = s => return s
S := new

applyRules(l, s, n) ==
rec := splitRules 1
localApply(rec.lker, rec.lval, rec.rl, s, n)

localApply(1k, lv, lrule, subject, n) ==
for i in 1..n repeat
for k in 1k for v in 1lv repeat
subject := eval(subject, k, v)
subject := app(lrule, subject)
subject
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rewrite(f, res, 1) ==
1k := empty(O$List(K)
1lv := empty(O$List(F)
for rec in destruct res repeat
1k := concat(kernel(rec.key), 1k)
lv := concat(rec.entry, 1v)
localUnquote(eval(f, 1k, 1lv), 1)

if R has ConvertibleTo InputForm then
localUnquote(f, 1) ==
empty? 1 => £
eval(f, 1)
else
localUnquote(f, 1) ==

isitwithpred(subject, pat, vars, bad) ==
failed?(u := patternMatch(subject, pat, new()$PR)) => u
satisfy?(u, pat)::Boolean => u
member?(u, bad) => failed()
for v in vars repeat addBadValue(v, getMatch(v, u)::F)
isitwithpred(subject, pat, vars, concat(u, bad))

isit(subject, pat) ==
hasTopPredicate? pat =>
for v in (1 := variables pat) repeat resetBadValues v
isitwithpred(subject, pat, 1, empty())
patternMatch(subject, pat, new()$PR)

app(lrule, subject) ==
for r in lrule repeat
not failed?(u := isit(subject, pattern r)) =>
return rewrite(rhs r, u, quotedOperators r)
(k := retractIfCan(subject)@Union(K, "failed")) case K =>
operator (k::K) applist(lrule, argument(k::K))
(1 := isPlus subject) case List(F) => +/applist(lrule,l::List(F))
(1 := isTimes subject) case List(F) => */applist(lrule,l::List(F))

(e := isPower subject) case Record(val:F, exponent:Integer) =>
ee := e::Record(val:F, exponent:Integer)
f := app(lrule, ee.val)

positive?(ee.exponent) => f ** (ee.exponent)::NonNegativeInteger
recip(f)::F ** (- ee.exponent)::NonNegativeInteger
subject

— APPRULE.dotabb —



2.18. PACKAGE APPLYORE APPLYUNIVARIATESKEWPOLYNOMIAL 95

"APPRULE" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=APPRULE"]
"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]
"APPRULE" -> "FS"

2.18 package APPLYORE ApplyUnivariateSkewPolyno-
mial

2.18.1 ApplyUnivariateSkewPolynomial (APPLYORE)

Exports:
apply

— package APPLYORE ApplyUnivariateSkewPolynomial —

)abbrev package APPLYORE ApplyUnivariateSkewPolynomial

++ Author: Manuel Bronstein

++ Date Created: 7 December 1993

++ Date Last Updated: 1 February 1994

++ Description:

++ \spad{ApplyUnivariateSkewPolynomial} (internal) allows univariate
++ skew polynomials to be applied to appropriate modules.

ApplyUnivariateSkewPolynomial (R:Ring, M: LeftModule R,
P: UnivariateSkewPolynomialCategory R): with
apply: (P, M -> M, M) -> M
++ apply(p, f, m) returns \spad{p(m)} where the action is given
++ by \spad{x m = f(m)}.
++ \spad{f} must be an R-pseudo linear map on M.
== add
apply(p, f, m) ==
w:M =0
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mn:M :=m

for i in 0..degree p repeat
w :=w + coefficient(p, i) * mn
mn := f mn

W

— APPLYORE.dotabb —

"APPLYORE" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=APPLYORE"]
"OREPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=0REPCAT"]
"APPLYORE" -> "OREPCAT"

2.19 package ASSOCEQ AssociatedEquations

2.19.1 AssociatedEquations (ASSOCEQ)

IVECTOR

Exports:
associatedEquations associatedSystem uncouplingMatrices

— package ASSOCEQ AssociatedEquations —

)abbrev package ASSOCEQ AssociatedEquations

++ Author: Manuel Bronstein

++ Date Created: 10 January 1994

++ Date Last Updated: 3 February 1994

++ Description:

++ \spadtype{AssociatedEquations} provides functions to compute the
++ associated equations needed for factoring operators
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AssociatedEquations (R, L):Exports == Implementation where
R: IntegralDomain
L: LinearOrdinaryDifferentialOperatorCategory R

PI ==> Positivelnteger

N  ==> NonNegativeInteger

MAT ==> Matrix R

REC ==> Record(minor: List PI, eq: L, minors: List List PI, ops: List L)

Exports ==> with
associatedSystem: (L, PI) -> Record(mat: MAT, vec:Vector List PI)
++ associatedSystem(op, m) returns \spad{[M,w]} such that the
++ m-th associated equation system to L is \spad{w’ = M w}.
uncouplingMatrices: MAT -> Vector MAT
++ uncouplingMatrices(M) returns \spad{[A_1,...,A_n]} such that if
++ \spad{y = [y_1,...,y_nl} is a solution of \spad{y’ = M y}, then
++ \spad{[$y_j’,y_j’?,...,y_j {(m)}$] = $A_j y$} for all j’s.
if R has Field then
associatedEquations: (L, PI) -> REC
++ associatedEquations(op, m) returns \spad{[w, eq, lw, lopl}
++ such that \spad{eq(w) = 0} where w is the given minor, and
++ \spad{lw_i = lop_i(w)} for all the other minors.

Implementation ==> add
makeMatrix: (Vector MAT, N) -> MAT

diff:L := DQO
makeMatrix(v, n) == matrix [parts row(v.i, n) for i in 1..#v]

associatedSystem(op, m) ==
eq: Vector R

S := SetOfMIntegersInOneToN(m, n := degree(op)::PI)
w := enumerate()$S
s := size()$S

ww:Vector List PI := new(s, empty())
M:MAT := new(s, s, 0)
ml := (m::Integer - 1)::PI
an := leadingCoefficient op
a:Vector(R) := [- (coefficient(op, j) exquo an)::R for j in 0..n - 1]
for i in 1..s repeat
eq := new(s, 0)
wi = w.i
ww.l := elements wi
for k in 1..ml repeat
u := incrementKthElement (wi, k::PI)$S
if u case S then eq(lookup(u::S)) := 1
if member?(n, wi) then
for j in 1..n | a.j "= O repeat
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u := replaceKthElement(wi, m, j::PI)
if u case S then
eq(lookup(u::8)) := (odd? delta(wi, m, j::PI) => -a.j; a.j)
else
u := incrementKthElement (wi, m)$S
if u case S then eq(lookup(u::S8)) := 1
setRow_! (M, i, eq)
M, wwl

uncouplingMatrices m ==

n := nrows m
v:Vector MAT := new(n, zero(1, 0)$MAT)

v.l :=mi :=m

for i in 2..n repeat v.i := mi := map((z1l:R):R +-> diff z1, mi) + mi * m

[makeMatrix(v, i) for i imn 1..n]

if R has Field then
import PrecomputedAssociatedEquations(R, L)

makeop: Vector R -> L
makeeq: (Vector List PI, MAT, N, N) -> REC
computeIt: (L, PI, N) -> REC

makeeq(v, m, i, n) ==
[v.i, makeop row(m, i) - 1, [v.j for j in 1..n | j ~= i],
[makeop row(m, j) for j in 1..n | j "= il]

associatedEquations(op, m) ==
(u := firstUncouplingMatrix(op, m)) case "failed" => computelIt(op,m,1)

(v := inverse(u::MAT)) case "failed" => computelt(op, m, 2)
S := Set0fMIntegersInOneToN(m, degree(op)::PI)

w := enumerate()$S

s := size()$S

ww:Vector List PI := new(s, empty())

for i in 1..s repeat ww.i := elements(w.i)

makeeq(ww, v::MAT, 1, s)

computeIt(op, m, k) ==

rec := associatedSystem(op, m)
a := uncouplingMatrices(rec.mat)
n := #a
for i in k..n repeat
(u := inverse(a.i)) case MAT => return makeeq(rec.vec,u::MAT,i,n)

error "associatedEquations: full degenerate case"

makeop v ==
op:L :=0
for i in 1..#v repeat op := op + monomial(v i, i)
op
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— ASSOCEQ.dotabb —

"ASSOCEQ" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=ASSOCEQ"]
"IVECTOR" [color="#88FF44" , href="bookvol10.3.pdf#nameddest=IVECTOR"]
"ASSOCEQ" -> "IVECTOR"

2.20 package PMPRED AttachPredicates

2.20.1 AttachPredicates (PMPRED)

Exports:
suchThat

— package PMPRED AttachPredicates —

)abbrev package PMPRED AttachPredicates

++ Predicates for pattern-matching

++ Author: Manuel Bronstein

++ Date Created: 21 Mar 1989

++ Date Last Updated: 23 May 1990

++ Keywords: pattern, matching.

++ Description:

++ Attaching predicates to symbols for pattern matching.

AttachPredicates(D:Type): Exports == Implementation where
FE ==> Expression Integer

Exports ==> with
suchThat: (Symbol, D -> Boolean) -> FE
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++ suchThat(x, foo) attaches the predicate foo to x.
suchThat: (Symbol, List(D -> Boolean)) -> FE

++ suchThat(x, [f1, f2, ..., fn]) attaches the predicate

++ f1 and f2 and ... and fn to x.

Implementation ==> add
import FunctionSpaceAttachPredicates(Integer, FE, D)

suchThat (p:Symbol, f:D -> Boolean) == suchThat(p::FE, f)
suchThat (p:Symbol, 1:List(D -> Boolean)) == suchThat(p::FE, 1)

— PMPRED.dotabb —

"PMPRED" [color="#FF4488",href="bookv0110.4.pdf#nameddest=PMPRED"]
"PID" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PID"]
"OAGROUP" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=0AGROUP"]
"PMPRED" -> "PID"

"PMPRED" -> "OAGROUP"

2.21 package AXSERV AxiomServer

2.21.1 AxiomServer (AXSERV)

STRING

Exports:
multiServ  axServer getDatabase

— package AXSERV AxiomServer —

CHAPTER A
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)abbrev package AXSERV AxiomServer

++ Author: Arthur Ralfs, Timothy Daly, Alfredo Portes

++ Description:

++ This package provides a functions to support a web server for the
++ new Axiom Browser functions.

AxiomServer: public == private where
public == with

axServer: (Integer, SExpression->Void) -> Void
multiServ: SExpression -> Void
getDatabase: (String,String) -> String

private == add

getFile: (SExpression,String) -> Void
getCommand: (SExpression,String) -> Void
getDescription: String -> String

getInterp: (SExpression,String) -> Void
getLisp: (SExpression,String) -> Void
getShow: (SExpression,String) -> Void
lastStep: () -> String

lastType: () -> String

formatMessages: String -> String

makeErrorPage: String -> String

getSourceFile: (String,String,String) -> String
makeDBPage: String -> String

getContentType: String -> String

readTheFile: SExpression -> String
outputToSocket: (SExpression,String,String) -> Void

getDatabase (constructor:String, key:String):String ==
answer:=string GETDATABASE(INTERN$Lisp constructor,INTERN$Lisp key)$Lisp
- WriteLine$Lisp concat ["getDatabase: ",constructor," ",key," ",answer]
answer

The axServer function handles the socket connection on the given port. When it gets a input
on the socket it calls the server function on the socket input.
— package AXSERV AxiomServer —

axServer (port:Integer,serverfunc:SExpression->Void) :Void ==
WriteLine$Lisp "listening on port 8085"
s := SiSock(port,serverfunc)$Lisp
-- To listen for just one connection and then close the socket
-- uncomment i := 0.
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i:Integer := 1
while (i > 0) repeat
if not null?(SilListen(s)$Lisp)$SExpression then
w := SiAccept(s)$Lisp
serverfunc (w)
- i:=0

The multiServ function parses the socket input. It expects either a GET or POST request.
A GET request fetches a new page, calling “getFile”. A POST request starts with

e “command=" which expects axiom interpreter commands. When this is recognized we
call the “getCommand” function.

e “lispcall=" which expects lisp interpreter input When this is recognized we call the
“getLisp” function.

— package AXSERV AxiomServer —

multiServ(s:SExpression):Void ==
- WriteLine("multiServ begin")$Lisp
headers:String := ""
char:String
-- read in the http headers
while (char := _

STRING (READ_-CHAR_-NO_-HANG(s,NIL$Lisp, *EOF) $Lisp) $Lisp) ~= "EOF"_
repeat
headers := concat [headers,char]

- sayTeX$Lisp headers
StringMatch(" ([~ I*)", headers)$Lisp
u:UniversalSegment (Integer)
u := segment(MatchBeginning(1)$Lisp+1,_
MatchEnd (1) $Lisp)$UniversalSegment (Integer)
reqtype:String := headers.u
- sayTeX$Lisp concat ["request type: ",reqtypel
if reqtype = "GET" then
StringMatch("GET ([~ ]*)",headers)$Lisp
u:UniversalSegment (Integer)
u := segment(MatchBeginning(1)$Lisp+1,_
MatchEnd (1) $Lisp) $UniversalSegment (Integer)
getFile(s,headers.u)
if reqtype = "POST" and StringMatch("command=(.*)$", headers)$Lisp > O
then
u:UniversalSegment (Integer)
u := segment(MatchBeginning(1)$Lisp+1,_
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MatchEnd (1) $Lisp) $UniversalSegment (Integer)
getCommand (s,headers.u)
if reqtype = "POST" and StringMatch("interpcall=(.*)$" ,headers)$Lisp > O
then
u:UniversalSegment (Integer)
u := segment(MatchBeginning(1)$Lisp+1,_
MatchEnd (1) $Lisp) $UniversalSegment (Integer)
getInterp(s,headers.u)
if reqtype = "POST" and StringMatch("lispcall=(.*)$" headers)$Lisp > O
then
u:UniversalSegment (Integer)
u := segment(MatchBeginning(1)$Lisp+1,_
MatchEnd(1)$Lisp) $UniversalSegment (Integer)
getLisp(s,headers.u)
if reqtype = "POST" and StringMatch("showcall=(.*)$",headers)$Lisp > O
then
u:UniversalSegment (Integer)
u := segment(MatchBeginning(1)$Lisp+1,_
MatchEnd(1)$Lisp) $UniversalSegment (Integer)
getShow(s,headers.u)
-- WriteLine("multiServ end")$Lisp
-- WriteLine("")$Lisp

getFile

Given a socket and the URL of the file we create an input stream that contains the file. If the
filename contains a question mark then we need to parse the parameters and dynamically
construct the file contents.

— package AXSERV AxiomServer —

getFile(s:SExpression,pathvar:String) :Void ==
-- WriteLine("")$Lisp
WriteLine$Lisp concat ["getFile: ",pathvar]
params:=split(pathvar,char "?")
if #params =1
then if not null? PATHNAME_-NAME(PATHNAME (pathvar)$Lisp)$Lisp
then
contentType:String := getContentType (pathvar)
q:=0pen(pathvar)$Lisp
if null? q
then
q := MAKE_-STRING_-INPUT_-STREAM(_
makeErrorPage("File doesn’t exist"))$Lisp
else
q:=MAKE_-STRING_-INPUT_-STREAM(_
makeErrorPage ("Problem with file path"))$Lisp
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else
q:=MAKE_-STRING_-INPUT_-STREAM(makeDBPage (pathvar))$Lisp
outputToSocket (s,readTheFile(q) ,contentType)

makeErrorPage

— package AXSERV AxiomServer —

makeErrorPage (msg:String) :String ==

page:String:="<!DOCTYPE html PUBLIC "

page:=page "_"-//W3C//DTD XHTML 1.0 Strict//EN_" "

page:=page "_"http://www.w3.org/TR/xthml1/DTD/xhtmll-strict.dtd_">"

page:=page "<html xmlns=_"http://www.w3.org/1999/xhtml_">"

page:=page "<head><title>Error</title></head><body>" msg "</body></html>"
- WriteLine (page)$Lisp

page

getDescription

We need to fish around in the data structure to return the piece of documentation for the
domain. We have to call the lisp version of GETDATABASE because the version above
returns a string object. The string object is missing quotes and cannot be properly read. So
we need to get the lisp object and work with it in native form first.

The doc string also contains spad markup which we need to replace with html.
— package AXSERV AxiomServer —

getDescription(dom:String) :String ==
d:=CADR (CADAR (GETDATABASE (INTERN (dom) $Lisp ,  DOCUMENTATION) $Lisp) $Lisp) $Lisp
string d

getSourceFile

During build we construct a hash table that takes the chunk name as the key and returns
the filename. We reconstruct the chunk name here and do a lookup for the source file.
— package AXSERV AxiomServer —

getSourceFile(constructorkind:String, _
abbreviation:String, _
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dom:String) :String ==
sourcekey:="@<<" constructorkind " " abbreviation " " dom ">>"
-- WriteLine (sourcekey)$Lisp
sourcefile:=lowerCase last split(getDatabase(dom,"SOURCEFILE"),char "/")
sourcefile:=sourcefile ".pamphlet"

makeDBPage

— package AXSERV AxiomServer —

makeDBPage (pathvar:String) :String ==
params:List (String) :=split(pathvar,char "?")
for i in 1..#params repeat WriteLine$Lisp concat ["params: ",params.i]
pathparts:List(String) :=split(params.1,char "/")
for i in 1..#pathparts repeat
WriteLine$Lisp concat ["pathparts: ",pathparts.il
pagename:=last pathparts
WriteLine$Lisp concat ["pagename: ",pagename]
cmd:=first split(pagename,char ".")
WriteLine$Lisp concat ["cmd: ",cmd]
args:List(String) :=split(params.2, char "&")
for i in 1..#args repeat WriteLine$Lisp concat ["args: ",args.il]
page:String:="<!DOCTYPE html PUBLIC "
page:=page "_"-//W3C//DTD XHTML 1.0 Strict//EN_" "
page:=page "_"http://www.w3.org/TR/xthml1/DTD/xhtmll-strict.dtd_">"
page:=page "<html xmlns=_"http://www.w3.org/1999/xhtml_">"
page:=page "<head>"
page:=page "<meta http-equiv=_"Content-Type_" content=_"text/html_""
page:=page " charset=_"us-ascii_"/>"
page:=page "<title>" cmd " " args.l "</title></head>"
page:=page "<style> html { background-color: #ECEA81; } </style>"
page:=page "<body>"
cmd = "db" =>
dom:=args.1
domi : =INTERN (dom) $Lisp
-- category, domain, or package?
constructorkind:=getDatabase (dom, "CONSTRUCTORKIND")
abbreviation:=getDatabase(dom, "ABBREVIATION")
sourcefile:=getDatabase(dom, "SOURCEFILE")
constructorkind.1:=upperCase constructorkind.1
description:=getDescription(dom)
page:=page "<div align=_"center_">"
page:=page "<img align=_"middle_" src=_"doctitle.png_"/></div><hr/>"
page:=page "<div align=_"center_">" constructorkind " " dom "</div><hr/>"
page:=page "<table>"
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page:=page "<tr><td valign=_"top_">Description: </td>"

page:=page "<td>" description "</td></tr>"

page:=page "<tr><td>Abbreviation: </td><td>" abbreviation "</td></tr>"
page:=page "<tr><td>Source File: </td><td>" sourcefile "</td></tr>"
page:=page "</table><hr/>"

page:=page '"<table>"

page:=page "<tr>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=Ancestors_">Ancestors</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=Dependents_">Dependents</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"?7" dom "&lookup=Exports_">Exports</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"?7" dom "&lookup=Parents_">Parents</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=Users_">Users</a>"
page:=page "</td>"

page:=page "</tr>"

page:=page "<tr>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=Attributes_">Attributes</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=Examples_">Examples</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=0Operations_">Operations</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=SearchPath_">Search Path</a>"
page:=page "</td>"

page:=page "<td>"

page:=page "<a href=_"7" dom "&lookup=Uses_">Uses</a>"

page:=page "</td>"

page:=page "</tr>"

page:=page "</table>"

cmd = "op" =

dom:=args.1

domi : =INTERN (dom) $Lisp

-- category, domain, or package?
constructorkind:=getDatabase (dom, "CONSTRUCTORKIND")
abbreviation:=getDatabase(dom, "ABBREVIATION")
sourcefile:=getDatabase(dom, "SOURCEFILE")
constructorkind.l1:=upperCase constructorkind.1l
description:=getDescription(dom)
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page:=page "<div align=_"center_">"
page:=page "<img align=_"middle_" src=_"doctitle.png_"/></div><hr/>"
page:=page "<div align=_"center_">" constructorkind " " dom "</div><hr/>"
page:=page "<table>"
page:=page "<tr><td valign=_"top_">Description: </td>"
page:=page "<td>" description "</td></tr>"
page:=page "<tr><td>Abbreviation: </td><td>" abbreviation "</td></tr>"
page:=page "<tr><td>Source File: </td><td>" sourcefile  "</td></tr>"
page:=page "</table><hr/>"
page:=page "<table>"
page:=page "<tr>"
page:=page "<td>"
page:=page "<a href=_"7" dom "&lookup=Ancestors_">Ancestors</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"?" dom "&lookup=Dependents_">Dependents</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"7" dom "&lookup=Exports_">Exports</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"7" dom "&lookup=Parents_">Parents</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"?" dom "&lookup=Users_">Users</a>"
page:=page "</td>"
page:=page "</tr>"
page:=page "<tr>"
page:=page "<td>"
page:=page "<a href=_"?7" dom "&lookup=Attributes_">Attributes</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"7" dom "&lookup=Examples_">Examples</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"?" dom "&lookup=Operations_">Operations</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"?7" dom "&lookup=SearchPath_">Search Path</a>"
page:=page "</td>"
page:=page "<td>"
page:=page "<a href=_"7" dom "&lookup=Uses_">Uses</a>"
page:=page "</td>"
page:=page "</tr>"
page:=page "</table>"
-- WriteLine (page)$Lisp

page:=page "</body></html>"

page

107
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readTheFile
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We have q which is a stream which contains the file. We read the file into a string-stream
to get it all into one string. We return the string.
— package AXSERV AxiomServer —

readTheFile(q:SExpression) :String ==
- WriteLine("begin reading file")$Lisp
r := MAKE_-STRING_-OUTPUT_-STREAM()$Lisp
SiCopyStream(q,r)$Lisp
filestream:String := GET_-OUTPUT_-STREAM_-STRING(r)$Lisp
CLOSE (r) $Lisp
CLOSE(q)$Lisp
- WriteLine("end reading file")$Lisp
filestream

outputToSocket

We have “s” which is the socket, “filestream” which is the text of the file to output, and
“content Type” which is the HTML Content-Type. We construct the HTML header infor-
mation according to the standard and prepend it to the file. The resulting string is output
to the socket.
— package AXSERV AxiomServer —

outputToSocket (s:SExpression,filestream:String,contentType:String) :Void ==
filelength:String := string(#filestream)
file:String := ""
nl:String:=STRING(NewLine$Lisp)$Lisp
file :
file :
file :
file :

file :
- Writ

el

concat ["Content-Length: ",filelength,nl,nl,filel
concat ["Connection: close",nl,file]

concat ["Content-Type: ",contentType,nl,file]
concat ["HTTP/1.1 200 OK",nl,file]

concat [file,filestream]

ine(file)$Lisp

f :=MAKE_-STRING_-INPUT_-STREAM(file)$Lisp
SiCopyStream(f,s)$Lisp

CLOSE (£)$Lisp

CLOSE(s)$Lisp
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getCommand

The getCommand function is invoked when the HT'TP request is a POST and contains the
string ”command”. Essentially the game here is to rebind the various output streams used

by Axiom so we can capture the normal output. This function returns a set of HTML 5 div
blocks:

1. stepnum, the value of lastStep()
command, the value of the command variable
algebra, the value of the algebra variable

mathml, the value of the mathml variable

DAl R

type, the value of lastType()

The HTML functions in the hyperdoc browser depend on the order of these variables so do
not change this without changing the corresponding functions in the browser HTML.
— package AXSERV AxiomServer —

getCommand (s:SExpression,command:String) :Void ==

WriteLine$Lisp concat ["getCommand: ",command]

SETQ (tmpmathml$Lisp, MAKE_-STRING_-OUTPUT_-STREAM()$Lisp)$Lisp

SETQ(tmpalgebra$lisp, MAKE_-STRING_-OUTPUT_-STREAM()$Lisp)$Lisp

SETQ(savemathml$Lisp, _$texOutputStream$Lisp)$Lisp

SETQ(savealgebra$Lisp, _$algebralutputStream$Lisp)$Lisp

SETQ(_$texOutputStream$Lisp, tmpmathml$Lisp) $Lisp

SETQ(_$algebralutputStream$Lisp, tmpalgebra$Lisp)$Lisp

ans := string parseAndEvalToStringEqNum$Lisp command

SETQ(resultmathml$Lisp, _
GET_-OUTPUT_-STREAM_-STRING(_$texOutputStream$Lisp)$Lisp) $Lisp

SETQ(resultalgebra$Lisp, _
GET_-OUTPUT_-STREAM_-STRING(_$algebralutputStream$Lisp) $Lisp) $Lisp

SETQ(_$texOutputStream$Lisp,savemathml$Lisp) $Lisp

SETQ(_$algebralutputStream$Lisp,savealgebra$lisp)$Lisp

CLOSE (tmpmathml$Lisp) $Lisp

CLOSE (tmpalgebra$Lisp) $Lisp

-- Since strings returned from axiom are going to be displayed in html I

-- should really check for the characters &,<,> and replace them with

-- &amp;,&lt; ,&gt;.

-- At present I only check for ampersands in formatMessages.

mathml:String := string(resultmathml$Lisp)

algebra:String := string(resultalgebra$Lisp)

algebra := formatMessages(algebra)

-- At this point mathml contains the mathml for the output but does not

-- include step number or type information.

-- We should also save the command.

-- I get the type and step number from the $internalHistoryTable

axans:String :=
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concat ["<div class=_"stepnum_">", lastStep(), "</div>_
<div class=_"command_">", command, "</div>_
<div class=_"algebra_”>",algebra,"</div>_
<div class=_"mathml_">",mathml,"</div>_
<div class=_"type_">",lastType(),"</div>"]

- WriteLine$Lisp concat ["mathml answer: ",mathml]

- WriteLine$Lisp concat ["algebra answer: ",algebra]
q:=MAKE_-STRING_-INPUT_-STREAM(axans)$Lisp
SiCopyStream(q,s)$Lisp
CLOSE(q) $Lisp
CLOSE(s)$Lisp

getInterp

The getInterp function is invoked when the HTTP request is a POST and contains the
string ”command”. Essentially the game here is to rebind the various output streams used
by Axiom so we can capture the normal output. This function returns a set of HTML 5 div
blocks:

1. stepnum, the value of lastStep()

2. command, the value of the command variable
3. algebra, the value of the algebra variable

4. mathml, the value of the mathml variable

5. type, the value of lastType()

The HTML functions in the hyperdoc browser depend on the order of these variables so do
not change this without changing the corresponding functions in the browser HTML.
— package AXSERV AxiomServer —

getInterp(s:SExpression,command:String) :Void ==
WriteLine$Lisp concat ["getInterp: ",command]
SETQ(tmpmathml$Lisp, MAKE_-STRING_-OUTPUT_-STREAM()$Lisp)$Lisp
SETQ(tmpalgebra$lisp, MAKE_-STRING_-OUTPUT_-STREAM()$Lisp)$Lisp
SETQ(savemathml$Lisp, _$texOutputStream$Lisp)$Lisp
SETQ(savealgebra$Lisp, _$algebralutputStream$Lisp)$Lisp
SETQ(_$texOutputStream$Lisp, tmpmathml$Lisp) $Lisp
SETQ(_$algebraOutputStream$Lisp, tmpalgebra$Lisp) $Lisp
ans := string parseAndEvalToStringEqNum$Lisp command
SETQ(resultmathml$Lisp, _
GET_-OUTPUT_-STREAM_-STRING (_$texOutputStream$Lisp) $Lisp) $Lisp
SETQ(resultalgebra$Lisp, _
GET_-0OUTPUT_-STREAM_-STRING(_$algebralutputStream$Lisp) $Lisp) $Lisp
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SETQ(_$texOutputStream$Lisp,savemathml$Lisp) $Lisp
SETQ(_$algebralutputStream$Lisp,savealgebra$lisp) $Lisp
CLOSE (tmpmathml$Lisp) $Lisp
CLOSE (tmpalgebra$Lisp) $Lisp
-- Since strings returned from axiom are going to be displayed in html I
-- should really check for the characters &,<,> and replace them with
-- &amp;,&lt; ,&gt;.
-- At present I only check for ampersands in formatMessages.
mathml:String := string(resultmathml$Lisp)
algebra:String := string(resultalgebra$Lisp)
algebra := formatMessages(algebra)
-- At this point mathml contains the mathml for the output but does not
-- include step number or type information.
-- We should also save the command.
-- I get the type and step number from the $internalHistoryTable
axans:String := _
concat ["<div class=_"stepnum_">", lastStep(), "</div>_
<div class=_"command_">", command, "</div>_
<div class=_"algebra_">",algebra,"</div>_
<div class=_"mathml_">",mathml,"</div>_
<div class=_"type_">",lastType(),"</div>"]
-- WriteLine$Lisp concat ["mathml answer: ",mathml]
- WriteLine$Lisp concat ["algebra answer: ",algebral
q:=MAKE_-STRING_-INPUT_-STREAM(axans)$Lisp
SiCopyStream(q,s)$Lisp
CLOSE(q)$Lisp
CLOSE(s) $Lisp

getLisp

The getLisp function is invoked when the HTTP request is a POST and contains the string
"lispcall”.
— package AXSERV AxiomServer —

getLisp(s:SExpression,command:String) :Void ==
WriteLine$Lisp concat ["getLisp: ",command]
evalresult:=EVAL(READ_-FROM_-STRING (command)$Lisp) $Lisp
mathml:String:=string(evalresult)

-- WriteLine$Lisp concat ["getLisp: after ",mathml]

- WriteLine$Lisp concat ["getLisp output: ",mathml]
SETQ(tmpalgebra$Lisp, MAKE_-STRING_-OUTPUT_-STREAM()$Lisp)$Lisp
SETQ(savemathml$Lisp, _$texOutputStream$Lisp)$Lisp
SETQ(savealgebra$Lisp, _$algebraOutputStream$Lisp)$Lisp
SETQ(_$texOutputStream$Lisp, tmpmathml$Lisp) $Lisp
SETQ(_$algebralutputStream$Lisp, tmpalgebra$Llisp)$Lisp
SETQ(resultalgebra$lisp, _



112 CHAPTER 2. CHAPTER A
GET_-OUTPUT_-STREAM_-STRING(_$algebralutputStream$Lisp) $Lisp) $Lisp
SETQ(_$texOutputStream$Lisp,savemathml$Lisp) $Lisp
SETQ(_$algebraOutputStream$Lisp, savealgebra$lisp)$Lisp
CLOSE(tmpalgebra$Lisp) $Lisp
-- Since strings returned from axiom are going to be displayed in html I
-- should really check for the characters &,<,> and replace them with
-- &amp;,&lt; ,&gt;.
-- At present I only check for ampersands in formatMessages.
algebra:String := string(resultalgebra$Lisp)
algebra := formatMessages(algebra)
-- At this point mathml contains the mathml for the output but does not
-- include step number or type information.
-- We should also save the command.
-- I get the type and step number from the $internalHistoryTable
axans:String := _
concat ["<div class=_"stepnum_">", lastStep(), "</div>_
<div class=_"command_">", command, "</div>_
<div class=_"algebra_">",algebra,"</div>_
<div class=_"mathml_">",mathml,"</div>_
<div class=_"type_">",lastType(),"</div>"]
- WriteLine$Lisp concat ["mathml answer: ",mathml]
- WriteLine$Lisp concat ["algebra answer: ",algebra]
q:=MAKE_-STRING_-INPUT_-STREAM(axans)$Lisp
SiCopyStream(q,s)$Lisp
CLOSE(q) $Lisp
CLOSE(s)$Lisp
getShow

The getShow function is invoked when the HTTP request is a POST and contains the string
”showcall”. The )show command generates output to lisp’s *standard-output™ so we wrap
that stream to capture it. The resulting string needs to be transformed into html-friendly
form. This is done in the call to replace-entitites (see http.lisp)

— package AXSERV AxiomServer —

getShow(s:SExpression,showarg:String) :Void ==

WriteLine$Lisp concat ["getShow: ",showarg]
realarg:=SUBSEQ(showarg,6)$Lisp
show:=_

"(progn (setq |$options| ’((loperations|))) (lshow| ’|" realarg "[))"

WriteLine$Lisp concat ["getShow: ",show]
SETQ(SAVESTREAM$Lisp, _*STANDARD_-OUTPUT_*$Lisp)$Lisp
SETQ(_*STANDARD_-OUTPUT_*$Lisp, _

MAKE_-STRING_-OUTPUT_-STREAM() $Lisp)$Lisp

evalresult:=EVAL(READ_-FROM_-STRING(show)$Lisp)$Lisp
SETQ(evalresult, _
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GET_-O0UTPUT_-STREAM_-STRING (_*STANDARD_-0UTPUT_*$Lisp) $Lisp) $Lisp
SETQ(_*STANDARD_-OUTPUT_*$Lisp, SAVESTREAM$Lisp) $Lisp
mathml :String:=string (REPLACE_-ENTITIES(evalresult)$Lisp)
SETQ(tmpalgebra$lisp, MAKE_-STRING_-OUTPUT_-STREAM()$Lisp)$Lisp
SETQ(savemathml$Lisp, _$texOutputStream$Lisp)$Lisp
SETQ(savealgebra$Lisp, _$algebraOutputStream$Lisp)$Lisp
SETQ(_$texOutputStream$Lisp, tmpmathml$Lisp) $Lisp
SETQ(_$algebralutputStream$Lisp, tmpalgebra$Llisp)$Lisp
SETQ(resultalgebra$Llisp,_
GET_-OUTPUT_-STREAM_-STRING(_$algebralutputStream$Lisp) $Lisp) $Lisp
SETQ(_$texOutputStream$Lisp,savemathml$Lisp) $Lisp
SETQ(_$algebralutputStream$Lisp,savealgebra$lisp)$Lisp
CLOSE (tmpalgebra$Lisp) $Lisp
-- Since strings returned from axiom are going to be displayed in html I
-- should really check for the characters &,<,> and replace them with
-- &amp;,&lt; ,&gt;.
-- At present I only check for ampersands in formatMessages.
algebra:String := string(resultalgebra$Lisp)
algebra := formatMessages(algebra)
-- At this point mathml contains the mathml for the output but does not
-- include step number or type information.
-- We should also save the command.
-- I get the type and step number from the $internalHistoryTable
axans:String := _
concat ["<div class=_"stepnum_">", lastStep(), "</div>_
<div class=_"command_">", showarg, "</div>_
<div class=_"algebra_">",algebra,"</div>_
<div class=_"mathml_">",mathml,"</div>_
<div class=_"type_">",lastType(),"</div>"]
-- WriteLine$Lisp concat ["mathml answer: ",mathml]
q:=MAKE_-STRING_-INPUT_-STREAM(axans)$Lisp
SiCopyStream(q,s)$Lisp
CLOSE(q) $Lisp
CLOSE(s)$Lisp

lastType

To examine the $internalHistoryTable use the following line
)lisp |$internalHistoryTablel

We need to pick out first member of internalHistoryTable and then pick out the element
with % as first element. Here is an example showing just the first element of the list, which
correponds to the last command.

Note that the last command does not necessarily correspond to the last element of the first
element of $internalHistoryTable as it is in this example.
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(4 NIL

(x (value (BasicOperator) WRAPPED . #<vector 09a93bd0>))

(y (value (BasicOperator) WRAPPED . #<vector 09a93bb4>))

(% (value (Matrix (Polynomial (Integer))) WRAPPED . #<vector 0982e0e0>))
)

)

We also need to check for input error in which case the $internalHistoryTable is not changed
and the type retrieved would be that for the last correct input.
— package AXSERV AxiomServer —

lastType() :String ==
SETQ(first$Lisp,FIRST(_$internalHistoryTable$Lisp) $Lisp)$Lisp
count:Integer := 0
hisLength:Integer := LIST_-LENGTH(_$internalHistoryTable$Lisp)$Lisp
length:Integer := LIST_-LENGTH(first$Lisp)$Lisp
-- This initializes stepSav. The test is a bit of a hack, maybe I’1ll
-- figure out the right way to do it later.
if string stepSav$Lisp = "#<OBJNULL>" then SETQ(stepSav$Lisp, O$Lisp)$Lisp
-- If hisLength = O then the history table has been reset to NIL
-- and we’re starting numbering over
if hisLength = O then SETQ(stepSav$Lisp, O$Lisp)$Lisp
if hisLength > 0 and
car(car(_$internalHistoryTable$Lisp) $Lisp) $Lisp "= stepSav$Lisp then
SETQ(stepSav$Lisp,car(car(_$internalHistoryTable$Lisp) $Lisp)$Lisp)$Lisp
while count < length repeat
position(char "¥",string FIRST(first$Lisp)$Lisp) = 2 =>
count := length+1
count := count +1
SETQ(first$Lisp,REST(first$Lisp)$Lisp)$Lisp
count = length + 1 =>
string SECOND(SECOND(FIRST(first$Lisp)$Lisp)$Lisp)$Lisp

lastStep() :String ==
string car(car(_$internalHistoryTable$Lisp)$Lisp)$Lisp

formatMessages(str:String) :String ==
- WriteLine ("formatMessages")$Lisp
-- I need to replace any ampersands with &amp; and may also need to
-- replace < and > with &1t; and &gt;
strlist:List String

- WriteLine(str)$Lisp
strlist := split(str,char "&")
str = ""

-- oops, if & is the last character in the string this method
-- will eliminate it. Need to redo this.
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for s in strlist repeat
str := concat [str,s,"&amp;"]
strlen:Integer := #str
str := str.(1..(#str - 5))
WriteLine(str)$Lisp

-- Here I split the string into lines and put each line in a "div".

strlist := split(str, char string NewlineChar$Lisp)

str o= nn
WriteLine("formatMessages1")$Lisp
WriteLine(concat strlist)$Lisp
for s in strlist repeat
WriteLine(s)$Lisp

str := concat [str,"<div>",s,"</div>"]

str

getContentType (pathvar:String) :String ==
WriteLine("getContentType begin")$Lisp

-- set default content type
contentType:String := "text/plain"

-- need to test for successful match?
StringMatch(".*\.(.*)$", pathvar)$Lisp
u:UniversalSegment (Integer)

u := segment(MatchBeginning(1)$Lisp+1,_

MatchEnd (1) $Lisp) $UniversalSegment (Integer)

extension:String := pathvar.u
WriteLine$Lisp concat ["file extension: ",extension]

-- test for extensions: html, htm, xml, xhtml, js, css

if extension = "html" then
contentType:String := "text/html"

else if extension = "htm" then
contentType:String := "text/html"

else if extension = "xml" then
contentType:String := "text/xml"

else if extension = "xhtml" then
contentType:String := "application/xhtml+xml"

else if extension = "js" then
contentType:String := "text/javascript"

else if extension = "css" then
contentType:String := "text/css"

else if extension = "png" then
contentType:String := "image/png"

else if extension = "jpg" then
contentType:String := "image/jpeg"

else if extension = "jpeg" then
contentType:String := "image/jpeg"

WriteLine$Lisp concat ["Content-Type:
WriteLine("getContentType end")$Lisp
contentType

", contentType]

115
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— AXSERV.dotabb —

"AXSERV" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AXSERV"]
"STRING" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=STRING"]
"AXSERV" -> "STRING"



Chapter 3

Chapter B

3.1 package BALFACT BalancedFactorisation

3.1.1 BalancedFactorisation (BALFACT)

Exports:
balancedFactorisation

— package BALFACT BalancedFactorisation —

)abbrev package BALFACT BalancedFactorisation

++ Author: Manuel Bronstein

++ Date Created: 1 March 1991

++ Date Last Updated: 11 October 1991

++ Description:

++ This package provides balanced factorisations of polynomials.

BalancedFactorisation(R, UP): Exports == Implementation where
R : Join(GcdDomain, CharacteristicZero)

117
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UP : UnivariatePolynomialCategory R

Exports ==> with
balancedFactorisation: (UP, UP) -> Factored UP
++ balancedFactorisation(a, b) returns
++ a factorisation \spad{a = pl7el ... pm“em} such that each
++ \spad{pi} is balanced with respect to b.
balancedFactorisation: (UP, List UP) -> Factored UP

++ balancedFactorisation(a, [bil,...,bn]) returns
++ a factorisation \spad{a = pl”el ... pm“em} such that each
++ pi is balanced with respect to \spad{[bl,...,bm]}.

Implementation ==> add
balSqfr : (UP, Integer, List UP) -> Factored UP
balSqfrl: (UP, Integer, UP) -> Factored UP

balancedFactorisation(a:UP, b:UP) == balancedFactorisation(a, [b])

balSqgfri(a, n, b) ==
g := gcd(a, b)
fa := sqfrFactor((a exquo g)::UP, n)
ground? g => fa
fa * balSqfri(g, n, (b exquo (g ** order(b, g)))::UP)

balSqfr(a, n, 1) ==
b := first 1
empty? rest 1 => balSqfri(a, n, b)
x/ [balSqfr1(f.factor, n, b) for f in factors balSqfr(a,n,rest 1)]

balancedFactorisation(a:UP, 1l:List UP) ==
empty? (1l := select(zl +-> z1 "= 0, 1)) =>
error "balancedFactorisation: 2nd argument is empty or all 0"
sa := squarefree a
unit(sa) * */[balSqfr(f.factor,f.exponent,ll) for f in factors sal)

— BALFACT.dotabb —

"BALFACT" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=BALFACT"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"BALFACT" -> "PFECAT"
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3.2 package BOP1 BasicOperatorFunctionsl

3.2.1 BasicOperatorFunctionsl (BOP1)

ALIST

Exports:
constantOplfCan  constantOperator derivative evaluate

— package BOP1 BasicOperatorFunctionsl —

)abbrev package BOP1 BasicOperatorFunctionsl

++ Author: Manuel Bronstein

++ Date Created: 28 Mar 1988

++ Date Last Updated: 15 May 1990

++ Keywords: operator.

++ Description:

++ This package exports functions to set some commonly used properties
++ of operators, including properties which contain functionmns.

BasicOperatorFunctions1(A:SetCategory): Exports == Implementation where
0P  ==> BasicOperator
EVAL ==> "Yeval"
CONST ==> "Jconstant"
DIFF ==> "Jdiff"
0uT ==> QutputForm
IN ==> InputForm

Exports ==> with
evaluate : (0P, List A) -> Union(A, "failed")
++ evaluate(op, [al,...,an]) checks if op has an "Jeval"
++ property f. If it has, then \spad{f(al,...,an)} is returned, and
++ "failed" otherwise.
evaluate : (0P, List A -> A) -> 0P
++ evaluate(op, foo) attaches foo as the "Yeval" property
++ of op. If op has an ",eval" property f, then applying op
++ to \spad{(al,...,an)} returns the result of \spad{f(al,...,an)}.
evaluate : (0P, A -> A) -> 0P
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++ evaluate(op, foo) attaches foo as the "Jeval" property

++ of op. If op has an "Yeval" property f, then applying op

++ to a returns the result of \spad{f(a)}. Argument op must be unary.
evaluate : 0P -> Union(List A -> A, "failed")

++ evaluate(op) returns the value of the "Yeval" property of

++ op if it has one, and "failed" otherwise.

derivative : (0P, List (List A -> A)) -> 0P

++ derivative(op, [fool,...,foon]) attaches [fool,...,foon] as

++ the ") diff" property of op. If op has an "%diff" property

++ \spad{[f1l,...,fn]} then applying a derivation D

++ to \spad{op(al,...,an)}

++ returns \spad{fi(al,...,an) * D(al) + ... + fn(al,...,an) * D(an)}.
derivative : (0P, A > A) -> 0P

++ derivative(op, foo) attaches foo as the "}diff" property
++ of op. If op has an "Jdiff" property f, then applying a
++ derivation D to op(a) returns \spad{f(a) * D(a)}.
++ Argument op must be unary.
derivative : OP -> Union(List(List A -> A), "failed")
++ derivative(op) returns the value of the "Jdiff" property of
++ op if it has one, and "failed" otherwise.
if A has OrderedSet then
constantOperator: A -> OP
++ constantOperator(a) returns a nullary operator op
++ such that \spad{op()} always evaluate to \spad{a}.
constantOpIfCan : OP -> Union(A, "failed")
++ constantOpIfCan(op) returns \spad{a} if op is the constant
++ nullary operator always returning \spad{a}, "failed" otherwise.

Implementation ==> add
evaluate(op:0P, func:A -> A) ==
evaluate(op, (11:List(A)):A +-> func first 11)

evaluate op ==
(func := property(op, EVAL)) case "failed" => "failed"
(func: :None) pretend (List A -> A)

evaluate(op:0P, args:List A) ==
(func := property(op, EVAL)) case "failed" => "failed"
((func::None) pretend (List A -> A)) args

evaluate(op:0P, func:List A -> A) ==
setProperty(op, EVAL, func pretend None)

derivative op ==
(func := property(op, DIFF)) case "failed" => "failed"
((func::None) pretend List(List A -> A))

derivative(op:0P, grad:List(List A -> A)) ==
setProperty(op, DIFF, grad pretend None)
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derivative(op:0P, f:A -> A) ==
unary? op or nary? op =>
derivative(op, [(11l:List(A)):A +-> f first 11]$List(List A -> A))
error "Operator is not unary"

if A has OrderedSet then
cdisp : (OUT, List OUT) -> OUT
csex : (IN, List IN) -> IN
eqconst?: (0P, OP) -> Boolean
ltconst?: (0P, OP) -> Boolean
constOp : A -> OP

opconst:0P :=
comparison(equality(operator("constant"::Symbol, 0), eqconst?),
ltconst?)

cdisp(a, 1) == a
csex(a, 1) == a

eqconst?(a, b) ==
(va := property(a, CONST)) case "failed" => not has?(b, CONST)
((vb := property(b, CONST)) case None) and
((va::None) pretend A) = ((vb::None) pretend A)

ltconst?(a, b) ==
(va := property(a, CONST)) case "failed" => has?(b, CONST)
((vb := property(b, CONST)) case None) and
((va::None) pretend A) < ((vb::None) pretend A)

constOp a ==
setProperty(
display(copy opconst, (11:List(QUT)):0UT +-> cdisp(a::0UT, 11)),
CONST, a pretend None)

constantOpIfCan op ==
is?(op, "constant"::Symbol) and
((u := property(op, CONST)) case None) => (u::None) pretend A
"failed"

if A has ConvertibleTo IN then
constantOperator a ==
input (constOp a, (11:List(IN)):IN +-> csex(convert a, 11))
else
constantOperator a == constOp a

— BOP1.dotabb —
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"BOP1" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=B0OP1"]
"ALIST" [color="#88FF44" ,href="bookvol10.3.pdf#nameddest=ALIST"]
"BOP1" -> "ALIST"

3.3 package BEZIER Bezier

— Bezier.input —

)set break resume

)sys rm -f Bezier.output

)spool Bezier.output

)set message test on

)set message auto off

)clear all

--S 1 of 9
n:=linearBezier([2.0,2.0],[4.0,4.0])

--I (1) theMap(BEZIER;linearBezier;2LM;1!0,707)
--R Type: (Float -> List(Float))

--S 2 of 9

[n(t/10.0) for t in 0..10 by 1]

--R

--R  (2)

--R  [[2.0,2.01, [2.2,2.2], [2.4,2.4], [2.6,2.6], [2.8,2.8], [3.0,3.0],

--R [3.2,3.2], [3.4,3.4], [3.6,3.6], [3.8,3.8], [4.0,4.0]]

--R Type: List(List(Float))

--S 3 of 9

n:=quadraticBezier([2.0,2.0],[4.0,4.0],[6.0,2.0])

--R

--I (3) theMap(BEZIER;quadraticBezier;3LM;2!0,291)

--R Type: (Float -> List(Float))

--S 4 of 9
[n(t/10.0) for t in 0..10 by 1]

--R  (4)

--R [[2.0,2.0], [2.4,2.36], [2.8,2.64], [3.2,2.84], [3.6,2.96], [4.0,3.0],

--R [4.4,2.96], [4.8,2.84], [5.2,2.64], [6.6,2.36], [6.0,2.0]]

--R Type: List(List(Float))
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--E 4

--S 5 of 9

n:=cubicBezier([2.0,2.0],[2.0,4.0],[6.0,4.0],[6.0,2.0])

--R

--I (5) theMap(BEZIER;cubicBezier;4LM;3!0,915)

--R Type: (Float -> List(Float))

--S 6 of 9
[n(t/10.0) for t in 0..10 by 1]

--R  (6)

--R [[2.0,2.0], [2.112,2.54], [2.416,2.96], [2.864,3.26], [3.408,3.44],

--R [4.0,3.5], [4.592,3.44], [5.136,3.26], [5.584,2.96], [5.888,2.54],

--R [6.0,2.01]

--R Type: List(List(Float))

--S 7 of 9
line:=[[i::Float,4.0] for i in -4..4 by 1]

--R  (7)

--R [[- 4.0,4.0], [- 3.0,4.0], [- 2.0,4.0], [- 1.0,4.0], [0.0,4.0], [1.0,4.0],
--R [2.0,4.0], [3.0,4.0], [4.0,4.0]]

--R Type: List(List(Float))

--S 8 of 9
functions:=[quadraticBezier([2.0,2.0],m,[6.0,2.0]) for m in line]

--R  (8)

--R [theMap (BEZIER; quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER; quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER;quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER; quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER; quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER;quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER; quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER; quadraticBezier;3LM;2!0,0),
--R theMap (BEZIER; quadraticBezier;3LM;2!0,0)]
--R Type: List((Float -> List(Float)))

--S 9 of 9

graphs:=[[point (((functions.i) (j/100.0))::LIST(DFLOAT)) _
for j in 0..100] for i in 1..9]

--R
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.,2.], [1.8815999999999999,2.0396000000000001],
.7664,2.0783999999999998] , [1.6544000000000003,2.1164000000000005] ,
.5456000000000003,2.1536] , [1.4399999999999999,2.1899999999999999] ,
.3375999999999999,2.2256] , [1.2383999999999999,2.2604000000000006] ,
.1424000000000003,2.2944], [1.0496000000000003,2.3275999999999999],
.95999999999999996, 2. 3599999999999999] ,
.87360000000000015,2.3915999999999999] ,
.79039999999999999, 2. 4224000000000006] ,
.71040000000000014,2.4523999999999999] ,
.63360000000000016,2.4815999999999998] ,
.56000000000000005,2.5099999999999998] ,
.48959999999999998,2.5375999999999999] , [0.4224,2.5644],
.3584,2.5903999999999998] , [0.29759999999999998,2.6156000000000006] ,
.23999999999999999, 2. 6400000000000006] ,
.18559999999999999, 2. 6636000000000006] ,

.13439999999999999, 2.6863999999999999] ,
.6400000000000005E-2,2.7084000000000001] ,
.1599999999999998E-2,2.7296000000000005] , [0.,2.75],
.8400000000000004E-2,2.7696000000000005] ,
.3599999999999999E-2,2.7884000000000002] , [- 0.1056,2.8064],
.13440000000000002,2.8235999999999999] , [- 0.16,2.8399999999999999],
.18240000000000001,2.8555999999999999] ,

.2016,2.8704000000000001] ,

.21760000000000002,2.8843999999999999] ,

.23039999999999999, 2.8976000000000006] ,

.23999999999999999, 2.9100000000000001] ,
.24640000000000001,2.9216000000000006] ,

.24959999999999999, 2.9323999999999999] ,

.24959999999999999, 2.9424000000000001] ,
.24640000000000001,2.9516], [- 0.23999999999999999,2.96],
.23039999999999999,2.9676] ,

.21760000000000002, 2.9744000000000002] ,

.2016,2.9803999999999999] ,

.18240000000000001,2.9855999999999998] , [- 0.16,2.9900000000000002],
.13440000000000002,2.9935999999999998], [- 0.1056,2.99641],
.3599999999999999E-2,2.9984000000000002] ,
.8400000000000004E-2,2.9996], [0.,3.],
.1599999999999998E-2,2.9996] ,
.6400000000000005E-2,2.9984000000000002] , [0.13439999999999999,2.9964],
.18559999999999999,2.9935999999999998] ,
.23999999999999999,2.9900000000000002] ,
.29759999999999998,2.9855999999999998] , [0.3584,2.9803999999999999] ,
.4224,2.9744000000000002] , [0.48959999999999998,2.9676],
.56000000000000005,2.96], [0.63360000000000016,2.9516],
.71040000000000014,2.9424000000000001] ,

.79039999999999999, 2.9323999999999999] ,
.87360000000000015,2.9216000000000006] ,
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95999999999999996,2.9100000000000001] ,
0496000000000003,2.8976000000000006] ,
1424000000000003,2.8843999999999999] ,
2383999999999999,2.8704000000000001] ,

3375999999999999, 2.8555999999999999] ,

4399999999999999, 2.8399999999999999] ,
5456000000000003,2.8235999999999999], [1.6544000000000003,2.8064],
7664,2.7884000000000002], [1.8815999999999999,2.7696000000000005] ,
,2.75], [2.1215999999999999,2.7296000000000005] ,
2464,2.7084000000000001], [2.3744000000000005,2.6863999999999999] ,
5055999999999998,2.6636000000000006] ,
6400000000000006, 2. 6400000000000006] ,
7776000000000005,2.61566000000000006] ,
9184000000000001,2.5903999999999998] , [3.0623999999999998,2.5644],
2096,2.5375999999999999] , [3.3599999999999999,2.5099999999999998] ,
5135999999999998,2.4815999999999998] ,

6703999999999999, 2.4523999999999999], [3.8304,2.4224000000000006] ,
9935999999999998,2.3915999999999999] ,

1600000000000001 ,2.3599999999999999] ,
329600000000001,2.3275999999999999], [4.5023999999999997,2.2944],
6783999999999999, 2.2604000000000006] , [4.8575999999999997,2.2256],
0400000000000009,2.1899999999999999], [5.2256,2.1536],
4143999999999997,2.1164000000000005] ,
6063999999999998,2.0783999999999998] ,
8015999999999996,2.0396000000000001], [6.,2.]1]

,2.1, [1.9014,2.0396000000000001],
8056000000000001,2.0783999999999998] ,

71256999999999999, 2.1164000000000005] , [1.6224000000000003,2.1536],
5349999999999999,2.1899999999999999], [1.4503999999999999,2.2256],
3686000000000003, 2.2604000000000006], [1.2896000000000001,2.2944],
2134,2.3275999999999999], [1.1399999999999999,2.3599999999999999] ,
0693999999999999,2.3915999999999999] ,
0016000000000003,2.4224000000000006] ,
93659999999999999,2.4523999999999999] ,
87439999999999996,2.4815999999999998] ,
81499999999999995,2.5099999999999998] ,

75839999999999996,2.5375999999999999], [0.70460000000000012,2.5644],

65359999999999996,2.5903999999999998] ,
60540000000000016,2.6156000000000006] ,
56000000000000005,2.6400000000000006] ,
51739999999999997,2.6636000000000006] ,
47760000000000002,2.6863999999999999] ,
44059999999999999,2.7084000000000001] ,
40639999999999998,2.7296000000000005] , [0.375,2.75],

34639999999999999,2.7696000000000005], [0.3206,2.7884000000000002] ,
29759999999999998,2.8064], [0.27739999999999998,2.8235999999999999] ,

26000000000000001,2.8399999999999999] ,
24540000000000001,2.8555999999999999] ,
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23360000000000003,2.8704000000000001] ,

22459999999999999, 2.8843999999999999] ,
21840000000000004,2.8976000000000006] , [0.215,2.9100000000000001] ,
21440000000000003,2.9216000000000006] ,

21659999999999999, 2.9323999999999999] ,

22159999999999999, 2.9424000000000001], [0.22939999999999999,2.9516],
23999999999999999,2.96], [0.25340000000000007,2.9676],
26960000000000006,2.9744000000000002] ,
28860000000000008,2.9803999999999999] ,
31040000000000001,2.9855999999999998] ,
33500000000000008,2.9900000000000002], [0.3624,2.9935999999999998],
39260000000000006,2.9964], [0.42559999999999998,2.9984000000000002] ,
46139999999999998,2.9996], [0.5,3.], [0.54139999999999999,2.9996],
58560000000000012,2.9984000000000002] , [0.63260000000000005,2.9964],
68240000000000012,2.9935999999999998] ,
73499999999999999,2.9900000000000002] ,
79039999999999999,2.9855999999999998] ,
84860000000000002,2.9803999999999999] ,

90959999999999996, 2.9744000000000002] , [0.97340000000000004,2.96761],
04,2.96], [1.1093999999999999,2.9516], [1.1816,2.9424000000000001],
2565999999999999,2.9323999999999999], [1.3344,2.9216000000000006] ,
415,2.9100000000000001], [1.4984,2.8976000000000006],
5846,2.8843999999999999], [1.6736,2.8704000000000001],
7654000000000001,2.8555999999999999] ,
8600000000000003,2.8399999999999999] ,
9574000000000003,2.8235999999999999], [2.0575999999999999,2.8064],
1606000000000005,2.7884000000000002], [2.2664,2.7696000000000005] ,
375,2.75], [2.4864000000000006,2.7296000000000005] ,
6006,2.7084000000000001]1, [2.7176,2.6863999999999999],
8374000000000006,2.6636000000000006] , [2.96,2.6400000000000006] ,
0853999999999999,2.6156000000000006] ,
2136000000000005,2.5903999999999998], [3.3445999999999998,2.5644],
4784000000000006,2.5375999999999999] ,
6150000000000002,2.5099999999999998], [3.7544,2.4815999999999998] ,
8965999999999998,2.4523999999999999] ,
0415999999999999,2.4224000000000006] ,
1894000000000009,2.3915999999999999] ,

3399999999999999, 2.3599999999999999] ,
4934000000000012,2.3275999999999999] , [4.6496000000000013,2.2944],
8086000000000002, 2.2604000000000006] , [4.9703999999999997,2.2256],
1349999999999998,2.1899999999999999], [5.3023999999999996,2.1536],
4725999999999999,2.1164000000000005] , [5.6456,2.0783999999999998] ,
8213999999999997,2.0396000000000001], [6.,2.]1]

.,2.1, [1.9212000000000002,2.0396000000000001],
.8448,2.0783999999999998] , [1.7707999999999999,2.1164000000000005] ,
.6992000000000003,2.1536] , [1.6299999999999999,2.1899999999999999] ,
.5631999999999999,2.2256] , [1.4987999999999999,2.2604000000000006] ,
.4368000000000003,2.2944], [1.3772,2.3275999999999999],
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3200000000000003,2.3599999999999999] ,
2652000000000001,2.3915999999999999] ,
2128000000000001,2.4224000000000006] ,
1628000000000003,2.4523999999999999], [1.1152,2.4815999999999998],
0700000000000003,2.5099999999999998] ,

0271999999999999, 2.5375999999999999], [0.98680000000000012,2.5644],
94879999999999998,2.5903999999999998] ,
91320000000000001,2.6156000000000006] ,
88000000000000012,2.6400000000000006] ,
84919999999999995,2.6636000000000006] ,
82079999999999997,2.6863999999999999] ,
79479999999999995,2.7084000000000001], [0.7712,2.7296000000000005] ,
75,2.75], [0.73119999999999996,2.7696000000000005] ,
71479999999999999,2.7884000000000002] , [0.70079999999999998,2.80641],
68920000000000003,2.8235999999999999] ,
68000000000000016,2.8399999999999999] ,
67320000000000002,2.8555999999999999] ,
66879999999999995,2.8704000000000001] ,
66679999999999995,2.8843999999999999] ,
66720000000000002,2.8976000000000006] ,
67000000000000015,2.9100000000000001] ,
67520000000000002,2.9216000000000006] ,
68279999999999996,2.9323999999999999] ,
69279999999999997,2.9424000000000001], [0.70520000000000005,2.9516],
71999999999999997,2.96], [0.73719999999999997,2.9676],
75680000000000014,2.9744000000000002] ,
77880000000000016,2.9803999999999999] ,
80320000000000014,2.9855999999999998] ,
82999999999999996,2.9900000000000002] ,
85919999999999996,2.9935999999999998], [0.89080000000000004,2.99641],
92479999999999996,2.9984000000000002] , [0.96120000000000005,2.9996],
,3.1, [1.0411999999999999,2.9996], [1.0848,2.9984000000000002],
1308000000000002,2.9964], [1.1792000000000002,2.9935999999999998] ,
23,2.9900000000000002] , [1.2831999999999999,2.98556999999999998] ,
3388,2.9803999999999999], [1.3968000000000003,2.9744000000000002],
4572000000000003,2.9676], [1.52,2.96], [1.5851999999999999,2.9516],
6528,2.9424000000000001] , [1.7228000000000003,2.9323999999999999],
7951999999999999,2.9216000000000006] ,
8700000000000001,2.9100000000000001], [1.9472,2.8976000000000006] ,
0268000000000006, 2.8843999999999999] ,
1088000000000005,2.8704000000000001], [2.1932,2.8555999999999999],
2799999999999998,2.8399999999999999] ,

3692000000000002, 2.8235999999999999] , [2.4607999999999999,2.8064],
5548000000000002,2.7884000000000002] ,
6511999999999998,2.7696000000000005] , [2.75,2.75],
8512,2.7296000000000005], [2.9548000000000005,2.7084000000000001],
0608,2.6863999999999999], [3.1692,2.6636000000000006],
2799999999999998,2.6400000000000006] ,
3932000000000002,2.6156000000000006] ,
5087999999999999,2.5903999999999998]1, [3.6267999999999998,2.5644],
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7471999999999999,2.5375999999999999] ,
8700000000000001 ,2.5099999999999998] ,
9952000000000005,2.4815999999999998] ,
1227999999999998,2.4523999999999999] ,
2527999999999997,2.4224000000000006] ,
3852000000000011,2.3915999999999999] ,
5199999999999996,2.3599999999999999] ,
6571999999999996,2.3275999999999999] ,
9387999999999996,2.2604000000000006] ,
2300000000000004,2.1899999999999999] ,
530800000000001,2.1164000000000005] ,

684800000000001,2.0783999999999998] ,

8411999999999997,2.0396000000000001] ,

,2.1,
8839999999999999, 2.0783999999999998] ,
7760000000000002,2.1536],
6759999999999999,2.2256] ,
5840000000000001,2.2944],
5,2.3599999999999999] ,
4239999999999999, 2.4224000000000006] ,
3890000000000002,2.4523999999999999] ,
3560000000000003,2.4815999999999998] ,
2960000000000003,2.5375999999999999] ,
244,2.5903999999999998] ,
2,2.6400000000000006] ,
1639999999999999, 2.6863999999999999] ,
1359999999999999, 2.7296000000000005] ,
1160000000000001,2.7696000000000005] ,
1040000000000001,2.8064] ,
1000000000000001,2.8399999999999999] ,
1040000000000001,2.8704000000000001] ,
1160000000000001,2.8976000000000006] ,
1359999999999999, 2.9216000000000006] ,
1639999999999999, 2.9424000000000001] ,
2210000000000001,2.9676] ,
2689999999999999,2.9803999999999999] ,
2960000000000003,2.9855999999999998] ,
3560000000000003,2.9935999999999998] ,
4239999999999999, 2.9984000000000002] ,
5,3.]1, [1.5409999999999999,2.9996],

5840000000000001,2.9984000000000002] ,
6759999999999999,2.9935999999999998] ,
7250000000000001,2.9900000000000002] ,
7760000000000002,2.9855999999999998] ,
8839999999999999, 2. 9744000000000002] ,
,2.96], [2.0609999999999999,2.9516],
1240000000000006,2.9424000000000001] ,
1890000000000001,2.9323999999999999] ,
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[4.7968000000000011,2.2944],
[5.0831999999999997,2.2256] ,
[6.3792,2.1536],

6.,2.1]

[1.9410000000000003,2.0396000000000001] ,

[1.829,2.1164000000000005] ,

[1.7250000000000001,2.1899999999999999] ,
[1.629,2.2604000000000006] ,
[1.5409999999999999,2.3275999999999999] ,
[1.4610000000000003,2.3915999999999999] ,

[1.325,2.5099999999999998] ,
[1.2689999999999999,2.5644],

[1.2210000000000001,2.6156000000000006] ,
[1.181,2.6636000000000006] ,

[1.149,2.7084000000000001] ,
[1.125,2.75],
[1.109,2.7884000000000002] ,

[1.101,2.8235999999999999] ,

[1.101,2.8555999999999999],
[1.109,2.8843999999999999],
[1.125,2.9100000000000001] ,
[1.149,2.9323999999999999],
[1.181,2.9516], [1.2,2.96],

[1.244,2.9744000000000002] ,

[1.325,2.9900000000000002] ,
[1.3890000000000002,2.9964] ,
[1.4610000000000003,2.9996] ,

[1.629,2.9964],

[1.829,2.9803999999999999],
[1.9410000000000003,2.9676] ,
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2559999999999998,2.9216000000000006] ,
3250000000000002,2.9100000000000001] ,

3959999999999999, 2.8976000000000006] ,

4689999999999999, 2.8843999999999999] ,
5440000000000005,2.8704000000000001], [2.621,2.8555999999999999],
7000000000000002,2.8399999999999999] ,
7810000000000006,2.8235999999999999], [2.8639999999999999,2.8064],
9489999999999998, 2. 7884000000000002] ,
0360000000000005,2.7696000000000005] , [3.125,2.75],
2160000000000002,2.7296000000000005] ,
3090000000000002,2.7084000000000001] ,
4039999999999999, 2. 6863999999999999] ,
5009999999999999,2.6636000000000006] ,

6000000000000005, 2.6400000000000006] ,
7010000000000005,2.6156000000000006] ,
8039999999999998,2.5903999999999998] , [3.9089999999999998,2.5644],
016,2.5375999999999999], [4.125,2.5099999999999998],
2359999999999998,2.4815999999999998] ,
3490000000000002,2.4523999999999999] ,
4640000000000004,2.4224000000000006] ,
5810000000000013,2.3915999999999999] ,
7000000000000011,2.3599999999999999] ,
8209999999999997,2.3275999999999999], [4.944,2.2944],
069,2.2604000000000006], [5.1959999999999997,2.2256],
3250000000000011,2.1899999999999999], [5.4560000000000013,2.1536],
5890000000000004,2.1164000000000005] ,
7240000000000002,2.0783999999999998] ,
8609999999999998,2.0396000000000001], [6.,2.]1]

,2.1, [1.9608000000000003,2.0396000000000001],
9232,2.0783999999999998], [1.8872,2.1164000000000005] ,
8528000000000002,2.1536], [1.8200000000000003,2.1899999999999999] ,
7887999999999999,2.2256] , [1.7592000000000003,2.2604000000000006] ,
7312000000000003,2.2944], [1.7048000000000001,2.3275999999999999],
6799999999999999, 2. 3599999999999999] ,
6568000000000001,2.3915999999999999], [1.6352,2.4224000000000006] ,
6152,2.4523999999999999], [1.5968,2.4815999999999998],
5800000000000001,2.5099999999999998], [1.5648,2.5375999999999999],
5511999999999999,2.5644], [1.5391999999999999,2.5903999999999998],
5287999999999999,2.61566000000000006] , [1.52,2.6400000000000006],
5127999999999999,2.6636000000000006] ,
5072000000000001,2.6863999999999999] ,
5032000000000001,2.7084000000000001] ,
5007999999999999,2.7296000000000005], [1.5,2.75],
5007999999999999,2.7696000000000005] ,
5032000000000001,2.7884000000000002], [1.5072000000000001,2.8064],
5127999999999999,2.8235999999999999], [1.52,2.8399999999999999],
5287999999999999,2.8555999999999999] ,
5391999999999999,2.8704000000000001] ,
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5511999999999999, 2.
5800000000000001,2.

6568000000000001,2.
7048000000000001,2.
7592000000000003,2.
7887999999999999,2.
8200000000000003,2.
8528000000000002,2.

0407999999999999, 2.
1272000000000002,2.
2200000000000006,2.
2688000000000006,2.
3191999999999999,2.
4247999999999998,2.
5952000000000002,2.
6551999999999998, 2.
7168000000000001,2.
7799999999999998, 2.
8448000000000002,2.
9792000000000005, 2.
1200000000000001,2.
1928000000000001,2.
3431999999999999,2.
4207999999999998, 2.

7471999999999999,2.
8328000000000007,2.
9199999999999999, 2.
0087999999999999, 2.
0991999999999997,2.
2847999999999997,2.
3799999999999999,2.
4767999999999999,2.
5751999999999997,2.
6752000000000002,2.
7767999999999997,2.
8799999999999999,2.
9847999999999999, 2.
1992000000000012,2.
4199999999999999,2.
6471999999999998,2.
7632000000000012,2.
8807999999999998,2.
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8843999999999999], [1.5648,2.8976000000000006] ,
9100000000000001], [1.5968,2.9216000000000006] ,

6152,2.9323999999999999], [1.6352,2.9424000000000001],

9516], [1.6799999999999999,2.96],

96761, [1.7312000000000003,2.9744000000000002],
9803999999999999] ,

9855999999999998] ,

9900000000000002] ,

9935999999999998], [1.8872,2.9964],

9232,2.9984000000000002] , [1.9608000000000003,2.9996], [2.,3.],

99961, [2.0832000000000006,2.9984000000000002] ,
9964], [2.1728000000000005,2.9935999999999998] ,
9900000000000002] ,

9855999999999998] ,

9803999999999999], [2.3712,2.9744000000000002] ,
96761, [2.48,2.96], [2.5367999999999999,2.9516],
9424000000000001] ,

9323999999999999] ,

9216000000000006] ,

9100000000000001] ,

8976000000000006] , [2.9112,2.8843999999999999],
8704000000000001], [3.0488,2.85556999999999999],
8399999999999999] ,

8235999999999999], [3.2671999999999999,2.8064],
7884000000000002] ,

7696000000000005], [3.5,2.75],

5808,2.7296000000000005] , [3.6631999999999998,2.7084000000000001] ,

6863999999999999] ,

6636000000000006] ,

6400000000000006] ,

6156000000000006] ,

5903999999999998] , [4.1912000000000003,2.5644],
5375999999999999] ,

5099999999999998] ,

4815999999999998] ,

4523999999999999] ,

4224000000000006] ,

3915999999999999] ,

3599999999999999] ,

3275999999999999], [5.0911999999999997,2.2944],
2604000000000006], [5.3087999999999997,2.2256],
1899999999999999], [5.5327999999999999,2.1536],
1164000000000005] ,

0783999999999998] ,

0396000000000001], [6.,2.]1]

.,2.], [1.9805999999999999,2.0396000000000001],

.9623999999999999, 2.
.9454000000000002, 2.

0783999999999998] ,
1164000000000005], [1.9296,2.1536],
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915,2.1899999999999999], [1.9016,2.2256], [1.8894,2.2604000000000006],

8784000000000001,2.2944], [1.8686000000000003,2.3275999999999999],
8600000000000003,2.3599999999999999] ,
8526000000000002,2.3915999999999999], [1.8464,2.4224000000000006],
8413999999999999, 2.4523999999999999] ,
8375999999999999,2.4815999999999998] , [1.835,2.5099999999999998],
8335999999999999, 2.5375999999999999], [1.8333999999999999,2.5644],
8344,2.5903999999999998], [1.8366000000000002,2.6156000000000006] ,
8400000000000003,2.6400000000000006] ,
8446000000000002,2.6636000000000006] , [1.8504,2.6863999999999999],
8573999999999999, 2.7084000000000001] ,
8655999999999999,2.7296000000000005] , [1.875,2.75],
8855999999999999, 2.7696000000000005] , [1.8974,2.7884000000000002],
9104000000000001,2.8064], [1.9246000000000003,2.8235999999999999],
9399999999999999, 2.8399999999999999] ,

9565999999999999, 2.8555999999999999] ,

9743999999999999, 2.8704000000000001] ,
9934000000000003,2.8843999999999999] ,
0135999999999998,2.8976000000000006] ,
0350000000000001,2.9100000000000001] ,
0575999999999999,2.9216000000000006] ,
0813999999999999,2.9323999999999999] ,
1063999999999998,2.9424000000000001], [2.1326000000000001,2.95161],
1600000000000001,2.96], [2.1886000000000001,2.9676],
2183999999999999,2.9744000000000002] ,
2494000000000005,2.9803999999999999] ,
2816000000000001,2.9855999999999998] ,
3149999999999999,2.9900000000000002] ,
3496000000000006,2.9935999999999998] , [2.3854000000000006,2.99641],
4224000000000006, 2.9984000000000002] , [2.4605999999999999,2.9996],
5,3.]1, [2.5406,2.9996], [2.5823999999999998,2.9984000000000002] ,
6254,2.9964], [2.6696,2.9935999999999998],
7149999999999999,2.9900000000000002] ,
7616000000000005,2.9855999999999998] ,
8094000000000001,2.9803999999999999] ,
8584000000000005,2.9744000000000002] , [2.9085999999999999,2.9676],
96,2.96], [3.0125999999999999,2.9516],

0663999999999998, 2.9424000000000001], [3.1214,2.9323999999999999],
1776,2.9216000000000006] , [3.2349999999999999,2.9100000000000001],
2936000000000005,2.8976000000000006] ,
3534000000000006,2.8843999999999999] ,
4144000000000005,2.8704000000000001] ,

4765999999999999, 2.8555999999999999], [3.54,2.8399999999999999],
6046000000000005,2.8235999999999999], [3.6703999999999999,2.8064],
7374000000000001,2.7884000000000002] ,

8056000000000001 ,2.7696000000000005], [3.875,2.75],
9456000000000007 ,2.7296000000000005] ,
0174000000000003,2.7084000000000001] ,

0903999999999998, 2.6863999999999999] ,
1646000000000001,2.6636000000000006] ,
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[2.
[2.
[2.
[2.

2400000000000002,2.6400000000000006] ,
3166000000000011,2.6156000000000006] ,
394400000000001,2.5903999999999998] ,
5536000000000012,2.5375999999999999] ,
6349999999999998,2.5099999999999998] ,
7176000000000009,2.4815999999999998] ,
801400000000001,2.4523999999999999] ,
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[4.4733999999999998,2.5644],

8864000000000001,2.
9725999999999999, 2.
0599999999999996, 2.
1486000000000001,2.
3293999999999997,2.
5149999999999997,2.
7054000000000009, 2.
8023999999999996,2.
9005999999999998, 2.

4224000000000006] ,
3915999999999999] ,
3599999999999999] ,
3275999999999999], [5.
2604000000000006], [5.
1899999999999999], [5.
1164000000000005] ,
0783999999999998] ,
0396000000000001], [6.

2384000000000004,2.2944] ,
4215999999999998,2.2256] ,
6096000000000004,2.1536] ,

,2.11]

,2.1, [2.0004,2.0396000000000001],

0015999999999998,2.0783999999999998] ,
0036000000000005,2.1164000000000005] ,
0099999999999998,2.1899999999999999] ,
0196000000000005,2.2604000000000006] ,
0324,2.3275999999999999] ,
0484,2.3915999999999999] ,
0676000000000005,2.4523999999999999] ,
0783999999999998,2.4815999999999998] ,
0899999999999999,2.5099999999999998] ,
1023999999999998,2.5375999999999999] ,
1295999999999999, 2.5903999999999998] ,
1444000000000001,2.6156000000000006] ,
1600000000000001,2.6400000000000006] ,
1764000000000001,2.6636000000000006] ,
2115999999999998,2.7084000000000001] ,
2303999999999999,2.7296000000000005] ,
2704,2.7696000000000005] ,
3136000000000001,2.8064],
3599999999999999, 2.8399999999999999] ,
3843999999999999,2.8555999999999999] ,
4096000000000002,2.8704000000000001] ,
4624000000000006,2.8976000000000006] ,
4900000000000002,2.9100000000000001] ,
5184000000000006,2.9216000000000006] ,
5476000000000001,2.9323999999999999] ,
5775999999999999,2.9424000000000001] ,
6400000000000006,2.96],
7056000000000004,2.9744000000000002] ,
7395999999999998,2.9803999999999999] ,
8100000000000005,2.9900000000000002] ,
8835999999999999,2.9964] ,

[2.0064000000000002,2.1536],
[2.0144000000000002,2.2256],
[2.0255999999999998,2.2944],

[2.04,2.3599999999999999] ,
[2.0575999999999999,2.4224000000000006] ,

[2.1156000000000006,2.5644] ,

[2.1936,2.6863999999999999] ,

[2.25,2.75],

[2.2915999999999999,2.7884000000000002] ,
[2.3363999999999998,2.8235999999999999] ,

[2.4356,2.8843999999999999] ,

[2.6084000000000005,2.9516] ,

[2.6724000000000006,2.9676] ,

[2.7744,2.9855999999999998] ,
[2.8464,2.9935999999999998] ,

[2.9216000000000006,2.9984000000000002] ,
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[2.
[2.
[2.
[2.

9603999999999999,2.9996], [3.,3.], [3.0404,2.9996],
0815999999999999, 2.9984000000000002] , [3.1236000000000006,2.9964],
1663999999999999,2.9935999999999998], [3.21,2.9900000000000002] ,
2544,2.9855999999999998] , [3.2995999999999999,2.9803999999999999] ,
3456000000000001 ,2.9744000000000002] , [3.3923999999999999,2.9676],
4399999999999999,2.96], [3.4883999999999999,2.9516],
5375999999999999,2.9424000000000001] ,
5876000000000001,2.9323999999999999] ,
6383999999999999,2.9216000000000006] ,
6899999999999999,2.9100000000000001] ,

7423999999999999, 2.8976000000000006] ,

7955999999999999, 2.8843999999999999] ,
8496000000000006,2.8704000000000001],

9043999999999999, 2.8555999999999999], [3.96,2.8399999999999999],
0164,2.8235999999999999]1, [4.0735999999999999,2.8064],
1315999999999997,2.7884000000000002] ,
1904000000000003,2.7696000000000005], [4.25,2.75],
3103999999999996,2.7296000000000005] ,
3715999999999999,2.7084000000000001] ,
4336000000000002,2.6863999999999999] ,
4964000000000013,2.6636000000000006] ,
5599999999999996,2.6400000000000006] ,
6243999999999996,2.6156000000000006] ,
6896000000000004,2.5903999999999998], [4.7556000000000012,2.5644],
8224,2.5375999999999999] , [4.8899999999999997,2.5099999999999998] ,
958400000000001,2.4815999999999998] ,

0275999999999996, 2.4523999999999999] ,

0975999999999999, 2.4224000000000006] ,
1684000000000001,2.3915999999999999] ,
2400000000000002,2.3599999999999999] ,
3124000000000002,2.3275999999999999], [5.3856000000000002,2.2944],
4596,2.2604000000000006], [5.5343999999999998,2.2256],
6100000000000012,2.1899999999999999], [5.6863999999999999,2.1536],
7636000000000003,2.1164000000000005] ,
8415999999999997,2.0783999999999998] ,
9203999999999999,2.0396000000000001], [6.,2.]1]

,2.1, [2.0202,2.0396000000000001],

0407999999999999, 2.0783999999999998] ,
0617999999999999, 2. 1164000000000005] , [2.0832000000000006,2.1536],
105,2.1899999999999999], [2.1272000000000002,2.2256],
1497999999999999, 2.2604000000000006] , [2.1728000000000005,2.2944],
1962000000000002,2.3275999999999999] ,
2200000000000006,2.3599999999999999] ,
2442000000000002,2.3915999999999999] ,
2688000000000006,2.4224000000000006] ,
2938000000000001,2.4523999999999999] ,
3191999999999999,2.4815999999999998] ,
3450000000000006,2.5099999999999998], [2.3712,2.5375999999999999],
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3978000000000002,2.
4521999999999999, 2.
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5644], [2.4247999999999998,2.5903999999999998] ,
6156000000000006] , [2.48,2.6400000000000006] ,

5082,2.6636000000000006] , [2.5367999999999999,2.6863999999999999] ,

5657999999999999, 2.
5952000000000002,2.
6551999999999998, 2.
7168000000000001,2.
7799999999999998, 2.
8121999999999998,2.
8448000000000002,2.
8778000000000006,2.
9449999999999998, 2.
9792000000000005, 2.
0137999999999998,2.
0842000000000001,2.
1562000000000001,2.

7084000000000001],

7296000000000005], [2.625,2.75],
7696000000000005] , [2.6858,2.7884000000000002] ,
8064], [2.7482000000000006,2.8235999999999999],
8399999999999999] ,

8555999999999999] ,

8704000000000001],

8843999999999999], [2.9112,2.8976000000000006] ,
9100000000000001],

9216000000000006] ,

9323999999999999], [3.0488,2.9424000000000001],
9516], [3.1200000000000001,2.96],

9676], [3.1928000000000001,2.9744000000000002],

2298,2.9803999999999999], [3.2671999999999999,2.9855999999999998] ,

3050000000000006,2.
3431999999999999,2.
4207999999999998,2.

9900000000000002] ,
9935999999999998] , [3.3818000000000001,2.9964],
9984000000000002] , [3.4601999999999999,2.9996],

5,3.1, [3.5402000000000005,2.9996], [3.5808,2.9984000000000002],

6217999999999999, 2.
7050000000000001 ,2.
7471999999999999,2.
7898000000000005,2.
8328000000000007,2.
9199999999999999, 2.
0087999999999999, 2.
0537999999999998,2.
0991999999999997, 2.
1449999999999996,2.
1912000000000003,2.
2847999999999997,2.
3322000000000003,2.
3799999999999999, 2.
4282000000000004,2.
5258000000000003,2.
5751999999999997,2.
6752000000000002,2.
7257999999999996,2.
7767999999999997,2.
8281999999999998,2.
8799999999999999,2.
9321999999999999, 2.
9847999999999999, 2.
0911999999999997, 2.
1449999999999996, 2.
1992000000000012,2.
3087999999999997 ,2.
3642000000000003,2.

9964], [3.6631999999999998,2.9935999999999998] ,
9900000000000002] ,

9855999999999998] ,

9803999999999999] ,

9744000000000002], [3.8761999999999999,2.9676],
96], [3.9641999999999999,2.9516],
9424000000000001] ,

9323999999999999] ,

9216000000000006] ,

9100000000000001] ,

8976000000000006] , [4.2378,2.8843999999999999],
8704000000000001] ,

8555999999999999] ,

8399999999999999] ,

8235999999999999], [4.4767999999999999,2.8064],
7884000000000002] ,

7696000000000005], [4.625,2.75],
7296000000000005] ,

7084000000000001] ,

6863999999999999] ,

6636000000000006] ,

6400000000000006] ,

6156000000000006] ,

5903999999999998] , [5.0377999999999998,2.5644],
5375999999999999] ,

5099999999999998] ,

4815999999999998], [5.2538,2.4523999999999999] ,
4224000000000006] ,

3915999999999999] ,
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--R [6.4199999999999999,2.3599999999999999] ,

--R [5.4762000000000004,2.3275999999999999], [5.5327999999999999,2.2944],
--R [5.5898000000000003,2.2604000000000006], [5.6471999999999998,2.2256],
--R [5.7050000000000001,2.1899999999999999], [5.7632000000000012,2.1536],
--R [5.8217999999999996,2.1164000000000005] ,

--R [5.8807999999999998,2.0783999999999998] ,

--R [6.9401999999999999,2.0396000000000001]1, [6.,2.1]

--R ,

--R

--R [[2.,2.], [2.04,2.0396000000000001],

--R [2.0800000000000001,2.0783999999999998] ,

--R [2.1200000000000001,2.1164000000000005], [2.1600000000000001,2.1536],
--R [2.2000000000000002,2.1899999999999999], [2.2400000000000002,2.2256],
--R [2.2799999999999998,2.2604000000000006] , [2.3199999999999998,2.2944],
--R [2.3599999999999999,2.3275999999999999] ,

--R [2.3999999999999999,2.3599999999999999] ,

--R [2.4399999999999999,2.3915999999999999], [2.48,2.4224000000000006] ,
--R [2.5200000000000005,2.4523999999999999] ,

--R [2.5600000000000005,2.4815999999999998] ,

--R [2.6000000000000005,2.5099999999999998] ,

--R [2.6400000000000006,2.5375999999999999], [2.6800000000000006,2.5644],
--R [2.7200000000000006,2.5903999999999998] ,

--R [2.7599999999999998,2.6156000000000006] ,

--R [2.7999999999999998,2.6400000000000006] ,

--R [2.8399999999999999,2.6636000000000006] ,

--R [2.8799999999999999,2.6863999999999999] ,

--R [2.9199999999999999,2.7084000000000001], [2.96,2.7296000000000005] ,
--R [3.,2.75], [3.04,2.7696000000000005],

--R [3.0800000000000001,2.7884000000000002], [3.1200000000000001,2.8064],
--R [3.1600000000000001,2.8235999999999999] ,

--R [3.2000000000000002,2.8399999999999999] ,

--R [3.2400000000000002,2.8555999999999999] ,

--R [3.2799999999999998,2.8704000000000001] ,

--R [3.3199999999999998,2.8843999999999999] ,

--R [3.3599999999999999,2.8976000000000006] ,

--R [3.3999999999999999,2.9100000000000001] ,

--R [3.4399999999999999,2.9216000000000006] , [3.48,2.9323999999999999],
--R [3.5200000000000005,2.9424000000000001], [3.5600000000000005,2.9516],
--R [3.6000000000000005,2.96]1, [3.6400000000000006,2.9676],

--R [3.6800000000000006,2.9744000000000002] ,

--R [3.7200000000000006,2.9803999999999999] ,

--R [3.7599999999999998,2.9855999999999998] ,

--R [3.7999999999999998,2.9900000000000002] ,

--R [3.8399999999999999,2.9935999999999998], [3.8799999999999999,2.9964],
--R [3.9199999999999999,2.9984000000000002], [3.96,2.9996], [4.,3.],

--R [4.0400000000000009,2.9996]1, [4.0800000000000001,2.9984000000000002] ,
--R [4.120000000000001,2.9964], [4.1600000000000001,2.9935999999999998],
--R [4.2000000000000011,2.9900000000000002] ,

--R [4.2400000000000002,2.9855999999999998] ,

--R [4.2800000000000011,2.9803999999999999] ,



136 CHAPTER 3. CHAPTER B

--R [4.3200000000000003,2.9744000000000002], [4.3600000000000012,2.9676],
--R [4.4000000000000004,2.96], [4.4400000000000013,2.9516],

--R [4.4800000000000004,2.9424000000000001] ,

--R [4.5199999999999996,2.9323999999999999] ,

--R [4.5599999999999996,2.9216000000000006] ,

--R [4.5999999999999996,2.9100000000000001] ,

--R [4.6399999999999997,2.8976000000000006] ,

--R [4.6799999999999997,2.8843999999999999] ,

--R [4.7199999999999998,2.8704000000000001] ,

--R [4.7599999999999998,2.8555999999999999] ,

--R [4.7999999999999998,2.8399999999999999] ,

--R [4.8399999999999999,2.8235999999999999], [4.8799999999999999,2.8064],
--R [4.9199999999999999,2.7884000000000002] , [4.96,2.7696000000000005] ,
--R [5.,2.75], [5.0400000000000009,2.7296000000000005] ,

--R [5.0800000000000001,2.7084000000000001] ,

--R [5.120000000000001,2.6863999999999999] ,

--R [5.1600000000000001,2.6636000000000006] ,

--R [5.2000000000000011,2.6400000000000006] ,

--R [5.2400000000000002,2.6156000000000006] ,

--R [5.2800000000000011,2.5903999999999998], [5.3200000000000003,2.5644],
--R [5.3600000000000012,2.5375999999999999] ,

--R [5.4000000000000004,2.5099999999999998] ,

--R [5.4400000000000013,2.4815999999999998] ,

--R [5.4800000000000004,2.4523999999999999] ,

--R [5.5199999999999996,2.4224000000000006] ,

--R [5.5599999999999996,2.3915999999999999] ,

--R [5.5999999999999996,2.3599999999999999] ,

--R [5.6399999999999997,2.32756999999999999], [5.6799999999999997,2.2944],
--R [5.7199999999999998,2.2604000000000006], [5.7599999999999998,2.2256],
--R [5.7999999999999998,2.1899999999999999] , [5.8399999999999999,2.1536],
--R [5.8799999999999999,2.1164000000000005] ,

--R [5.9199999999999999,2.0783999999999998], [5.96,2.03960000000000011],
--R [6.,2.11

--R 1

--R Type: List(List(Point(DoubleFloat)))
--E 9

-— We do not do these during testing since graphics is not available
-- The resulting image is in the Bezier section of Volume 10.4

--dl:=draw(graphs.1,title=="Bezier Control Point Motion")
—--others:=[graphs.i for i in 2..9]

--for i in 2..9 for graph in others repeat putGraph(dl, [graph],i)
--vp:=makeViewport2D(d1)
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=]

Bezier Control Point Hotion

— Bezier.help —

Bezier Curve examples

A linear Bezier curve is a simple interpolation between the
starting point and the ending point based on a parameter t.

Given a start point a=[xl1,yl] and an endpoint b=[x2,y2]
£(t) == [(1-t)*x1 + t*x2, (1-t)*yl + t*y2]

n:=linearBezier([2.0,2.0],[4.0,4.0])
theMap (BEZIER; linearBezier;2LM;1!0,707)

[n(t/10.0) for t in 0..10 by 1]
[[2.0,2.0], [2.2,2.2], [2.4,2.4], [2.6,2.6], [2.8,2.8], [3.0,3.0],
[3.2,3.2], [3.4,3.4], [3.6,3.6], [3.8,3.8], [4.0,4.0]]

A quadratic Bezier curve is a simple interpolation between the
starting point, a middle point, and the ending point based on
a parameter t.

Given a start point a=[x1,yl], a middle point b=[x2,y2],
and an endpoint c=[x3,y3]

£(t) == [(1-t)"2 x1 + 2t(1-t) x2 + t°2 x3,
(1-t)"2 y1 + 2t(1-t) y2 + t°2 y3]

n:=quadraticBezier([2.0,2.0],[4.0,4.0],[6.0,2.0])
theMap (BEZIER; quadraticBezier;3LM;2!0,291)
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[n(t/10.0) for t in 0..10 by 1]
[[2.0,2.0], [2.4,2.36], [2.8,2.64], [3.2,2.84], [3.6,2.96], [4.0,3.0],
[4.4,2.96], [4.8,2.84], [5.2,2.64], [5.6,2.36], [6.0,2.0]]

A cubic Bezier curve is a simple interpolation between the
starting point, a left-middle point,, a right-middle point,
and the ending point based on a parameter t.

Given a start point a=[x1,yl1], the left-middle point b=[x2,y2],
the right-middle point c=[x3,y3] and an endpoint d=[x4,y4]

£(t) == [(1-t)7"3 x1 + 3t(1-t)"2 x2 + 3t72 (1-t) x3 + t°3 x4,
(1-t)"3 y1 + 3t(1-t)"2 y2 + 3t"2 (1-t) y3 + t~3 y4]

n:=cubicBezier([2.0,2.0],[2.0,4.0],[6.0,4.0],[6.0,2.0])
theMap (BEZIER; cubicBezier;4LM;3!0,915)

[n(t/10.0) for t in 0..10 by 1]
[[2.0,2.0], [2.112,2.54], [2.416,2.96], [2.864,3.26], [3.408,3.44],
[4.0,3.5], [4.592,3.44], [5.136,3.26], [5.584,2.96], [5.888,2.54],
[6.0,2.01]

Bezier curves "move" based on moving their control points, which
in the case of the three components of a quadratic Bezier curve
are the three points given. To see this motion we can show what

happens when you "drag" the middle control point along the line
from [-4,4] to [4,4] by increments of 1.

First, we form the line as a list of Floats, 9 in all.
line:=[[i::Float,4.0] for i in -4..4 by 1]

Next, we form a list of functions, each with a different center control point.

Notice that the endpoints remain fized so we expect that the curve will

begin and end at the same point but that the midpoint is pulled around.
functions:=[quadraticBezier([2.0,2.0],m,[6.0,2.0]) for m in linel

Then we form a list of the graphs by calling each function in the above

list. Each function call happens 101 times (to include both endpoints).

Thus we get a List of Lists of Points of DoubleFloats

graphs:=[ [ point( ( (functions.i)(j/100.0) )::LIST(DFLOAT) ) _
for j in 0..100] for i in 1..9]

We draw the first graph to see if it looks reasonable:

dl:=draw(graphs.1)
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Since it does we add the other 8 graphs. The 2D graphs can hold up to
9 simultaneous graphs.

others:=[graphs.i for i in 2..9]
for i in 2..9 for graph in others repeat putGraph(dl, [graph],i)

and now we display them all on one graph.
vp:=makeViewport2D(d1l)

See Also:

)show Bezier

)show TwoDimensionalViewport
)d op draw

)d op point

)d op putGraph

)d op makeViewport2D

O O 0O 0 0 ©o

3.3.1 Bezier (BEZIER)

Exports:
linearBezier quadraticBezier cubicBezier

— package BEZIER Bezier —

)abbrev package BEZIER Bezier

++ Author: Timothy Daly

++ Date Created: 14 April 2009

++ Description:

++ Provide linear, quadratic, and cubic spline bezier curves
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Bezier (R:Ring): with
linearBezier: (x:List R,y:List R) -> Mapping(List R,R)
++ A linear Bezier curve is a simple interpolation between the
++ starting point and the ending point based on a parameter t.
++ Given a start point a=[x1,yl] and an endpoint b=[x2,y2]
++ £(t) == [(1-t)*x1l + t*x2, (1-t)*yl + txy2]
++
++X n:=linearBezier([2.0,2.0],[4.0,4.0])
++X [n(t/10.0) for t in 0..10 by 1]
quadraticBezier: (x:List R,y:List R,z:List R) -> Mapping(List R,R)
++ A quadratic Bezier curve is a simple interpolation between the
++ starting point, a middle point, and the ending point based on
++ a parameter t.
++ Given a start point a=[x1,y1], a middle point b=[x2,y2],
++ and an endpoint c=[x3,y3]
++ £(t) == [(1-t)72 x1 + 2t(1-t) x2 + t72 x3,
++ (1-t)"2 y1 + 2t(1-t) y2 + t~2 y3]
++
++X n:=quadraticBezier([2.0,2.0],[4.0,4.0],[6.0,2.0])
++X [n(t/10.0) for t in 0..10 by 1]
cubicBezier: (w:List R,x:List R,y:List R,z:List R) -> Mapping(List R,R)
++ A cubic Bezier curve is a simple interpolation between the
++ starting point, a left-middle point,, a right-middle point,
++ and the ending point based on a parameter t.
++ Given a start point a=[x1,yl], the left-middle point b=[x2,y2],
++ the right-middle point c=[x3,y3] and an endpoint d=[x4,y4]

++ £(t) == [(1-t)"3 x1 + 3t(1-t)"2 x2 + 3t~2 (1-t) x3 + t°3 x4,
++ (1-t)"3 y1 + 3t(1-t)"2 y2 + 3t°2 (1-t) y3 + t~3 y4]
++

++X n:=cubicBezier([2.0,2.0],[2.0,4.0],[6.0,4.0],[6.0,2.0])
++X [n(t/10.0) for t in 0..10 by 1]
== add
linearBezier(a,b) ==
t +> [(1-t)*(a.1) + tx(b.1), (1-t)*(a.2) + t*(b.2)]

quadraticBezier(a,b,c) ==
t +-> [(1-t)**2x(a.1) + 2xtkx(1-t)*(b.1) + t**2*(c.1),
(1-t)**2%(a.2) + 2xt*x(1-t)*(b.2) + t*x*2x(c.2)]

cubicBezier(a,b,c,d) ==
t +-> [(1-t)**3x(a.1) + 3xtx(1-t)**x2x(b.1)
+ 3xtx*x2x (1-t)*(c.1) + t**3*x(d.1),
(1-t) **3*(a.2) + 3xtx(1-t)**2*x(b.2)
+ 3¥tx*x2x (1-t)*(c.2) + t**x3x(d.2)]

— BEZIER.dotabb —
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"BEZIER" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=BEZIER"]
"LMODULE" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=LMODULE"]
"SGROUP" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=SGROUP"]
"BEZIER" -> "LMODULE"

"BEZIER" -> "SGROUP"

3.4 package BEZOUT BezoutMatrix

3.4.1 BezoutMatrix (BEZOUT)

Exports:
bezoutDiscriminant bezoutMatrix bezoutResultant sylvesterMatrix

— package BEZOUT BezoutMatrix —

)abbrev package BEZOUT BezoutMatrix

++ Author: Clifton J. Williamson

++ Date Created: 2 August 1988

++ Date Last Updated: 3 November 1993

++ Basic Operations: bezoutMatrix, bezoutResultant, bezoutDiscriminant
++ Related Domains

++ Also See:

++ AMS Classifiactions:

++ Keywords: Bezout matrix, resultant, discriminant

++ Examples:

++ Reference: Knuth, The Art of Computer Programming, 2nd edition,

++ Vol. 2, p. 619, problem 12.

++ Description:

++ \spadtype{BezoutMatrix} contains functions for computing resultants and
++ discriminants using Bezout matrices.

BezoutMatrix (R,UP,M,Row,Col) : Exports == Implementation where
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R : Ring

UP : UnivariatePolynomialCategory R
Row : FiniteLinearAggregate R

Col : FiniteLinearAggregate R

M : MatrixCategory(R,Row,Col)

I ==> Integer

lc ==> leadingCoefficient

Exports ==> with
sylvesterMatrix: (UP,UP) -> M
++ sylvesterMatrix(p,q) returns the Sylvester matrix for the two
++ polynomials p and q.
bezoutMatrix: (UP,UP) -> M
++ bezoutMatrix(p,q) returns the Bezout matrix for the two
++ polynomials p and q.

if R has commutative("*") then
bezoutResultant: (UP,UP) -> R
++ bezoutResultant(p,q) computes the resultant of the two
++ polynomials p and q by computing the determinant of a Bezout matrix.

bezoutDiscriminant: UP -> R
++ bezoutDiscriminant(p) computes the discriminant of a polynomial p
++ by computing the determinant of a Bezout matrix.

Implementation ==> add
sylvesterMatrix(p,q) ==

nl := degree p; n2 := degree q; n := nl + n2
sylmat : M := new(n,n,0)

minR := minRowIndex sylmat; minC := minColIndex sylmat
maxR := maxRowIndex sylmat; maxC := maxColIndex sylmat
PO :=p

-- fill in coefficients of ’p’
while not zero? p0 repeat
coef := lc pO; deg := degree p0; pO := reductum pO
-- put bk = coef(p,k) in sylmat(minR + i,minC + i + (nl - k))
for i in 0..n2 - 1 repeat
gsetelt_!(sylmat,minR + i,minC + nl - deg + i,coef)
q0 :=gq
-- fill in coefficients of ’q’
while not zero? g0 repeat
coef := 1lc q0; deg := degree q0; q0 := reductum qO
for i in 0..nl-1 repeat
gsetelt_!(sylmat,minR + n2 + i,minC + n2 - deg + i,coef)
sylmat

bezoutMatrix(p,q) ==
-- This function computes the Bezout matrix for ’p’ and ’q’.
-- See Knuth, The Art of Computer Programming, Vol. 2, p. 619, # 12.
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--0
-— i
nil
nil
mil

ne must have deg(p) >= deg(q), so the arguments are reversed
f this is not the case.
:= degree p; n2 := degree q; n := nl + n2
< n2 => bezoutMatrix(q,p)
I :=mnl1-1;m2 : I :=n2-1;m : I :=n-1
’sylmat’ will be a matrix consisting of the first nl columns
of the standard Sylvester matrix for ’p’ and ’q’

sylmat : M := new(n,n1,0)

minR := minRowIndex sylmat; minC := minColIndex sylmat
maxR := maxRowIndex sylmat; maxC := maxColIndex sylmat
po0 :=

£ill in coefficients of ’p’

while not ground? pO repeat

q0

coef := 1lc p0O; deg := degree pO; pO := reductum pO
-- put bk = coef(p,k) in sylmat(minR + i,minC + i + (nl - k))
-- for i = 0...
-- quit when i > m2 or when i + (nl - k) > ml, whichever happens first
for i in 0..min(m2,deg - 1) repeat
gsetelt_!(sylmat,minR + i,minC + nl - deg + i,coef)
=q
£ill in coefficients of ’q’

while not zero? qO repeat

be
fo

coef := 1lc q0; deg := degree q0; qO0 := reductum q0
-- put ak = coef(q,k) in sylmat(minR + nl + i,minC + i + (n2 - k))
-— for i = 0...
-- quit when i > ml or when i + (n2 - k) > ml, whichever happens first
-- since n2 - k >= 0, we quit when i + (n2 - k) > ml
for i in 0..(deg + n1 - n2 - 1) repeat
gsetelt_!(sylmat,minR + n2 + i,minC + n2 - deg + i,coef)
’bezmat’ will be the ’Bezout matrix’ as described in Knuth

zmat : M := new(nl,n1,0)

r i in 0..m2 repeat

-- replace A_i by (b_0 A_i + ... + b_{n_2-1-i} A_ {n_2 - 1}) -
--— (a_0B_i+ ... + a_{n_2-1-i} B_{n_2-1}), as in Knuth

bound : I :=n2 - i; q0 := q
while not zero? g0 repeat
deg := degree qO0
if (deg < bound) then
-- add b_deg A_{n_2 - deg} to the new A_i
coef := 1c qO
for k in minC..maxC repeat
c := coef * gelt(sylmat,minR + m2 - i - deg,k) +
gelt(bezmat,minR + m2 - i,k)
gsetelt_! (bezmat,minR + m2 - i,k,c)
q0 := reductum qO
po :=p
while not zero? pO repeat
deg := degree pO
if deg < bound then
coef := 1lc pO
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-- subtract a_deg B_{n_2 - deg} from the new A_i
for k in minC..maxC repeat
c := —coef * gelt(sylmat,minR + m - i - deg,k) +
gelt(bezmat,minR + m2 - i,k)
gsetelt_! (bezmat,minR + m2 - i,k,c)
pO := reductum pO
for i in n2..ml repeat for k in minC..maxC repeat
gsetelt_! (bezmat,minR + i,k,qelt(sylmat,minR + i,k))
bezmat

if R has commutative("*") then
bezoutResultant(f,g) == determinant bezoutMatrix(f,g)
if R has IntegralDomain then

bezoutDiscriminant f ==
degMod4 := (degree f) rem 4
(degMod4 = 0) or (degMod4 = 1) =>
(bezoutResultant (f,differentiate f) exquo (lc £)) :: R
-((bezoutResultant (f,differentiate f) exquo (lc £)) :: R)

else

bezoutDiscriminant ==
lc £ = =>
degMod4 := (degree f) rem 4
(degMod4 = 0) or (degMod4 = 1) =>
bezoutResultant (f,differentiate f)
-bezoutResultant (f,differentiate f)
error "bezoutDiscriminant: leading coefficient must be 1"

— BEZOUT.dotabb —

"BEZOUT" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=BEZOUT"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"BEZOUT" -> "PFECAT"

3.5 package BLUPPACK BlowUpPackage

— BlowUpPackage.input —
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)set break resume

)sys rm -f BlowUpPackage.output
)spool BlowUpPackage.output
)set message test on

)set message auto off

)clear all

--S 1 o0f 1

) show BlowUpPackage

--R

--R BlowUpPackage (K: Field,symb: List(Symbol),PolyRing: FiniteAbelianMonoidRing(K,E),E: DirectProductCatego
--R Abbreviation for BlowUpPackage is BLUPPACK

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.4.pamphlet to see algebra source code for BLUPPACK

--R

--R-———————————— Operations Rttt

--R applyTransform : (PolyRing,BLMET) -> PolyRing

--R biringToPolyRing : (DistributedMultivariatePolynomial([construct,QUOTEX,QUOTEY],K),BLMET) -> PolyRing
--R newtonPolySlope : DistributedMultivariatePolynomial([construct,QUOTEX,QUOTEY],K) -> List(List(NonNegati;
--R polyRingToBlUpRing : (PolyRing,BLMET) -> DistributedMultivariatePolynomial([construct,QUOTEX,QUOTEY],K)
--R quadTransform : (DistributedMultivariatePolynomial([construct,QUOTEX,QUOTEY],K) ,NonNegativeInteger ,BLME
--R stepBlowUp : (DistributedMultivariatePolynomial([construct,QUOTEX,QUOTEY],K) ,AffinePlane(K),BLMET,K) ->
--R

--E 1

) spool

)1lisp (bye)

— BlowUpPackage.help —

BlowUpPackage examples

See

Also:

o )show BlowUpPackage
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3.5.1 BlowUpPackage (BLUPPACK)

Exports:
applyTransform biringToPolyRing newtonPolySlope
polyRingToBlUpRing quadTransform stepBlowUp

— package BLUPPACK BlowUpPackage —

)abbrev package BLUPPACK BlowUpPackage

++ Author: Gaetan Hache

++ Date Created: 17 nov 1992

++ Date Last Updated: May 2010 by Tim Daly

++ Description:

++ The following is part of the PAFF package

BlowUpPackage (K, symb,PolyRing,E, BLMET):Exports == Implementation where
K : Field

symb : List Symbol

PolyRing : FiniteAbelianMonoidRing(K,E)

E : DirectProductCategory (#symb,NonNegativeInteger)
BLMET : BlowUpMethodCategory

NNI ==> NonNegativelnteger

RFP ==> RootsFindingPackage

NP ==> NewtonPolygon( K, BlUpRing, E2 , #bls)
PackPoly ==> PackageForPoly(K,BlUpRing,E2,#bls)

bls ==> [’X,’Y]

BlUpRing ==> DistributedMultivariatePolynomial( bls , K )
E2 ==> DirectProduct (#bls , NNI)

AFP ==> AffinePlane(K)

blowUpRec ==> Record(recTransStr:BlUpRing,recPoint:AFP,recChart:BLMET, _

definingExtension:K)
blowUpReturn ==> Record(mult:NonNegativeInteger,subMult: NNI, _
blUpRec:List (blowUpRec))
recStr ==> Record( sM: NNI , blRec:List blowUpRec)

Exports ==> with
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applyTransform: (PolyRing,BLMET) -> PolyRing

++
++
++
++
++
++
++

quadTransform(pol,chart) apply the quadratique transformation to
pol specified by chart which consist of 3 integers. The last one
indicates which varibles is set to 1, the first on indicates
which variable remains unchange, and the second one indicates
which variable oon which the transformation is applied.

For example, [2,3,1] correspond to the following:

x ->1, y >y, z -> yz (here the variable are [x,y,z] in BlUpRing).

quadTransform: (BlUpRing,NNI,BLMET) -> BlUpRing -- CHH

++
++
++
++

quadTransform(pol,n,chart) apply the quadratique transformation
to pol specified by chart has in quadTransform(pol,chart) and
extract x**n to it, where x is the variable specified by the
first integer in chart (blow-up exceptional coordinate).

stepBlowUp: (BlUpRing, AFP,BLMET,K) -> blowUpReturn -- CHH

++
++

stepBlowUp(pol,pt,n) blow-up the point pt on the curve defined
by pol in the affine neighbourhood specified by n.

newtonPolySlope: BlUpRing -> List List(NNI)

polyRingToBlUpRing: (PolyRing, BLMET) -> BlUpRing

biringToPolyRing: (BlUpRing, BLMET) -> PolyRing

Implementation ==> add

import
import
import
import
import

B1lUpRing
AFP

RFP (K)
PackPoly
NP

makeAff( 1:List(K) , chart: BLMET ):AFP ==

(excepCoord chart) = 1 => affinePoint( 1 )$AFP
affinePoint( reverse 1 )$AFP

blowExp: (E2, NNI, BLMET ) -> E2

max0f :

(K,K) -> K

getStrTrans: ( BlUpRing , List BlUpRing , BLMET, K ) -> recStr

stepBlowUp (crb:BlUpRing,pt:AFP,chart:BLMET,actualExtension:K) ==
-- next is with Hamburger-Noether method
BLMET has HamburgerNoether =>

nV:

Integer:= chartCoord chart

crbTrans:B1UpRing:=translate(crb, list(pt))$PackPoly
newtPol:= newtonPolygon( crbTrans, quotValuation chart, _

147
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ramifMult chart, type chart )$NP
multPt:= multiplicity(newtPol)$NP
one?(multPt) =>
[multPt, O , empty() ]$blowUpReturn
listOfgetTr:List recStr:= _
[ getStrTrans( crbTrans , edge , chart , actualExtension ) _
for edge in newtPol ]

lsubM: List NNI := [ 11.sM for 11 in listOfgetTr]
subM := reduce( "+" , 1lsubM )
11ist0fRec: List List blowUpRec := [ 11l.blRec for 11 in listOfgetTr]

listOfRec:= concat 1llistOfRec
[ multPt, subM ,listOfRec]$blowUpReturn

-- next is with usual quadratic transform.

BLMET has QuadraticTransform =>

nV:Integer:= chartCoord chart
1pt:List(K) := list(pt)$AFP
crbTrans:=translate(crb,lpt)
minForm:=minimalForm(crbTrans)
multPt:=totalDegree( minForm)$PackPoly
listRec:List(blowUpRec) :=empty()
one?(multPt) => [multPt, O , listRec]$blowUpReturn
-- now pt is singular !!!!
1stInd:=[i::PositiveInteger for i in 1..2 ]
-- la ligne suivante fait un choix judicieux pour minimiser le
—-- degre’ du transforme’ stricte.
if degree( crbTrans , 2 )$PackPoly < degree( crbTrans , 1 )$PackPoly _
then 1stInd := reverse lstInd
ptInf:List (K):=[0$K,0$K]
laCarte:BLMET:=
([last(1lstInd), first(lstInd),nV] @ List Integer) :: BLMET
laCarteInf:BLMET:=
([first(1stInd),last(lstInd),nV] @ List Integer ) :: BLMET
transStricte :=quadTransform(crbTrans,multPt,laCarte)
transStrictelnf:=quadTransform(crbTrans,multPt,laCartelnf)
listPtsSingEcl:List (AFP) :=empty ()
transStricteZero:BlUpRing:= replaceVarByOne(minForm,excepCoord laCarte)
rec0fZeros:=_
distinguishedRoots0f (univariate (transStricteZero) $PackPoly ,_
actualExtension )$RFP(K)
degExt:=rec0fZeros.extDegree
“one?(degExt) =>
print(("You need an extension of degree")::OutputForm)
print (degExt: :OutputForm)
error ("Have a nice day")
listPtsSingEcl:=[makeAff ([0$K,a]: :List(K),laCarte) _
for a in rec0fZeros.zeros]
listRec:=[
[ transStricte,_
ptS,laCarte, _
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max0f (a,actualExtension) ] $blowUpRec_
for ptS in listPtsSingEcl_
for a in recOfZeros.zeros]
if zero?(constant (transStricteInf))$K then
listRec:= concat(listRec, [transStrictelInf, _
affinePoint (ptInf)$AFP, _
laCartelnf, _
actualExtension] $blowUpRec)
empty?(listRec) =>

[multPt, O ,listRec]$blowUpReturn
error "Desingularisation is not implemented for the blowing up method chosen, see

getStrTrans( crb , inedge , actChart, actualExtension ) ==
edge:= copy inedge
s := slope(edge)$NP
sden:Integer
snum: Integer
il:Integer
i2:Integer
if s.type case "right" then
sden:= s.base
snum:=s.height

il:=1
i2:=2
else -- interchange les roles de X et Y .

sden:= s.height
snum:= s.base

i1:=2
i2:=1
edge := copy reverse inedge
ee := entries( degree first edge) pretend List Integer

euclq: Integer
if one?(snum) then
euclqg:=1
else
euclq := s.quotient
-- sMult est la somme des multiplicite des points infiniment
-- voisin par une trans. quadratique
sMult: NNI := ( ( euclq - 1) * ee.i2 ) pretend NNI
-- extMult est egal a la plus grande puissance de X que 1l’on peut
--extraire de la transformee.
extMult := (ee.il + ee.i2 * euclq) pretend NonNegativeInteger
ch: BLMET
trStr:BlUpRing
listBlRec: List blowUpRec
“zero?(s.reste ) =>
ch:= createHN( il , i2 , chartCoord actChart, euclq , s.reste , _
false , s.type)$BLMET
trStr:= quadTransform(crb, extMult , ch )

BlowingUpMethodCate
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listBlRec:= [ [trStr,origin()$AFP,ch,actualExtension ]$blowUpRec ]
[ sMult , listBlRec J]$recStr
polEdge := reduce( "+" , edge )
unipol:= univariate( replaceVarByOne( polEdge , il )$PackPoly )$PackPoly
rec0fZeros:= distinguishedRoots0f( unipol , actualExtension )$RFP(K)
degExt:=recOfZeros.extDegree
“one?(degExt) =>
print (("You need an extension of degree")::OutputForm)
print (degExt: :OutputForm)
error ("Have a nice day")
listOfZeroes:List K:= [ z for z in recOfZeros.zeros | “zero?(z) 1]
empty? listOfZeroes => _
error " The curve is not absolutely irreducible since the Newton polygon has no sides "
ch:=_
createHN( il , i2, chartCoord actChart, euclq, 0, false, s.type)$BLMET
1sTr:BlUpRing:= quadTransform(crb, extMult , ch )
1Aff:List AFP:=[makeAff([ 0$K, z]:: List K , ch) for z in listOfZeroes ]
listBlRec := [ [ 1sTr,p,ch,max0f( actualExtension , z) ]$blowUpRec_
for p in 1Aff for z in listOfZeroes ]
[sMult, listBlRec ]$recStr

blowExp(exp,mult,chart)== -- CHH
zero?( excepCoord chart) => exp
lexp:List NNI:=parts(exp)
chl:Integer:= excepCoord chart
ch2:Integer:= transCoord chart
el:Integer := lexp(chl) pretend Integer
e2:Integer := lexp(ch2) pretend Integer
quotVal:Integer := quotValuation chart
lbexp:=[0,0] :: List(NNI)
lbexp(chl):= ( el + quotVal * e2 - mult ) pretend NonNegativeInteger
lbexp(ch2) :=lexp(ch2)
directProduct (vector (1bexp) $Vector (NNI))$E2

quadTransform(pol,mult,chart)== -- CHH
mapExponents (blowExp (#1,mult,chart) ,pol)

polyRingToBlUpRing(pol,chart)==
zero? pol => 0
lc:= leadingCoefficient pol
d:=entries degree pol
11:= [ d.i for 1 in 1..3 | “( i = chartCoord(chart) ) 1]
e:= directProduct( vector( 11)$Vector (NNI) )$E2
monomial(lc , e )$BlUpRing + polyRingToBlUpRing( reductum pol, chart )

biringToPolyRing(pol,chart)==
zero? pol => 0
lc:= leadingCoefficient pol
d:=entries degree pol
nV:= chartCoord chart
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11:List NNI:=
oV =1 => [ O$NNI , d.1 , d.2 ]
nV =2 =>[d.1 , O$NNI , d.2 ]
[d.1, d.2 , O$NNI ]
e:= directProduct( vector( 11)$Vector (NNI) )$E
monomial(lc , e )$PolyRing + biringToPolyRing( reductum pol, chart )

applyTransform(pol,chart)==
biringToPolyRing( quadTransform( polyRingToBlUpRing( pol, chart ) ,_
0 , chart) , chart )

-- K has PseudoAlgebraicClosureOfFiniteFieldCategory => maxTower([a,b])$K
-- K has PseudoAlgebraicClosureOfRationalNumberCategory => maxTower([a,b])$K
max0f (a:K,b:K) :K ==
K has PseudoAlgebraicClosureOfPerfectFieldCategory => maxTower([a,b])$K
1$K

— BLUPPACK.dotabb —

"BLUPPACK" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=BLUPPACK"]
"RFP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=RFP"]
"NPOLYGON" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=NPOLYGON"]
"BLUPPACK" -> "RFP"

"BLUPPACK" -> "NPOLYGON"

3.6 package BOUNDZRO BoundIntegerRoots

3.6.1 BoundIntegerRoots (BOUNDZRO)
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Exports:
integerBound

— package BOUNDZRO BoundIntegerRoots —

)abbrev package BOUNDZRO BoundIntegerRoots

++ Author: Manuel Bronstein

++ Date Created: 11 March 1991

++ Date Last Updated: 18 November 1991

++ Description:

++ \spadtype{BoundIntegerRoots} provides functions to

++ find lower bounds on the integer roots of a polynomial.

BoundIntegerRoots(F, UP): Exports == Implementation where
F : Join(Field, RetractableTo Fraction Integer)
UP : UnivariatePolynomialCategory F

Z  ==> Integer
Q ==> Fraction Z
K ==> Kernel F

UPQ ==> SparseUnivariatePolynomial Q
ALGOP ==> "Jalg"

Exports ==> with
integerBound: UP -> Z
++ integerBound(p) returns a lower bound on the negative integer
++ roots of p, and O if p has no negative integer roots.

Implementation ==> add
import RationalFactorize (UPQ)
import UnivariatePolynomialCategoryFunctions2(F, UP, Q, UPQ)

gbound : (UP, UPQ) -> Z
zrootl : UP -> Z
qzrootl: UPQ -> Z
negint : Q -> Z

-- returns O if p has no integer root < 0, its negative integer root otherwise
gzrootl p == negint(- leadingCoefficient(reductum p) / leadingCoefficient p)

-- returns O if p has no integer root < 0, its negative integer root otherwise

zrootl p ==
z := - leadingCoefficient(reductum p) / leadingCoefficient p
(r := retractIfCan(z)@Union(Q, "failed")) case Q => negint(r::Q)
0
-- returns O if r is not a negative integer, r otherwise
negint r ==

((u retractIfCan(r)@Union(Z, "failed")) case Z) and (u::Z < 0) => u::Z



3.6. PACKAGE BOUNDZRO BOUNDINTEGERROOTS

if F has ExpressionSpace then
bringDown: F -> Q

-- the random substitution used by bringDown is NOT always a ring-homorphism
-- (because of potential algebraic kernels), but is ALWAYS a Z-linear map.
-- this guarantees that bringing down the coefficients of (x + n) q(x) for an
-- integer n yields a polynomial h(x) which is divisible by x + n
-- the only problem is that evaluating with random numbers can cause a
-- division by 0. We should really be able to trap this error later and
-- reevaluate with a new set of random numbers MB 11/91
bringDown f ==
t := tower f
retract eval(f, t, [random()$Q :: F for k in t])

integerBound p ==
- one? degree p => zrootl p
(degree p) = 1 => zrootl p
ql := map(bringDown, p)
g2 := map(bringDown, p)
gbound(p, gcd(ql, g2))

else
integerBound p ==
-- one? degree p => zrootl p
(degree p) = 1 => zrootl p
gbound(p, map((z1:F):Q +-> retract(z1)eq, p))

-- we can probably do better here (i.e. without factoring)
gbound(p, q) ==
bound:Z := 0
for rec in factors factor q repeat
-- if one?(degree(rec.factor)) and ((r :
if ((degree(rec.factor)) = 1) and ((r :
and zero? p(r::Q::F) then bound := r
bound

gzrootl(rec.factor)) < bound)
gzrootl(rec.factor)) < bound)

— BOUNDZRO.dotabb —

"BOUNDZRO" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=BOUNDZRO"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"BOUNDZRO" -> "PFECAT"
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3.7 package BRILL BrillhartTests

3.7.1 BrillhartTests (BRILL)

Exports:
noLinearFactor? brillhartIrreducible?  brillhartTrials

— package BRILL BrillhartTests —

)abbrev package BRILL BrillhartTests

++ Author: Frederic Lehobey, James H. Davenport

++ Date Created: 28 June 1994

++ Date Last Updated: 11 July 1997

++ Basic Operations: brillhartIrreducible?

++ Related Domains:

++ Also See:

++ AMS Classifications:

++ Keywords: factorization

++ Examples:

++ References:

++ [1] John Brillhart, Note on Irreducibility Testing,

++ Mathematics of Computation, vol. 35, num. 35, Oct. 1980, 1379-1381
++ [2] James Davenport, On Brillhart Irreducibility. To appear.
++ [3] John Brillhart, On the Euler and Bernoulli polynomials,
++ J. Reine Angew. Math., v. 234, (1969), pp. 45-64

++ Description:

++ This package has no description

BrillhartTests(UP): Exports == Implementation where
N ==> NonNegativeIlnteger
Z ==> Integer
UP: UnivariatePolynomialCategory Z

Exports ==> with
brillhartIrreducible?: UP -> Boolean -- See [1]
++ brillhartIrreducible?(p) returns \spad{true} if p can be shown to be



3.7. PACKAGE BRILL BRILLHARTTESTS 155

++ irreducible by a remark of Brillhart, \spad{false} is inconclusive.
brillhartIrreducible?: (UP,Boolean) -> Boolean -- See [1]
++ brillhartIrreducible?(p,nolLinears) returns \spad{true} if p can be
++ shown to be irreducible by a remark of Brillhart, \spad{false} else.
++ If nolLinears is \spad{true}, we are being told p has no linear factors
++ \spad{false} does not mean that p is reducible.
brillhartTrials: () -> N
++ brillhartTrials() returns the number of tests in
++ \spadfun{brillhartIrreducible?}.
brillhartTrials: N -> N
++ brillhartTrials(n) sets to n the number of tests in
++ \spadfun{brillhartIrreducible?} and returns the previous value.
nolLinearFactor?: UP -> Boolean -- See [3] p. 47
++ nolLinearFactor?(p) returns \spad{true} if p can be shown to have no
++ linear factor by a theorem of Lehmer, \spad{false} else. I insist on
++ the fact that \spad{false} does not mean that p has a linear factor.

Implementation ==> add
import GaloisGroupFactorizationUtilities(Z,UP,Float)

squaredPolynomial (p:UP) :Boolean ==
d := degree p
d =0 => true
odd? d => false
squaredPolynomial reductum p

primeEnough?(n:Z,b:Z) :Boolean ==
-- checks if n is prime, with the possible exception of
-- factors whose product is at most b
import Float
bb: Float := b::Float
for i in 2..b repeat
while (d:= n exquo i) case Integer repeat
n:=d::Integer
bb:=bb / i::Float
bb < 1$Float => return false
--- we over-divided, so it can’t be prime
prime? n

brillharttrials: N := 6
brillhartTrials():N == brillharttrials

brillhartTrials(n:N):N ==
(brillharttrials,n) := (n,brillharttrials)
n

brillhartIrreducible?(p:UP) :Boolean ==
brillhartIrreducible?(p,noLinearFactor? p)
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brillhartIrreducible?(p:UP,noLinears:Boolean) :Boolean == -- See [1]
zero? brillharttrials => false
origBound := (largeEnough := rootBound(p)+1)
-- see remarks 2 and 4
even0 := even? coefficient(p,0)
evenl := even? p(1)
polyx2 := squaredPolynomial(p)
prime? p(largeEnough) => true
not polyx2 and prime? p(-largeEnough) => true
- one? brillharttrials => false
(brillharttrials = 1) => false
largeEnough := largeEnough+1
primeEnough? (p(largeEnough) ,if nolinears then 4 else 2) => true
not polyx2 and
primeEnough? (p(-largeEnough) ,if noLinears then 4 else 2) => true
if odd? largeEnough then
if evenO then largeEnough := largeEnough+1
else
if evenl then largeEnough := largeEnough+1
count :=(if polyx2 then 2 else 1)*(brillharttrials-2)+largeEnough
for i in (largeEnough+1)..count repeat
small := if noLinears then (i-origBound)**2 else (i-origBound)
primeEnough?(p(i),small) => return true
not polyx2 and primeEnough?(p(-i),small) => return true
false

nolLinearFactor?(p:UP) :Boolean ==
(odd? leadingCoefficient p) and (odd? coefficient(p,0)) and (odd? p(1))

— BRILL.dotabb —

"BRILL" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=BRILL"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"BRILL" -> "PFECAT"
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4.1 package CARTEN2 CartesianTensorFunctions2

4.1.1 CartesianTensorFunctions2 (CARTENZ2)

Exports:
map reshape

— package CARTEN2 CartesianTensorFunctions2 —

)abbrev package CARTEN2 CartesianTensorFunctions2
++ Author: Stephen M. Watt

++ Date Created: December 1986

++ Date Last Updated: May 30, 1991

++ Basic Operations: reshape, map

++ Related Domains: CartesianTensor

++ Also See:

++ AMS Classifications:

++ Keywords: tensor

157
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++ Examples:

++ References:

++ Description:

++ This package provides functions to enable conversion of tensors
++ given conversion of the components.

CartesianTensorFunctions2(minix, dim, S, T): CTPcat == CTPdef where
minix: Integer
dim: NonNegativeInteger
S, T: CommutativeRing
CS ==> CartesianTensor (minix, dim, S)
CT ==> CartesianTensor(minix, dim, T)

CTPcat == with
reshape: (List T, CS) -> CT
++ reshape(lt,ts) organizes the list of components 1t into
++ a tensor with the same shape as ts.
map: (S->T, CS) -> CT
++ map(f,ts) does a componentwise conversion of the tensor ts
++ to a tensor with components of type T.
CTPdef == add
reshape(l, s) == unravel 1
map(f, s) == unravel [f e for e in ravel s]

— CARTEN2.dotabb —

"CARTEN2" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CARTEN2"]
"BMODULE" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=BMODULE"]
"CARTEN2" -> "BMODULE"
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4.2 package CHVAR ChangeOfVariable

4.2.1 ChangeOfVariable (CHVAR)

Exports:

chvar eval goodPoint  mkIntegral
radPoly rootPoly

— package CHVAR ChangeOfVariable —

)abbrev package CHVAR ChangeOfVariable
++ Author: Manuel Bronstein
++ Date Created: 1988

++ Date Last

Updated: 22 Feb 1990

++ Description:
++ Tools to send a point to infinity on an algebraic curve.

ChangeOfVariable(F, UP, UPUP): Exports == Implementation where
F : UniqueFactorizationDomain
UP : UnivariatePolynomialCategory F
UPUP: UnivariatePolynomialCategory Fraction UP

N ==> NonNegativelnteger
Z ==> Integer
Q ==> Fraction Z

RF ==> Fraction UP

Exports ==> with
mkIntegral: UPUP -> Record(coef:RF, poly:UPUP)

++
++
++
++
radPoly
++
++
rootPoly

mkIntegral(p(x,y)) returns \spad{[c(x), q(x,z)]} such that
\spad{z = ¢ * y} is integral.

The algebraic relation between x and y is \spad{p(x, y)
The algebraic relation between x and z is \spad{q(x, 2z)
: UPUP -> Union(Record(radicand:RF, deg:N), "failed")
radPoly(p(x, y)) returns \spad{[c(x), nl]} if p is of the form

\spad{y**n - c(x)}, "failed" otherwise.
(RF, N) -> Record(exponent: N, coef:RF, radicand:UP)

0.
0.
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++ rootPoly(g, n) returns \spad{[m, c, P]} such that
++ \spad{c * g *x (1/n) = P *x (1/m)}
++ thus if \spad{y**n = g}, then \spad{z**m = P}
++ where \spad{z = c * y}.
goodPoint : (UPUP,UPUP) -> F
++ goodPoint(p, q) returns an integer a such that a is neither
++ a pole of \spad{p(x,y)} nor a branch point of \spad{q(x,y) = 0}.
eval : (UPUP, RF, RF) -> UPUP
++ eval(p(x,y), £(x), g(x)) returns \spad{p(f(x), y * g(x))}.
chvar : (UPUP,UPUP) -> Record(func:UPUP,poly:UPUP,cl:RF,c2:RF,deg:N)
++ chvar(f(x,y), p(x,y)) returns
++ \spad{[g(z,t), q(z,t), c1(z), c2(z), nl}
++ such that under the change of variable
++ \spad{x = c1(2)}, \spad{y = t * c2(2)},
++ one gets \spad{f(x,y) = g(z,t)}.
++ The algebraic relation between x and y is \spad{p(x, y)
++ The algebraic relation between z and t is \spad{q(z, t)

0.
0}.

Implementation ==> add

import UnivariatePolynomialCommonDenominator (UP, RF, UPUP)

algPoly : UPUP -> Record(coef:RF, poly:UPUP)
RPrim : (UP, UP, UPUP) -> Record(coef:RF, poly:UPUP)
good? : (F, UP, UP) -> Boolean

infIntegral?: (UPUP, UPUP) -> Boolean

eval(p, x, y) == map(s +-> s(x), p) monomial(y, 1)
good?(a, p, @) == p(a) "= 0 and q(a) "= 0

algPoly p ==

ground?(a:= retract(leadingCoefficient(q:=clearDenominator p))@QUP)
=> RPrim(1, a, q)

c := d := squareFreePart a

q := clearDenominator q monomial(inv(d::RF), 1)

while not ground?(a := retract(leadingCoefficient q)@UP) repeat
c :=c * (d := gcd(a, 4))
q := clearDenominator q monomial(inv(d::RF), 1)

RPrim(c, a, q)

RPrim(c, a, q) ==
one? a => [c::RF, ql
(a = 1) => [c::RF, q]
[(a * ¢)::RF, clearDenominator q monomial(inv(a::RF), 1)]

-- always makes the algebraic integral, but does not send a point to infinity
-- if the integrand does not have a pole there (in the case of an nth-root)

chvar (f, modulus) ==

rl := mkIntegral modulus

f1 := f monomial(rlinv := inv(rl.coef), 1)
infIntegral?(f1, ri.poly) =>



4.2. PACKAGE CHVAR CHANGEOFVARIABLE

[f1, rl.poly, monomial(1,1)$UP :: RF,rlinv,degree(retract(rl.coef)@UP)]
x := (a:= goodPoint(f1,rl.poly))::UP::RF + inv(monomial(1,1)::RF)
r2c:= retract((r2 := mkIntegral map(s+->s(x), rl.poly)).coef)@UP
t inv((monomial(1, 1)$UP - a::UP)::RF)
[- inv(monomial(1l, 2)$UP :: RF) * eval(fl, x, inv(r2.coef)),
r2.poly, t, rl.coef * r2c t, degree r2c]

-- returns true if y is an n-th root, and it can be guaranteed that p(x,y)dx
-- is integral at infinity
-- expects y to be integral.

infIntegral?(p, modulus) ==

(r := radPoly modulus) case "failed" => false
ninv := inv(r.deg::Q)
degy:Q := degree(retract(r.radicand)@UP) * ninv
degp:Q := 0
while p "= 0 repeat

¢ := leadingCoefficient p

degp := max(degp,
(2 + degree(numer c)::Z - degree(denom c)::Z)::Q + degree(p) * degy)
p := reductum p
degp <= ninv

mkIntegral p ==
(r := radPoly p) case "failed" => algPoly p
rp := rootPoly(r.radicand, r.deg)
[rp.coef, monomial(l, rp.exponent)$UPUP - rp.radicand::RF::UPUP]

goodPoint (p, modulus) ==

q =
(r := radPoly modulus) case "failed" =>
retract (resultant (modulus, differentiate modulus))@UP
retract (r.radicand)QUP
d := commonDenominator p
for i in 0.. repeat
good?(a := i::F, q, d) => return a
good?(-a, q, 4) => return -a
radPoly p ==
(r := retractIfCan(reductum p)@Union(RF, "failed")) case "failed"

=> "failed"
[- (r::RF), degree pl

-- we have y**m = g(x) = n(x)/d(x), so if we can write
= (@(x) * d@**@m-1)) ** (1/m) = c(x) * P(x) ** (1/n)
—-— then z**q = P(x) where z = (d(x) / c(x)) * ¥y
rootPoly(g, m) ==
zero? g => error "Should not happen"
pr := nthRoot(squareFree((numer g) * (d := denom g) ** (m-1)::N),
m) $FactoredFunctions (UP)
[pr.exponent, d / pr.coef, */(pr.radicand)]
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— CHVAR.dotabb —

"CHVAR" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CHVAR"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"CHVAR" -> "PFECAT"

4.3 package CPIMA CharacteristicPolynomiallnMono-
genicalAlgebra

4.3.1 CharacteristicPolynomiallnMonogenicalAlgebra (CPIMA)

Exports:
characteristicPolynomial

— package CPIMA CharacteristicPolynomiallInMonogenical Algebra

)abbrev package CPIMA CharacteristicPolynomialInMonogenicalAlgebra
++ Author: Claude Quitte

++ Date Created: 10/12/93

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords:
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++ References:

++ Description:

++ This package implements characteristicPolynomials for monogenic algebras
++ using resultants

CharacteristicPolynomialInMonogenicalAlgebra(R : CommutativeRing,
PolR : UnivariatePolynomialCategory(R),
E : MonogenicAlgebra(R, PolR)): with
characteristicPolynomial : E -> PolR
++ characteristicPolynomial(e) returns the characteristic polynomial
++ of e using resultants

== add
Pol ==> SparseUnivariatePolynomial

import UnivariatePolynomialCategoryFunctions2(R, PolR, PolR, Pol(PolR))
XtoY(Q : PolR) : Pol(PolR) == map(x+->monomial(x, 0), Q)

P : Pol(PolR) := XtoY(definingPolynomial()$E)
X : Pol(PolR) monomial (monomial (1, 1)$PolR, 0)

characteristicPolynomial(x : E) : PolR ==
Qx : PolR := 1lift(x)
-- on utilise le fait que resultant_Y (P(Y), X - Qx(Y))
return resultant(P, X - XtoY(Qx))

— CPIMA.dotabb —

"CPIMA" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CPIMA"]
"MONOGEN" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=MONOGEN"]
"CPIMA" -> "MONOGEN"
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4.4 package CHARPOL CharacteristicPolynomialPack-
age

4.4.1 CharacteristicPolynomialPackage (CHARPOL)

Exports:
characteristicPolynomial

— package CHARPOL CharacteristicPolynomialPackage —

)abbrev package CHARPOL CharacteristicPolynomialPackage
++ Author: Barry Trager

++ Date Created:

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords:

++ References:

++ Description:

++ This package provides a characteristicPolynomial function
++ for any matrix over a commutative ring.

CharacteristicPolynomialPackage (R:CommutativeRing):C == T where
PI ==> Positivelnteger
M ==> Matrix R
C == with
characteristicPolynomial: (M, R) -> R
++ characteristicPolynomial (m,r) computes the characteristic
++ polynomial of the matrix m evaluated at the point r.
++ In particular, if r is the polynomial ’x, then it returns
++ the characteristic polynomial expressed as a polynomial in ’x.
T == add
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---- characteristic polynomial ----
characteristicPolynomial(A:M,v:R) : R ==

dimA :PI := (nrows A):PI
dimA "= ncols A => error " The matrix is not square"
B:M:=zero(dimA,dimA)
for i in 1..dimA repeat

for j in 1..dimA repeat B(i,j):=A(i,j)

B(i,i) := B(i,i) - v
determinant B

— CHARPOL.dotabb —

"CHARPOL" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CHARPOL"]
"BMODULE" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=BMODULE"]
"CHARPOL" -> "BMODULE"

4.5 package IBACHIN ChineseRemainderToolsForInte-
gralBases

4.5.1 ChineseRemainderToolsForIntegralBases (IBACHIN)

Exports:
chineseRemainder factorList listConjugateBases

— package IBACHIN ChineseRemainderToolsForIntegralBases —

)abbrev package IBACHIN ChineseRemainderToolsForIntegralBases
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++ Author: Clifton Williamson

++ Date Created: 9 August 1993

++ Date Last Updated: 3 December 1993

++ Basic Operations: chineseRemainder, factorList

++ Related Domains: PAdicWildFunctionFieldIntegralBasis(K,R,UP,F)
++ Also See: WildFunctionFieldIntegralBasis, FunctionFieldIntegralBasis
++ AMS Classifications:

++ Keywords: function field, finite field, integral basis

++ Examples:

++ References:

++ Description:

++ This package has no description

ChineseRemainderToolsForIntegralBases(K,R,UP): Exports == Implementation where
K : FiniteFieldCategory
R : UnivariatePolynomialCategory K

UP : UnivariatePolynomialCategory R

DDFACT ==> DistinctDegreeFactorize

I ==> Integer

L ==> List

L2 ==> ListFunctions2

Mat ==> Matrix R

NNI ==> NonNegativelnteger

PI ==> Positivelnteger

Q ==> Fraction R

SAE ==> SimpleAlgebraicExtension

SUP ==> SparseUnivariatePolynomial

SUP2  ==> SparseUnivariatePolynomialFunctions2
Result ==> Record(basis: Mat, basisDen: R, basisInv: Mat)

Exports ==> with
factorList: (K,NNI,NNI,NNI) -> L SUP K
++ factorList(k,n,m,j) \undocumented

listConjugateBases: (Result,NNI,NNI) -> List Result
++ listConjugateBases(bas,q,n) returns the list
++ \spad{[bas,bas”Frob,bas” (Frob~2),...bas” (Frob~(n-1))1}, where
++ \spad{Frob} raises the coefficients of all polynomials
++ appearing in the basis \spad{bas} to the \spad{q}th power.

chineseRemainder: (List UP, List Result, NNI) -> Result
++ chineseRemainder (lu,lr,n) \undocumented

Implementation ==> add
import ModularHermitianRowReduction(R)
import TriangularMatrixOperations(R, Vector R, Vector R, Matrix R)

applyFrobToMatrix: (Matrix R,NNI) -> Matrix R
applyFrobToMatrix(mat,q) ==
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-- raises the coefficients of the polynomial entries of ’mat’

-- to the qth power

m := nrows mat; n := ncols mat

ans : Matrix R := new(m,n,0)

for i in 1..m repeat for j in 1..n repeat
gsetelt_!(ans,i,j,map((k1:K):K +-> k1 *x g,qelt(mat,i,j)))

ans

listConjugateBases(bas,q,n) ==
outList : List Result := list bas
b := bas.basis; bInv := bas.basisInv; bDen := bas.basisDen
for i in 1..(n-1) repeat
b := applyFrobToMatrix(b,q)
bInv := applyFrobToMatrix(bInv,q)
bDen := map((k1:K):K +-> k1 *x q,bDen)
newBasis : Result := [b,bDen,bInv]
outList := concat(newBasis,outList)
reverse_! outList

factorList(a,q,n,k) ==
coef : SUP K := monomial(a,0); xx : SUP K := monomial(1,1)
outList : L SUP K := list((xx - coef)**k)
for i in 1..(n-1) repeat
coef := coef **x q
outList := concat((xx - coef)**k,outList)
reverse_! outList

basisInfoToPolys: (Mat,R,R) -> L UP
basisInfoToPolys(mat,lcm,den) ==
n := nrows(mat) :: I; nl :=n -1
outList : L UP := empty()
for i in 1..n repeat
pp : UP :=0
for j in 0..nl repeat
pp := pp + monomial((lcm quo den) * gelt(mat,i,j+1),j)
outList := concat(pp,outlList)
reverse_! outList

basesToPolyLists: (L Result,R) -> L L UP
basesToPolyLists(basisList,lcm) ==
[basisInfoToPolys(b.basis,lcm,b.basisDen) for b in basisList]

0UT ==> OutputForm

approximateExtendedEuclidean: (UP,UP,R,NNI) -> Record(coefl:UP,coef2:UP)
approximateExtendedEuclidean(f,g,p,n) ==

-- f and g are monic and relatively prime (mod p)

-- function returns [coefl,coef2] such that

-- coefl *x f + coef2 * g = 1 (mod p“n)

sae := SAE(K,R,p)
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fSUP : SUP R := makeSUP f; gSUP : SUP R := makeSUP g
fBar : SUP sae := map((rl:R):sae +-> convert(rl)@sae,fSUP)$SUP2(R,sae)
gBar : SUP sae := map((rl:R):sae +-> convert(rl)@sae,gSUP)$SUP2(R,sae)
ee := extendedEuclidean(fBar,gBar)

not one?(ee.generator) =>
not (ee.generator = 1) =>

error "polynomials aren’t relatively prime"
ssl := ee.coefl; ttl := ee.coef2
sl : SUP R := map((zl:sae):R +-> convert(zl)G@R,ss1)$SUP2(sae,R); s := sl
tl : SUP R := map((zl:sae):R +-> convert(zl)OR,tt1)$SUP2(sae,R); t := ti
pPower := p
for i in 2..n repeat

num := 1 - s * £fSUP - t * gSUP

rhs := (num exquo pPower) :: SUP R

sigma := map((r1:R):R +-> rl rem p,sl*rhs);

tau map((rl:R):R +-> rl rem p,tl*rhs)

s := s + pPower * sigma; t := t + pPower * tau

quorem := monicDivide(s,gSUP)

pPower := pPower * p

s := map((r1:R):R+->r1 rem pPower,quorem.remainder)

t := map((rl:R):R+->rl1 rem pPower,t + fSUP * (quorem.quotient))
[unmakeSUP s,unmakeSUP t]

--mapChineseTolList: (L SUP Q,L SUP Q,I) -> L SUP Q
--mapChineseToList (list,polyList,i) ==
mapChineseToList: (L UP,L UP,I,R) -> L UP
mapChineseToList (list,polyList,i,den) ==
-- ’polyList’ consists of MONIC polynomials
-- computes a polynomial p such that p = pp (modulo polyList[i])
-- and p = 0 (modulo polyList[j]) for j "= i for each ’pp’ in ’list’
-- create polynomials
q: UP :=1
for j in 1..(i-1) repeat
q := q * first polyList
polyList := rest polyList
p := first polyList
polyList := rest polylList
for j in (i+1).. while not empty? polyList repeat
q := q * first polyList
polyList := rest polyList
--p := map((numer(#1) rem den)/1, p)
--q := map((numer (#1) rem den)/1, q)
-- ’den’ is a power of an irreducible polynomial
--!! make this computation more efficient!!
factoredDen := factor(den)$DDFACT(K,R)

prime := nthFactor(factoredDen,1)
n := nthExponent(factoredDen,1) :: NNI
invPoly := approximateExtendedEuclidean(q,p,prime,n).coefl

-- monicDivide may be inefficient?
[monicDivide(pp * invPoly * q,p * q).remainder for pp in list]
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polyListToMatrix: (L UP,NNI) -> Mat
polyListToMatrix(polyList,n) ==
mat : Mat := new(n,n,0)
for i in 1..n for poly in polyList repeat
while not zero? poly repeat
mat (i,degree(poly) + 1) := leadingCoefficient poly
poly := reductum poly
mat

chineseRemainder(factors,factorBases,n) ==
denLCM : R := reduce("lcm", [base.basisDen for base in factorBases])
denLCM = 1 => [scalarMatrix(n,1),1,scalarMatrix(n,1)]
-- compute local basis polynomials with denominators cleared
factorBasisPolyLists := basesToPolyLists(factorBases,denLCM)
-- use Chinese remainder to compute basis polynomials w/o denominators
basisPolyLists : L L UP := empty()
for i in 1.. for plList in factorBasisPolyLists repeat
polyList := mapChineseToList(pList,factors,i,denLCM)
basisPolyLists := concat(polyList,basisPolyLists)
basisPolys := concat reverse_! basisPolyLists
mat := squareTop rowEchelon(polyListToMatrix(basisPolys,n),denLCM)
matInv := UpTriBddDenomInv(mat,denLCM)
[mat,denLCM,matInv]

— IBACHIN.dotabb —

"IBACHIN" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=IBACHIN"]
"MONOGEN" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=MONOGEN"]
"IBACHIN" -> "MONOGEN"
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4.6 package CVMP CoerceVectorMatrixPackage

4.6.1 CoerceVectorMatrixPackage (CVMP)

Exports:
coerce coerceP

— package CVMP CoerceVectorMatrixPackage —

)abbrev package CVMP CoerceVectorMatrixPackage

++ Author: J. Grabmeier

++ Date Created: 26 June 1991

++ Date Last Updated: 26 June 1991

++ Related Constructors: GenericNonAssociativeAlgebra

++ Keywords:

++ Reference:

++ Description:

++ CoerceVectorMatrixPackage is an unexposed, technical package
++ for data conversions

CoerceVectorMatrixPackage(R : CommutativeRing): public == private where
M2P ==> MatrixCategoryFunctions2(R, Vector R, Vector R, Matrix R, _
Polynomial R, Vector Polynomial R, Vector Polynomial R, Matrix Polynomial R)
M2FP ==> MatrixCategoryFunctions2(R, Vector R, Vector R, Matrix R, _
Fraction Polynomial R, Vector Fraction Polynomial R, _
Vector Fraction Polynomial R, Matrix Fraction Polynomial R)
public ==> with
coerceP: Vector Matrix R -> Vector Matrix Polynomial R
++ coerceP(v) coerces a vector v with entries in \spadtype{Matrix R}
++ as vector over \spadtype{Matrix Polynomial R}
coerce: Vector Matrix R -> Vector Matrix Fraction Polynomial R
++ coerce(v) coerces a vector v with entries in \spadtype{Matrix R}
++ as vector over \spadtype{Matrix Fraction Polynomial R}
private ==> add

imbedFP : R -> Fraction Polynomial R
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imbedFP r == (r:: Polynomial R) :: Fraction Polynomial R

imbedP : R -> Polynomial R
imbedP r == (r:: Polynomial R)

coerceP(g:Vector Matrix R) : Vector Matrix Polynomial R ==
m2 : Matrix Polynomial R
lim : List Matrix R := entries g
1: List Matrix Polynomial R := []
for m in lim repeat
m2 := map(imbedP,m)$M2P
1 := cons(m2,1)
vector reverse 1

coerce(g:Vector Matrix R) : Vector Matrix Fraction Polynomial R ==
m3 : Matrix Fraction Polynomial R
lim : List Matrix R := entries g
1: List Matrix Fraction Polynomial R := []
for m in lim repeat
m3 := map(imbedFP,m)$M2FP
1 := cons(m3,1)
vector reverse 1

— CVMP.dotabb —

"CVMP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CVMP"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"CVMP" -> "PFECAT"

4.7 package COMBF CombinatorialFunction

— CombinatorialFunction.input —

)set break resume

)sys rm -f CombinatorialFunction.output
)spool CombinatorialFunction.output
)set message test on

)set message auto off

)clear all

--S 1 of 6
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f := operator ’f

--R Type: BasicOperator

--S 2 of 6
D(product (£ (i,x),i=1..m),x)
--R

-—+ £(i,x)

--R Type: Expression(Integer)
--5 3 of 6

)set expose add constructor OutputForm

--R

--I  OutputForm is already explicitly exposed in frame frameO

--E 3

--S 4 of 6
pascalRow(n) == [right(binomial(n,i),4) for i in 0. .n]

--R Type: Void

--S 5 of 6

--R Type: Void

--S 6 of 6
for i in 0..7 repeat displayRow i

--R  Compiling function pascalRow with type NonNegativeInteger -> List(
--R OutputForm)
--R Compiling function displayRow with type NonNegativeInteger -> Void

--R 1

--R 1 1

--R 1 2 1

--R 1 3 3 1

--R 1 4 6 4 1
--R 1 5 10 10 5 1
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--R 1 7 21 3 3 21 7 1
--R Type: Void

) spool
)1lisp (bye)

— CombinatorialFunction.help —

CombinatorialFunction examples

f := operator ’f
1) £
Type: BasicOperator

D(product (f(i,x),i=1..m),x)

-—+ £f(i,x)

Type: Expression Integer

The binomial(n, r) returns the number of subsets of r objects
taken among n objects, i.e. n!/(r! * (n-r)!)

The binomial coefficients are the coefficients of the series expansion
of a power of a binomial, that is

k=0

This leads to the famous pascal triangle. First we expose the OutputForm
domain, which is normally hidden, so we can use it to format the lines.

)set expose add constructor OutputForm
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Next we define a function that will output the list of binomial coefficients
right justified with proper spacing:

pascalRow(n) == [right(binomial(n,i),4) for i in 0..n]
and now we format the whole line so that it looks centered:
displayRow(n)==output center blankSeparate pascalRow(n)

and we compute the triangle
for i in 0..7 repeat displayRow i
giving the pretty result:

Compiling function pascalRow with type NonNegativelnteger -> List

OutputForm
Compiling function displayRow with type NonNegativeInteger -> Void
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 3 3 21 7 1
See Also:

o )show CombinatorialFunction
o )d op binomial

o )show OutputForm

o )help set
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4.7.1 CombinatorialFunction (COMBF)

Exports:
belong?  binomial factorial factorials iibinom
iidprod  iidsum iifact iiperm iipow
ipow permutation product summation operator

product summation — ?7¥*?

binomial

We currently simplify binomial coefficients only for non-negative integral second argument,

using the formula
n 1 .
< k > = %l H (n—1),
i=0..k—1

except if the second argument is symbolic: in this case binomial(n,n) is simplified to one.

Note that there are at least two different ways to define binomial coefficients for negative
integral second argument. One way, particular suitable for combinatorics, is to set the
binomial coefficient equal to zero for negative second argument. This is, partially, also the
approach taken in combinat.spad, where we find

binomial(n, m) ==
n<Oorm<Oorm>n-=>0
m=0=>1

Of course, here n and m are integers. This definition agrees with the recurrence

(1) ()=

Alternatively, one can use the formula

(n)_ I'(n+1)
k) Tk+1DI(n—k+1)




176 CHAPTER 4. CHAPTER C

and leave the case where k € Z, n € Z and k < n < 0 undefined, since the limit does not
exist in this case:
Since we then have that n —k+ 1> 1, T'(n — k + 1) is finite. So it is sufficient to consider

T'(n+1)
T(k+1) "

On the one hand, we have

. . T(no+1)
1 lim ———= =0
g e I'(ko+1) ’

since for any non-integral ng, I'(ng + 1) is finite. On the other hand,

o T(ng +1)
lim lim ——=
ko—k no—n F(ko =+ 1)
does not exist, since for non-integral kg, I'(kg + 1) is finite while I'(ng 4 1) is unbounded.

However, since for k € Z, n € Z and 0 < k < n both definitions agree, one could also
combine them. This is what, for example, Mathematica does. It seems that MuPAD sets
binomial(n,n)=1 for all arguments n, and returns binomial(-2, n) unevaluated. Provisos may
help here.

dvsum and dvdsum

The dvsum and dvdsum operations implement differentiation of sums with and without
bounds. Note that the function

n — i f(k,n)
k=1

is well defined only for integral values of n greater than or equal to zero. There is not even
consensus how to define this function for n < 0. Thus, it is not differentiable. Therefore, we
need to check whether we erroneously are differentiating with respect to the upper bound or
the lower bound, where the same reasoning holds.

Differentiating a sum with respect to its indexing variable correctly gives zero. This is due
to the introduction of dummy variables in the internal representation of a sum: the operator
%defsum takes 5 arguments, namely

1. the summands, where each occurrence of the indexing variable is replaced by
2. the dummy variable,

3. the indexing variable,

4. the lower bound, and

5. the upper bound.



4.7. PACKAGE COMBF COMBINATORIALFUNCTION 177

dvprod and dvdprod

The dvprod and dvdprod operations implement differentiation of products with and without
bounds. Note again, that we cannot even properly define products with bounds that are not
integral.

To differentiate the product, we use Leibniz rule:
b b 4 . b
d . dz (Za .’E) .
%Hf(%x) = ZWHJC(%@”)
i=a i=a ? i=

There is one situation where this definition might produce wrong results, namely when the
product is zero, but axiom failed to recognize it: in this case,

d ... )
%f(z,x)/f(z,x)

is undefined for some i. However, I was not able to come up with an example. The alternative

definition
b b

b
d ) d . . .
Sro =Y (L) II o
i=a i=a j=a,j#i
has the slight (display) problem that we would have to come up with a new index variable,

which looks very ugly. Furthermore, it seems to me that more simplifications will occur with
the first definition.

f := operator ’f
D(product (f(i,x),i=1..m),x)

dvpow?2

The dvpow2 operation implements the differentiation of the power operator %power with
respect to its second argument, i.e., the exponent. It uses the formula

d x

Cd
()" = e leg9(¥) = log g(y)g(y)".

If g(y) equals zero, this formula is not valid, since the logarithm is not defined there. Al-
though strictly speaking 0% is not differentiable at zero, we return zero for convenience.

— package COMBF CombinatorialFunction —

)abbrev package COMBF CombinatorialFunction

++ Author: Manuel Bronstein, Martin Rubey

++ Date Created: 2 Aug 1988

++ Keywords: combinatorial, function, factorial.
++ Date Last Updated: 30 October 2005
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++ Description:
++ Provides combinatorial functions over an integral domain.

CombinatorialFunction(R, F): Exports == Implementation where
R: Join(OrderedSet, IntegralDomain)
F: FunctionSpace R

0P ==> BasicOperator

K  ==> Kernel F

SE ==> Symbol

0 ==> OutputForm

SMP ==> SparseMultivariatePolynomial(R, K)
Z ==> Integer

POWER ==> "Ypower": :Symbol
OPEXP ==> "exp"::Symbol
SPECIALDIFF ==> "YspecialDiff"
SPECIALDISP ==> "YspecialDisp"
SPECIALEQUAL ==> "YspecialEqual"

Exports ==> with

belong? : OP -> Boolean
++ belong?(op) is true if op is a combinatorial operator;
operator : OP -> 0P

++ operator(op) returns a copy of op with the domain-dependent
++ properties appropriate for F;
++ error if op is not a combinatorial operator;

ook ! : (F, F) > F
++ a **x b is the formal exponential a**b;
binomial : (F, F) > F

++ binomial(n, r) returns the number of subsets of r objects
++ taken among n objects, i.e. n!/(r! * (n-r)!);
++
++X [binomial(5,i) for i in 0..5]
permutation: (F, F) -> F
++ permutation(n, r) returns the number of permutations of
++ n objects taken r at a time, i.e. n!/(n-r)!;
factorial : F -> F
++ factorial(n) returns the factorial of n, i.e. n!;
factorials : F -> F
++ factorials(f) rewrites the permutations and binomials in f
++ in terms of factorials;
factorials : (F, SE) -> F
++ factorials(f, x) rewrites the permutations and binomials in f
++ involving x in terms of factorials;
summation : (F, SE) -> F
++ summation(f(n), n) returns the formal sum S(n) which verifies
++ S(n+1) - S(n) = £(n);
summation : (F, SegmentBinding F) -> F
++ summation(f(n), n = a..b) returns f(a) + ... + £(b) as a
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++ formal sum;

product : (F, SE) -> F
++ product(f(n), n) returns the formal product P(n) which verifies
++ P(n+1)/P(n) = £(n);

product : (F, SegmentBinding F) -> F

++ product(f(n), n = a..b) returns f(a) * ... * £(b) as a

++ formal product;
iifact : F ->F

++ iifact(x) should be local but conditional;
iibinom : List F > F

++ iibinom(1l) should be local but conditional;
iiperm : List F -> F

++ iiperm(1l) should be local but conditional;
iipow : List F > F

++ iipow(1l) should be local but conditional;
iidsum : List F > F

++ iidsum(1l) should be local but conditional;
iidprod : List F -> F

++ iidprod(1l) should be local but conditional;
ipow : List F > F

++ ipow(l) should be local but conditional;

Implementation ==> add
ifact : F->F
iiipow : List F > F
iperm : List F > F
ibinom : List F -> F
isum : List F > F
idsum : List F -> F
iprod : List F -> F
idprod : List F > F
dsum : List F -> 0
ddsum : List F -> 0
dprod : List F > 0
ddprod : List F -> 0
equalsumprod : (K, K) -> Boolean
equaldsumprod : (K, K) -> Boolean
fourth : List F -> F
dvpowl : List F -> F
dvpow2 : List F -> F
summand : List F -> F
dvsum : (List F, SE) > F
dvdsum : (List F, SE) -> F
dvprod : (List F, SE) -> F
dvdprod : (List F, SE) -> F
facts : (F, List SE) -> F
K2fact : (K, List SE) -> F
smpfact : (8MP, List SE) -> F

-- This macro will be used in product and summation, both the 5 and 3
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-- argument forms. It is used to introduce a dummy variable in place of the
-- summation index within the summands. This in turn is necessary to keep the
-- indexing variable local, circumventing problems, for example, with

-- differentiation.

dummy == new()$SE :: F

opfact := operator("factorial"::Symbol)$CommonOperators
opperm := operator("permutation"::Symbol)$CommonOperators
opbinom := operator("binomial"::Symbol)$CommonOperators
opsum  := operator("summation"::Symbol)$CommonOperators
opdsum := operator(")defsum"::Symbol)$CommonOperators
opprod := operator("product"::Symbol)$CommonOperators
opdprod := operator("%defprod"::Symbol)$CommonOperators
oppow := operator (POWER: :Symbol)$CommonOperators
factorial x == opfact x

binomial(x, y) == opbinom [x, y]

permutation(x, y) == opperm [x, y]

import F

import Kermel F

number? (x:F) :Boolean ==
if R has RetractableTo(Z) then
ground?(x) or
((retractIfCan(x)@Union(Fraction(Z),"failed")) case Fraction(Z))
else
ground? (x)

X ** y ==
-- Do some basic simplifications
is?(x,POWER) =>
args : List F := argument first kermels x
not (#args = 2) => error "Too many arguments to *x*"
number?(first args) and number?(y) =>
oppow [first(args)**y, second args]
oppow [first args, (second args)* yl
-- Generic case

exp : Union(Record(val:F,exponent:Z),"failed") := isPower x
exp case Record(val:F,exponent:Z) =>
expr := exp::Record(val:F,exponent:Z)
oppow [expr.val, (expr.exponent)x*y]
oppow [x, y]
belong? op == has?(op, "comb")
fourth 1 == third rest 1
dvpowl 1 == second(l) * first(l) ** (second 1 - 1)
factorials x == facts(x, variables x)

factorials(x, v) == facts(x, [v])
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facts(x, 1)
summand 1 =

smpfact (numer x, 1) / smpfact(denom x, 1)
eval(first 1, retract(second 1)@K, third 1)

product(x:F, i:SE) ==
dm := dummy
opprod [eval(x, k := kernel(i)$K, dm), dm, k::F]

summation(x:F, i:SE) ==
dm := dummy
opsum [eval(x, k := kernel(i)$K, dm), dm, k::F]

-- These two operations return the product or the sum as unevaluated operators
-- A dummy variable is introduced to make the indexing variable local.

dvsum(l, x) ==
opsum [differentiate(first 1, x), second 1, third 1]

dvdsum(1l, x) ==
x = retract(y := third 1)@SE => 0

if member?(x, variables(h := third rest rest 1)) or

member?(x, variables(g := third rest 1)) then

error "a sum cannot be differentiated with respect to a bound"
else

opdsum [differentiate(first 1, x), second 1, y, g, hl]

dvprod(l, x) ==
dm := retract(dummy)@SE
f := eval(first 1, retract(second 1)@K, dm::F)
p := product(f, dm)

opsum [differentiate(first 1, x)/first 1 * p, second 1, third 1]

dvdprod(1l, x) ==
x = retract(y := third 1)@SE => 0

if member?(x, variables(h := third rest rest 1)) or

member?(x, variables(g := third rest 1)) then

error "a product cannot be differentiated with respect to a bound"
else

opdsum cons(differentiate(first 1, x)/first 1, rest 1) * opdprod 1

-- These four operations handle the conversion of sums and products to
-- OutputForm

dprod 1 ==
prod(summand (1) ::0, third(1)::0)

ddprod 1 ==
prod(summand(1l)::0, third(1)::0 = fourth(1l)::0, fourth(rest 1)::0)
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dsum 1 ==
sum(summand (1) : :0, third(1l)::0)

ddsum ==
sum(summand (1) : :0, third(1l)::0 = fourth(1l)::0, fourth(rest 1)::0)

-- The two operations handle the testing for equality of sums and products.

-- The corresponding property \verb|specialEqual| set below is checked in

-- Kernel. Note that we can assume that the operators are equal, since this is
-- checked in Kernel itself.

equalsumprod(sl, s2) ==
11 := argument sl
12 := argument s2
(eval(first 11, retract(second 11)@K, second 12) = first 12)

equaldsumprod(sl, s2) ==
11 := argument sl
12 := argument s2
((third rest 11 = third rest 12) and
(third rest rest 11 = third rest rest 12) and
(eval(first 11, retract(second 11)@K, second 12) = first 12))

-- These two operations return the product or the sum as unevaluated operators
-- A dummy variable is introduced to make the indexing variable local.

product (x:F, s:SegmentBinding F) ==
k := kernel(variable s)$K
dm := dummy
opdprod [eval(x,k,dm), dm, k::F, lo segment s, hi segment s]

summation(x:F, s:SegmentBinding F) ==
k := kernel(variable s)$K
dm := dummy
opdsum [eval(x,k,dm), dm, k::F, lo segment s, hi segment s]

smpfact(p, 1) ==
map(x +-> K2fact(x, 1), y+->y::F, p)_
$PolynomialCategoryLifting(IndexedExponents K, K, R, SMP, F)

K2fact(k, 1) ==

empty? [v for v in variables(kf := k::F) | member?(v, 1)] => kf
empty?(args:List F := [facts(a, 1) for a in argument k]) => kf
is?(k, opperm) =>

factorial(n := first args) / factorial(n - second args)
is?(k, opbinom) =>

n := first args

p := second args

factorial(n) / (factorial(p) * factorial(n-p))
(operator k) args
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operator op ==

is?(op, "factorial"::Symbol) => opfact
is?(op, "permutation"::Symbol) => opperm
is?(op, "binomial"::Symbol) => opbinom
is?(op, "summation"::Symbol) => opsum
is?(op, "%defsum"::Symbol) => opdsum
is?(op, "product"::Symbol) => opprod
is?(op, "%defprod"::Symbol) => opdprod
is?(op, POWER) => oppow

error "Not a combinatorial operator"

iprod 1 ==
zero? first 1 => 0
one? first 1 => 1
(first 1 = 1) => 1
kernel (opprod, 1)
isum 1 ==
zero? first 1 => 0
kernel (opsum, 1)
idprod 1 ==

member? (retract(second 1)@SE, variables first 1)
kernel (opdprod, 1)

first(l) ** (fourth rest 1 - fourth 1 + 1)

idsum 1 ==
member? (retract(second 1)@SE, variables first 1)
kernel (opdsum, 1)
first(l) * (fourth rest 1 - fourth 1 + 1)

ifact x ==
zero? x or one? x => 1
zero? x or (x = 1) => 1
kernel (opfact, x)

ibinom 1 ==
n := first 1
((p := =0) or (p=n) =>1

second 1)
one? por (p=n-1) =>n
(p=1)or(p=n-1) =>n
kernel (opbinom, 1)

iperm 1 ==
zero? second 1 => 1
kernel (opperm, 1)

if R has RetractableTo Z then
iidsum 1 ==
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(ril:=retractIfCan(fourth 1)@Union(Z,"failed"))
case "failed" or
(r2:=retractIfCan(fourth rest 1)@Union(Z,"failed"))
case "failed" or
(k:=retractIfCan(second 1)@Union(K,"failed")) case "failed"
=> idsum 1
+/[eval(first 1,k::K,i::F) for i in r1::Z .. r2::Z]

iidprod 1 ==
(ril:=retractIfCan(fourth 1)@Union(Z,"failed"))
case "failed" or
(r2:=retractIfCan(fourth rest 1)@Union(Z,"failed"))
case "failed" or
(k:=retractIfCan(second 1)@Union(K,"failed")) case "failed"
=> idprod 1
*/[eval(first 1,k::K,i::F) for i in rl1::Z .. r2::Z]

iiipow 1 ==
(u := isExpt(x := first 1, OPEXP)) case "failed" => kernel(oppow, 1)
rec := u::Record(var: K, exponent: Z)
y := first argument(rec.var)
(r := retractIfCan(y)@Union(Fraction Z, "failed")) case

"failed" => kernel(oppow, 1)
(operator(rec.var)) (rec.exponent * y * second 1)

if F has RadicalCategory then
ipow 1 ==
(r := retractIfCan(second 1)@Union(Fraction Z,"failed"))
case "failed" => iiipow 1
first(1l) ** (r::Fraction(Z))
else
ipow 1 ==
(r := retractIfCan(second 1)@Union(Z, "failed"))
case "failed" => iiipow 1
first(1) ** (r::Z)

else
ipow 1 ==
zero?(x := first 1) =>
zero? second 1 => error "O x* Q"
0
- one? x or zero?(n := second 1) => 1
(x = 1) or zero?(n: F := second 1) => 1

- one? n => x
(n=1) =>x
(u := isExpt(x, OPEXP)) case "failed" => kernel(oppow, 1)

rec := u::Record(var: K, exponent: Z)
- one?(y := first argument(rec.var)) or y = -1 =>
((y := first argument(rec.var))=1) or y = -1 =>

(operator(rec.var)) (rec.exponent * y * n)
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kernel (oppow, 1)

if R has CombinatorialFunctionCategory then
iifact x ==
(r:=retractIfCan(x)@Union(R,"failed")) case "failed" => ifact x
factorial(r::R)::F

iiperm 1 ==
(r1 := retractIfCan(first 1)@Union(R,"failed")) case "failed" or
(r2 := retractIfCan(second 1)@Union(R,"failed")) case "failed"
=> iperm 1
permutation(ril::R, r2::R)::F

if R has RetractableTo(Z) and F has Algebra(Fraction(Z)) then
iibinom 1 ==
(s:=retractIfCan(second 1)@Union(R,"failed")) case R and
(t:=retractIfCan(s)@Union(Z,"failed")) case Z and t>0 =>
ans:=1::F
for i in 0..t-1 repeat
ans:=ans*(first 1 - i::R::F)
(1/factorial t) * ans
(s:=retractIfCan(first l-second 1)@Union(R,"failed")) case R and
(t:=retractIfCan(s)@Union(Z,"failed")) case Z and t>0 =>
ans:=1::F
for i in 1..t repeat
ans:=ans*(second 1+i::R::F)
(1/factorial t) * ans
(r1 := retractIfCan(first 1)@Union(R,"failed")) case "failed" or
(r2 := retractIfCan(second 1)@Union(R,"failed")) case "failed"
=> ibinom 1
binomial(ril::R, r2::R)::F

—-- iibinom checks those cases in which the binomial coefficient may
-- be evaluated explicitly. Currently, the naive iterative algorithm is
-- used to calculate the coefficient, there is room for improvement here.

else
iibinom 1 ==
(r1 := retractIfCan(first 1)@Union(R,"failed")) case "failed" or
(r2 := retractIfCan(second 1)@Union(R,"failed")) case "failed"
=> ibinom 1
binomial(ril::R, r2::R)::F

else
iifact x == ifact x
iibinom 1 == ibinom 1
iiperm 1 == iperm 1

if R has ElementaryFunctionCategory then
iipow 1 ==
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(ril:=retractIfCan(first 1)@Union(R,"failed")) case "failed" or
(r2:=retractIfCan(second 1)@Union(R,"failed")) case "failed"

=> ipow 1
(ri1::R *x r2::R)::F
else
iipow 1 == ipow 1

if F has ElementaryFunctionCategory then
dvpow2 1 == if zero?(first 1) then

0
else

log(first 1) * first(1l) ** second(1l)

evaluate (opfact, iifact)$BasicOperatorFunctionsi (F)
evaluate (oppow, iipow)

evaluate (opperm, iiperm)

evaluate (opbinom, iibinom)

evaluate(opsum, isum)

evaluate(opdsum, iidsum)

evaluate (opprod, iprod)

evaluate (opdprod, iidprod)
derivative (oppow, [dvpowl, dvpow2])

—-- These four properties define special differentiation rules for sums and

-- products.
setProperty(opsum, SPECIALDIFF, dvsum@((List F, SE) -> F) pretend None)
setProperty(opdsum, SPECIALDIFF, dvdsum@((List F, SE)->F) pretend None)
setProperty(opprod, SPECIALDIFF, dvprod@((List F, SE)->F) pretend None)
setProperty(opdprod, SPECIALDIFF, dvdprod@((List F, SE)->F) pretend None)

—-— Set the properties for displaying sums and products and testing for

-- equality.

setProperty(opsum, SPECIALDISP, dsum@(List F -> 0) pretend None)
setProperty(opdsum, SPECIALDISP, ddsum@(List F -> 0) pretend None)
setProperty(opprod, SPECIALDISP, dprod@(List F -> 0) pretend None)
setProperty(opdprod, SPECIALDISP, ddprod@(List F -> 0) pretend None)
setProperty(opsum, SPECIALEQUAL, equalsumprod@((X,K) -> Boolean) pretend None)
setProperty(opdsum, SPECIALEQUAL, equaldsumprod@((K,K) -> Boolean) pretend None)
setProperty(opprod, SPECIALEQUAL, equalsumprod@((K,K) -> Boolean) pretend None)
setProperty(opdprod, SPECIALEQUAL, equaldsumprod@((K,K) -> Boolean) pretend None)

— COMBF.dotabb —

"COMBF" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=COMBF"]



4.8. PACKAGE CDEN COMMONDENOMINATOR 187

"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]
IICDMBFII _> IIFS"

4.8 package CDEN CommonDenominator

4.8.1 CommonDenominator (CDEN)

Exports:
clearDenominator commonDenominator splitDenominator

— package CDEN CommonDenominator —

)abbrev package CDEN CommonDenominator

++ Author: Manuel Bronstein

++ Date Created: 2 May 1988

++ Date Last Updated: 22 Nov 1989

++ Keywords: gcd, quotient, common, denominator.

++ Description:

++ CommonDenominator provides functions to compute the

++ common denominator of a finite linear aggregate of elements of
++ the quotient field of an integral domain.

CommonDenominator (R, Q, A): Exports == Implementation where
R: IntegralDomain
Q: QuotientFieldCategory R
A: FiniteLinearAggregate Q

Exports ==> with
commonDenominator: A -> R
++ commonDenominator([ql,...,qn]) returns a common denominator
++ d for qi,...,qn.
clearDenominator : A -> A
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++ clearDenominator([ql,...,qn]) returns \spad{[pl,...,pn]l} such that

++ \spad{qi = pi/d} where d is a common denominator for the qi’s.
splitDenominator : A -> Record(num: A, den: R)

++ splitDenominator([ql,...,qn]) returns

++ \spad{[[pl,...,pn], d]} such that

++ \spad{qi = pi/d} and d is a common denominator for the qi’s.

Implementation ==> add
clearDenominator ==

d := commonDenominator 1

map (x+->numer (d*x) : :Q, 1)

splitDenominator 1 ==
d := commonDenominator 1
[map (x+->numer (d*x)::Q, 1), d]

if R has GcdDomain then
qlem: (Q, @ ->Q

gqlcm(a, b) == lcm(numer a, numer b)::Q

commonDenominator 1 == numer reduce(qlcm, map(x+->denom(x)::Q, 1), 1)
else

commonDenominator 1 == numer reduce("*", map(x+->denom(x)::Q, 1), 1)

— CDEN.dotabb —

"CDEN" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CDEN"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"CDEN" -> "PFECAT"
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4.9 package COMMONOP CommonOperators

4.9.1 CommonOperators (COMMONOP)

ALIST

Exports:
operator

— package COMMONOP CommonOperators —

)abbrev package COMMONOP CommonOperators

++ Author: Manuel Bronstein

++ Date Created: 25 Mar 1988

++ Date Last Updated: 2 December 1994

++ Keywords: operator.

++ Description:

++ This package exports the elementary operators, with some semantics
++ already attached to them. The semantics that is attached here is not
++ dependent on the set in which the operators will be applied.

CommonOperators(): Exports == Implementation where
0P ==> BasicOperator
0 ==> OutputForm
POWER ==> "Y,power"::Symbol
ALGOP ==> "Jalg"
EVEN ==> "even"
0DD  ==> "odd"

DUMMYVAR ==> "}dummyVar"

Exports ==> with
operator: Symbol -> 0P
++ operator(s) returns an operator with name s, with the
++ appropriate semantics if s is known. If s is not known,
++ the result has no semantics.

Implementation ==> add
dpi : List 0 -> 0
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dgamma
dquote
dexp
dfact
startUp

setDummyVar: (OP, NonNegativeInteger) -> OP

brandNew?:Reference (Boolean) := ref true
opalg = operator("rootOf"::Symbol, 2)$0P
oproot operator ("nthRoot": :Symbol, 2)
oppi = operator("pi"::Symbol, 0)
oplog operator("log": :Symbol, 1)
opexp operator("exp": :Symbol, 1)
opabs operator ("abs": :Symbol, 1)
opsin operator("sin"::Symbol, 1)
opcos operator("cos": :Symbol, 1)
optan operator("tan"::Symbol, 1)
opcot operator("cot"::Symbol, 1)
opsec operator("sec"::Symbol, 1)
opcsc operator("csc"::Symbol, 1)
opasin operator("asin"::Symbol, 1)
opacos operator("acos": :Symbol, 1)
opatan operator("atan"::Symbol, 1)
opacot operator("acot"::Symbol, 1)
opasec operator("asec"::Symbol, 1)
opacsc operator("acsc": :Symbol, 1)
opsinh operator("sinh"::Symbol, 1)
opcosh operator("cosh": :Symbol, 1)
optanh operator("tanh"::Symbol, 1)
opcoth operator("coth"::Symbol, 1)
opsech operator("sech"::Symbol, 1)
opcsch operator("csch": :Symbol, 1)
opasinh := operator("asinh"::Symbol, 1)
opacosh := operator("acosh"::Symbol, 1)
opatanh := operator("atanh"::Symbol, 1)
opacoth := operator("acoth"::Symbol, 1)
opasech := operator("asech"::Symbol, 1)
opacsch := operator("acsch"::Symbol, 1)
opbox operator ("%box" : : Symbol) $0P
oppren operator (")paren": : Symbol) $0P
opquote := operator("applyQuote"::Symbol)$0P
opdiff operator ("%diff"::Symbol, 3)
opsi operator("Si"::Symbol, 1)
opci operator ("Ci"::Symbol, 1)
opei operator ("Ei"::Symbol, 1)
opli operator("1i"::Symbol, 1)
operf operator("erf"::Symbol, 1)
opli2 operator("dilog": :Symbol, 1)
opfis operator ("fresnelS": :Symbol, 1)

: List 0 > 0
: List 0 -> 0
:0->0
:0->0

: Boolean -> Void

CHAPTER 4. CHAPTER C
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opfic
opGamma
opGammaZ2
opBeta

opdigamma

operator ("fresnelC": :Symbol, 1)
= operator ("Gamma": :Symbol, 1)
:= operator ("Gamma2": :Symbol, 2)
= operator("Beta"::Symbol, 2)
:= operator("digamma"::Symbol, 1)

oppolygamma := operator("polygamma"::Symbol, 2)

opBessel

opBesselY

opBessel
opBessel
opAiryAi
opAiryBi
opint
opdint
opfact
opperm

J

I
K

opbinom :

oppow
opsum
opdsum
opprod

opdprod :

algop

rtrigop :

htrigop :

trigop
elemop
primop
combop
specop

anyop
allop

:= operator("besselJ"::Symbol, 2)
:= operator("besselY"::Symbol, 2)
:= operator("bessell"::Symbol, 2)
:= operator("besselK"::Symbol, 2)
:= operator("airyAi"::Symbol, 1)
:= operator("airyBi"::Symbol , 1)
operator("integral"::Symbol, 3)
operator ("/defint": :Symbol, 5)
operator("factorial::Symbol, 1)
operator ("permutation": :Symbol, 2)
operator("binomial": :Symbol, 2)
operator (POWER, 2)
operator ("summation"::Symbol, 3)
operator ("/defsum": : Symbol, 5)
operator ("product": :Symbol, 3)
operator ("%defprod": :Symbol, 5)

[oproot, opalg]$List(OP)
[opsin, opcos, optan, opcot, opsec, opcsc,
opasin, opacos, opatan, opacot, opasec, opacsc]
[opsinh, opcosh, optanh, opcoth, opsech, opcsch,
opasinh, opacosh, opatanh, opacoth, opasech, opacsch]
concat (rtrigop, htrigop)
concat (trigop, [oppi, oplog, opexpl)
[opei, opli, opsi, opci, operf, opli2, opint, opdint,
opfis, opfic]
[opfact, opperm, opbinom, oppow,
opsum, opdsum, opprod, opdprod]
[opGamma, opGamma2, opBeta, opdigamma, oppolygamma, opabs,
opBesselJ, opBesselY, opBessell, opBesselK, opAiryAi,
opAiryBil
[oppren, opdiff, opbox, opquote]
concat (concat (concat (concat (concat (
algop,elemop) ,primop) , combop) ,specop) ,anyop)

-- odd and even operators, must be maintained current!

evenop :
oddop

[opcos, opsec, opcosh, opsech, opabs]
[opsin, opcsc, optan, opcot, opasin, opacsc, opatan,

opsinh, opcsch, optanh, opcoth, opasinh, opacsch,opatanh,opacoth,

opsi, operf]

—-- operators whose second argument is a dummy variable
dummyvaropl := [opdiff,opalg, opint, opsum, opprod]
-- operators whose second and third arguments are dummy variables

191



192 CHAPTER 4. CHAPTER C

dummyvarop2 := [opdint, opdsum, opdprod]

operator s ==
if (deref brandNew?) then startUp false
for op in allop repeat
is?(op, s) => return copy op

operator (s) $0P
dpi 1 == "Ypi"::Symbol::0
dfact x == postfix("!"::Symbol::0, (ATOM(x)$Lisp => x; paren X))
dquote 1 == prefix(quote(first(l)::0), rest 1)
dgamma 1 == prefix(hconcat("|"::Symbol::0, overbar(" "::Symbol::0)), 1)

setDummyVar (op, n) == setProperty(op, DUMMYVAR, n pretend None)

dexp x ==
e := "Ye"::Symbol::0
x=1::0 => e
e ** x

fsupersub(x:List 0):0 == supersub("A"::Symbol::0, x)

fbinomial (x:List 0):0 == binomial (first x, second x)
fpower (x:List 0):0 == first(x) ** second(x)
fsum(x:List 0):0 == sum(first x, second x, third x)
fprod(x:List 0):0 == prod(first x, second x, third x)

fint(x:List 0):0 ==
int(first x * hconcat("d"::Symbol::0, second x),empty(), third x)

fpren(x:List InputForm):InputForm ==
convert concat(convert("("::Symbol)@InputForm,
concat(x, convert(")"::Symbol)@InputForm))

fpow(x:List InputForm) :InputForm ==
convert concat(convert("*x*"::Symbol)@InputForm, x)

froot(x:List InputForm):InputForm ==
convert [convert("x*"::Symbol)@InputForm, first x, 1 / second x]

startUp b ==
brandNew?() := b
display(oppren, paren)

display (opbox, commaSeparate)
display(oppi, dpi)
display (opexp, dexp)

display(opGamma, dgamma)
display(opGamma2, dgamma)
display(opfact, dfact)
display(opquote, dquote)
display(opperm, fsupersub)
display(opbinom, fbinomial)
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display (oppow,
display (opsum,
display (opprod,
display(opint,
input (oppren,
input (oppow,
input (oproot,

for
for
for
for
for
for
for
for
for
for
for
for
for

void

"COMMONOP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=COMMONOP"]
"ALIST" [color="#88FF44" href="bookvol1l0.3.pdf#nameddest=ALIST"]

"COMMONOP"

op in algop

op in rtrigop
op in htrigop
op in trigop
op in elemop
op in primop
op in combop
op in specop
op in anyop

op in evenop
op in oddop

fpower)

fsum)

fprod)
fint)

fpren)
fpow)

froot)
repeat
repeat
repeat
repeat
repeat
repeat
repeat
repeat
repeat
repeat
repeat

assert (op,
assert (op,
assert (op,
assert (op,
assert (op,
assert (op,
assert (op,
assert (op,
assert (op,
assert (op,
assert (op,

ALGOP)
"rtrig")
"htrig")
"trig")
"elem")
"prim")
"comb")
"special")
n anle )
EVEN)
0DD)

op in dummyvaropl repeat setDummyVar (op, 1)
op in dummyvarop2 repeat setDummyVar (op, 2)
assert (oppren, "linear")

— COMMONOP.dotabb —

-> "ALIST"
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4.10 package COMMUPC CommuteUnivariatePolyno-
mialCategory

4.10.1 CommuteUnivariatePolynomialCategory (COMMUPC)

Exports:
swap

— package COMMUPC CommuteUnivariatePolynomialCategory —

)abbrev package COMMUPC CommuteUnivariatePolynomialCategory
++ Author: Manuel Bronstein

++ Date Created:

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords:

++ References:

++ Description:

++ A package for swapping the order of two variables in a tower of two
++ UnivariatePolynomialCategory extensions.

CommuteUnivariatePolynomialCategory (R, UP, UPUP): Exports == Impl where
R : Ring
UP : UnivariatePolynomialCategory R
UPUP: UnivariatePolynomialCategory UP

N ==> NonNegativelnteger
Exports ==> with

swap: UPUP -> UPUP
++ swap(p(x,y)) returns p(y,x).
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Impl ==> add
makePoly: (UP, N) -> UPUP

-- converts P(x,y) to P(y,x)
swap poly ==
ans:UPUP := 0
while poly "= 0 repeat
ans := ans + makePoly(leadingCoefficient poly, degree poly)
poly := reductum poly
ans

makePoly(poly, d) ==
ans:UPUP := 0
while poly "= O repeat
ans := ans +
monomial (monomial (leadingCoefficient poly, d), degree poly)
poly := reductum poly
ans

— COMMUPC.dotabb —

"COMMUPC" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=COMMUPC"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"COMMUPC" -> "PFECAT"

4.11 package COMPFACT ComplexFactorization

4.11.1 ComplexFactorization (COMPFACT)
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CHAPTER 4.

Exports:
factor

— package COMPFACT ComplexFactorization —

)abbrev package COMPFACT ComplexFactorization

++ Author:

++ Date Created:

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors: Complex, UnivariatePolynomial
++ Also See:

++ AMS Classifications:

++ Keywords: complex, polynomial factorization, factor
++ References:

++ Description:

++ This package has no description

CHAPTER C

ComplexFactorization(RR,PR) : C == T where
RR EuclideanDomain -— R is Z or Q
PR : UnivariatePolynomialCategory Complex RR
R ==> Complex RR
I ==> Integer
RN ==> Fraction I
GI ==> Complex I
GRN ==> Complex RN
C == with
factor : PR -> Factored PR
++ factor(p) factorizes the polynomial p with complex coefficients.
T == add
SUP ==> SparseUnivariatePolynomial
fUnion ==> Union("nil", "sqfr", "irred", "prime")
FF ==> Record(flg:fUnion, fctr:PR, xpnt:Integer)
SAEF := SimpleAlgebraicExtensionAlgFactor (SUP RN,GRN,SUP GRN)
UPCF2 := UnivariatePolynomialCategoryFunctions2(R,PR,GRN,SUP GRN)
UPCFB = UnivariatePolynomialCategoryFunctionsQ(GRN,SUP GRN,R,PR)

myMap(r:R) : GRN ==
R is GI =>
cr :GI := r pretend GI
complex((real cr)::RN, (imag cr)::RN)
R is GRN => r pretend GRN

compND (cc:GRN) :Record(cnum:GI,cden:Integer) ==
ccr:=real cc
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cci:=imag cc

dccr:=denom ccr

dcci:=denom cci

ccd:=1lcm(dccr,dcci)

[complex(((ccd exquo dccr)::Integer)*numer ccr,
((ccd exquo dcci)::Integer)*numer cci),ccd]

conv(f:SUP GRN) :Record(convP:SUP GI, convD:RN) ==

pris:SUP GI :=0

dris:Integer:=1

drisl:Integer:=1

pdris:Integer:=1

for i in O..(degree f) repeat
(cf:= coefficient(f,i)) = 0 => "next i"
cdf :=compND cf
dris:=lcm(cdf.cden,drisl)
pris:=((dris exquo drisl)::Integer)*pris +

((dris exquo cdf.cden)::Integer)*
monomial (cdf.cnum,i)$(SUP GI)

drisl:=dris

[pris,dris::RN]

backConv(ffr:Factored SUP GRN) : Factored PR ==
R is GRN =>
makeFR((unit ffr) pretend PR, [[f.flg, (f.fctr) pretend PR,f.xpnt]
for f in factorList ffr])
R is GI =>
const:=unit ffr
ris: List FF :=[]
for ff in factorList ffr repeat
fact:=primitivePart (conv(ff.fctr).convP)
expf:=ff.xpnt
ris:=cons([ff.flg,fact pretend PR,expf],ris)
1c:GRN := myMap leadingCoefficient(fact pretend PR)
const:= const*(leadingCoefficient (ff.fctr)/1lc)**expf
uconst:GI:= compND(coefficient(const,0)) .cnum
makeFR((uconst pretend R)::PR,ris)

factor(pol : PR) : Factored PR ==
ratPol:SUP GRN := 0O
ratPol:=map (myMap,pol) $UPCF2
ffr:=factor ratPol
backConv ffr

— COMPFACT.dotabb —
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"COMPFACT" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=COMPFACT"]
"COMPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=COMPCAT"]
"COMPFACT" -> "COMPCAT"

4.12 package COMPLEX2 ComplexFunctions2

4.12.1 ComplexFunctions2 (COMPLEX?2)

Exports:
map

— package COMPLEX2 ComplexFunctions2 —

)abbrev package COMPLEX2 ComplexFunctions2
++ Author:

++ Date Created:

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords:

++ References:

++ Description:

++ This package extends maps from underlying rings to maps between
++ complex over those rings.

ComplexFunctions2(R:CommutativeRing, S:CommutativeRing): with

map: (R -> S, Complex R) -> Complex S
++ map(f,u) maps f onto real and imaginary parts of u.
== add

map(fn, gr) == complex(fn real gr, fn imag gr)
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— COMPLEX2.dotabb —

"COMPLEX2" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=COMPLEX2"]
"BMODULE" [color="#4488FF",href="bookvol10.2.pdf#nameddest=BMODULE"]
"COMPLEX2" -> "BMODULE"

4.13 package CINTSLPE ComplexIntegerSolveLinear-
PolynomialEquation

4.13.1 ComplexIntegerSolveLinearPolynomialEquation (CINTSLPE)

Exports:
solveLinearPolynomialEquation

— package CINTSLPE ComplexIntegerSolveLinearPolynomialEqua-
tion —

)abbrev package CINTSLPE ComplexIntegerSolveLinearPolynomialEquation
++ Author: James Davenport

++ Date Created: 1990

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords:
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++ References:
++ Description:
++ This package provides the generalized euclidean algorithm which is
++ needed as the basic step for factoring polynomials.
ComplexIntegerSolveLinearPolynomialEquation(R,CR): C ==
where
CP ==> SparseUnivariatePolynomial CR
R:IntegerNumberSystem
CR:ComplexCategory (R)

C == with
solveLinearPolynomialEquation: (List CP,CP) -> Union(List CP,"failed")

++ solvelinearPolynomialEquation([f1, ..., fn], g)
++ where (fi relatively prime to each other)
++ returns a list of ai such that
++ g = sum ai prod £fj (j \= i) or
++ equivalently g/prod fj = sum (ai/fi)
++ or returns "failed" if no such list exists

T == add

oldlp:List CP := []
slpePrime:R:=(2::R)
oldtable:Vector List CP := empty()
solveLinearPolynomialEquation(lp,p) ==
if (oldlp "= 1p) then
-- we have to generate a new table
deg:= _+/[degree u for u in 1p]
ans:Union(Vector List CP,"failed"):="failed"
slpePrime:=67108859::R  -- 2**26 -5 : a prime
-- a good test case for this package is
-- (good question?)
while (ans case "failed") repeat
ans:=tablePow(deg, complex(slpePrime,0),1p) $GenExEuclid (CR,CP)
if (ans case "failed") then
slpePrime:= slpePrime-4::R
while not prime?(slpePrime)$IntegerPrimesPackage(R) repeat
slpePrime:= slpePrime-4::R
oldtable:=(ans:: Vector List CP)
answer:=solveid(p,complex(slpePrime,0),oldtable)
answer

— CINTSLPE.dotabb —

"CINTSLPE" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CINTSLPE"]
"COMPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=COMPCAT"]
"CINTSLPE" -> "COMPCAT"



4.14. PACKAGE COMPLPAT COMPLEXPATTERN 201

4.14 package COMPLPAT ComplexPattern

4.14.1 ComplexPattern (COMPLPAT)

Exports:
convert

— package COMPLPAT ComplexPattern —

)abbrev package COMPLPAT ComplexPattern
++ Author: Barry Trager

++ Date Created: 30 Nov 1995

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords: complex, patterns

++ References:

++ Description:

++ This package supports converting complex expressions to patterns

ComplexPattern(R, S, CS) : C == T where
R: SetCategory
S: Join(ConvertibleTo Pattern R, CommutativeRing)
CS: ComplexCategory S
C == with
convert: CS -> Pattern R
++ convert(cs) converts the complex expression cs to a pattern

T == add

ipat : Pattern R := patternVariable("%i"::Symbol, true, false, false)
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convert(cs) ==
zero? imag cs => convert real cs
convert real cs + ipat * convert imag cs

— COMPLPAT.dotabb —

"COMPLPAT" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=COMPLPAT"]
"COMPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=COMPCAT"]
"COMPLPAT" -> "COMPCAT"

4.15 package CPMATCH ComplexPatternMatch

4.15.1 ComplexPatternMatch (CPMATCH)

Exports:
patternMatch

— package CPMATCH ComplexPatternMatch —

)abbrev package CPMATCH ComplexPatternMatch
++ Author: Barry Trager

++ Date Created: 30 Nov 1995

++ Date Last Updated:

++ Basic Functions:

++ Related Constructors:

++ Also See:

++ AMS Classifications:
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++
++
++
++

Keywords: complex, pattern matching

References:

Description:

This package supports matching patterns involving complex expressions

ComplexPatternMatch(R, S, CS) : C == T where

R: SetCategory

S: Join(PatternMatchable R, CommutativeRing)

CS: ComplexCategory S

PMRS ==> PatternMatchResult(R, CS)

PS ==> Polynomial S

== with
if PS has PatternMatchable(R) then
patternMatch: (CS, Pattern R, PMRS) -> PMRS

++ patternMatch(cexpr, pat, res) matches the pattern pat to the
++ complex expression cexpr. res contains the variables of pat
++ which are already matched and their matches.

-
1]

= add

import PatternMatchPushDown(R, S, CS)
import PatternMatchResultFunctions2(R, PS, CS)
import PatternMatchResultFunctions2(R, CS, PS)

ivar : PS := "Yi"::Symbol::PS

makeComplex (p:PS) :CS ==
up := univariate p
degree up > 1 => error "not linear in %i"
icoef:=leadingCoefficient (up)
rcoef:=leadingCoefficient (reductum p)
complex(rcoef,icoef)

makePoly(cs:CS) :PS == real(cs)*ivar + imag(cs)::PS

if PS has PatternMatchable(R) then
patternMatch(cs, pat, result) ==
zero? imag cs =>
patternMatch(real cs, pat, result)
map (makeComplex,
patternMatch(makePoly cs, pat, map(makePoly, result)))

— CPMATCH.dotabb —

"CPMATCH" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CPMATCH"]
"COMPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=COMPCAT"]
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"CPMATCH" -> "COMPCAT"

4.16 package CRFP ComplexRootFindingPackage

4.16.1 ComplexRootFindingPackage (CRFP)

Exports:

complexZeros divisorCascade factor graeffe norm
pleskenSplit reciprocalPolynomial rootRadius schwerpunkt setErrorBound
startPolynomial

— package CRFP ComplexRootFindingPackage —

)abbrev package CRFP ComplexRootFindingPackage

++ Author: J. Grabmeier

++ Date Created: 31 January 1991

++ Date Last Updated: 12 April 1991

++ Basic Operations: factor, pleskenSplit

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords: complex zeros, roots

++ References: J. Grabmeier: On Plesken’s root finding algorithm,
++ 1in preparation

++ A. Schoenhage: The fundamental theorem of algebra in terms of computational
++ complexity, preliminary report, Univ. Tuebingen, 1982

++ Description:

++ \spadtype{ComplexRootFindingPackage} provides functions to

++ find all roots of a polynomial p over the complex number by
++ using Plesken’s idea to calculate in the polynomial ring

++ modulo f and employing the Chinese Remainder Theorem.

++ In this first version, the precision (see digits)
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++ is not increased when this is mnecessary to

++ avoid rounding errors. Hence it is the user’s responsibility to

++ increase the precision if necessary.

++ Note also, if this package is called with e.g. \spadtype{Fraction Integer},
++ the precise calculations could require a lot of time.

++ Also note that evaluating the zeros is not necessarily a good check

++ whether the result is correct: already evaluation can cause

++ rounding errors.

ComplexRootFindingPackage(R, UP): public == private where

-- R : Join(Field, OrderedRing, CharacteristicZero)
-- Float not in CharacteristicZero !|
R : Join(Field, OrderedRing)

UP : UnivariatePolynomialCategory Complex R

C ==> Complex R

FR ==> Factored

I ==> Integer

L ==> List

FAE ==> Record(factors : L UP, error : R)
NNI ==> NonNegativelInteger

OF ==> OutputForm

ICF ==> IntegerCombinatoricFunctions(I)
public ==> with

complexZeros : UP -> L C

++ complexZeros(p) tries to determine all complex zeros

++ of the polynomial p with accuracy given by the package

++ constant globalEps which you may change by setErrorBound.
complexZeros : (UP, R) -> L C

++ complexZeros(p, eps) tries to determine all complex zeros

++ of the polynomial p with accuracy given by eps.
divisorCascade : (UP,UP, Boolean) -> L FAE

++ divisorCascade(p,tp) assumes that degree of polynomial tp

++ is smaller than degree of polynomial p, both monic.

++ A sequence of divisions are calculated

++ using the remainder, made monic, as divisor

++ for the the next division. The result contains also the error of the

++ factorizations, i.e. the norm of the remainder polynomial.

++ If info is true, then information messages are issued.
divisorCascade : (UP,UP) -> L FAE

++ divisorCascade(p,tp) assumes that degree of polynomial tp

++ is smaller than degree of polynomial p, both monic.

++ A sequence of divisions is calculated

++ using the remainder, made monic, as divisor

++ for the the next division. The result contains also the error of the

++ factorizations, i.e. the norm of the remainder polynomial.
factor: (UP,R,Boolean) -> FR UP

++ factor(p, eps, info) tries to factor p into linear factors

++ with error atmost eps. An overall error bound
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epsO is determined and iterated tree-like calls
to pleskenSplit are used to get the factorization.
If info is true, then information messages are given.

factor: (UP,R) -> FR UP

++
++
++
++

factor(p, eps) tries to factor p into linear factors
with error atmost eps. An overall error bound

epsO is determined and iterated tree-like calls

to pleskenSplit are used to get the factorization.

factor: UP -> FR UP

++
++
++
++
++

factor(p) tries to factor p into linear factors

with error atmost globalEps, the internal error bound,
which can be set by setErrorBound. An overall error bound
epsO is determined and iterated tree-like calls

to pleskenSplit are used to get the factorization.

graeffe : UP -> UP

++
++
norm
++
++

graeffe p determines q such that \spad{q(-z**2) = p(2)*p(-z)}.
Note that the roots of q are the squares of the roots of p.

: UP -> R

norm(p) determines sum of absolute values of coefficients
Note that this function depends on abs.

pleskenSplit: (UP, R, Boolean) -> FR UP

++
++
++
++
++
++

pleskenSplit(poly,eps,info) determines a start polynomial start
by using "startPolynomial then it increases the exponent

n of start ** n mod poly to get an approximate factor of

poly, in general of degree "degree poly -1". Then a divisor
cascade is calculated and the best splitting is chosen, as soon
as the error is small enough.

--++ In a later version we plan
--++ to use the whole information to get a split into more than 2
--++ factors.

++

If info is true, then information messages are issued.

pleskenSplit: (UP, R) -> FR UP

++
++
++
++
++
++

pleskenSplit(poly, eps) determines a start polynomial start

by using "startPolynomial then it increases the exponent

n of start ** n mod poly to get an approximate factor of

poly, in general of degree "degree poly -1". Then a divisor
cascade is calculated and the best splitting is chosen, as soon
as the error is small enough.

-—++ In a later version we plan
--++ to use the whole information to get a split into more than 2
--++ factors.

reciprocalPolynomial: UP -> UP

++
++
++

reciprocalPolynomial(p) calulates a polynomial which has exactly
the inverses of the non-zero roots of p as roots, and the same
number of O-roots.

rootRadius: (UP,R) -> R

++

rootRadius(p,errQuot) calculates the root radius of p with a

++ maximal error quotient of errQuot.
rootRadius: UP -> R

++

rootRadius(p) calculates the root radius of p with a
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++ maximal error quotient of 1+globalEps, where
++ globalEps is the internal error bound, which can be
++ set by setErrorBound.
schwerpunkt: UP -> C
++ schwerpunkt(p) determines the ’Schwerpunkt’ of the roots of the
++ polynomial p of degree n, i.e. the center of gravity, which is
++ coeffient of \spad{x**(n-1)} divided by
++ n times coefficient of \spad{x**n}.
setErrorBound : R -> R
++ setErrorBound(eps) changes the internal error bound,
-- by default being 10 ** (-20) to eps, if R is
++ by default being 10 ** (-3) to eps, if R is
++ a member in the category \spadtype{QuotientFieldCategory Integer}.
++ The internal globalDigits is set to
++ \em ceiling(1/r)**2*10 being 10**7 by default.
startPolynomial: UP -> Record(start: UP, factors: FR UP)
++ startPolynomial(p) uses the ideas of Schoenhage’s
++ variant of Graeffe’s method to construct circles which separate
++ roots to get a good start polynomial, i.e. one whose
++ image under the Chinese Remainder Isomorphism has both entries
++ of norm smaller and greater or equal to 1. In case the
++ roots are found during internal calculations.
++ The corresponding factors
++ are in factors which are otherwise 1.

private ==> add

Rep := ModMonic(C, UP)

-- constants
c:C
r : R

--globalDigits : I := 10 ** 41
globalDigits : I := 10 **x 7
globalEps : R :=

--a : R := (1000000000000000000000 :: I) :: R
a: R := (1000 :: I) :: R
1/a
emptyLine : OF := " "
dashes : OF := center "--——————————=————- Bttt "
dots : OF := L7554 = "
one : R := 1$R
two : R := 2 * one
ten : R := 10 * one
eleven : R := 11 * one
weakEps := eleven/ten

--invLog2 : R := 1/1ogl0 (2*one)

-- signatures of local functions
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absC : C -> R

absR : R -> R

calculateScale : UP -> R
makeMonic : UP -> UP
-- ’makeMonic p’ divides ’p’ by the leading coefficient,
-- to guarantee new leading coefficient to be 1$R we cannot
-- simply divide the leading monomial by the leading coefficient
-- because of possible rounding errors
min: (FAE, FAE) -> FAE
-- takes factorization with smaller error
nthRoot : (R, NNI) -> R
-- nthRoot(r,n) determines an approximation to the n-th
-- root of r, if \spadtype{R} has ?#*?: (R,Fraction Integer)->R
-- we use this, otherwise we use approxNthRoot via
-- \spadtype{Integer}
shift: (UP,C) -> UP
-- shift(p,c) changes p(x) into p(x+c), thereby modifying the
-- roots u_j of p to the roots (u_j - c) of shift(p,c)
scale: (UP,C) -> UP
-- scale(p,c) changes p(x) into p(cx), thereby modifying the
-- roots u_j of p to the roots ((1/c) u_j) of scale(p,c)

-- implementation of exported functions

complexZeros(p,eps) ==
--rl : R := rootRadius(p,weakEps)
--epsO : R = rl * nthRoot(eps, degree p)
-- right now we are content with
epsO : R := eps/(ten ** degree p)
facs : FR UP := factor(p,eps0)
[-coefficient(linfac.factor,0) for linfac in factors facs]

complexZeros p == complexZeros(p,globalEps)
setErrorBound r ==
r <= 0 => error "setErrorBound: need error bound greater 0"
globalEps :=r
if R has QuotientFieldCategory Integer then
rd : Integer := ceiling(1l/r)
globalDigits := rd * rd * 10
lof : List OF := _
["setErrorBound: internal digits set to",globalDigits::0F]
print hconcat lof
messagePrint "setErrorBound: internal error bound set to"
globalEps
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pleskenSplit(poly,eps,info) ==

p := makeMonic poly

fp : FR UP

if not zero? (md := minimumDegree p) then
fp : FR UP := irreducibleFactor (monomial(1,1)$UP,md)$(FR UP)
P := p quo monomial(1l,md)$UP

sP : Record(start: UP, factors: FR UP) := startPolynomial p

fp : FR UP := sP.factors

- if not one? fp then

if not (fp = 1) then
qgr: Record(quotient: UP, remainder: UP):= divide(p,makeMonic expand fp)
P := gr.quotient

st := sP.start

zero? degree st => fp
-- we calculate in ModMonic(C, UP),
-- next line defines the polynomial, which is used for reducing

setPoly p
nm : R := eps
split : FAE

sR : Rep := st :: Rep
psR : Rep := sR *x (degree poly)

notFoundSplit : Boolean := true
while notFoundSplit repeat
-- 1if info then

- lof : L OF := ["not successfull, new exponent:", nn::0F]
- print hconcat lof
psR := psR * psR * sR  -- exponent (2xd +1)

-- be careful, too large exponent results in rounding errors
-- tp is the first approximation of a divisor of poly:
tp : UP := lift psR
zero? degree tp =>
if info then print "we leave as we got constant factor"
nilFactor (poly,1)$(FR UP)
-- this was the case where we don’t find a non-trivial factorization
-- we refine tp by repeated polynomial division and hope that
-- the norm of the remainder gets small from time to time

splits : L FAE := divisorCascade(p, makeMonic tp, info)
split := reduce(min,splits)
notFoundSplit := (eps <= split.error)

for fac in split.factors repeat
fp :=
-- one? degree fac => fp * nilFactor(fac,1)$(FR UP)
(degree fac = 1) => fp * nilFactor(fac,1)$(FR UP)
fp * irreducibleFactor(fac,1)$(FR UP)
fp

startPolynomial p == -- assume minimumDegree is 0O
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--print (p :: OF)
fp : FRUP := 1
- one? degree p =>
(degree p = 1) =>
p := makeMonic p
[p,irreducibleFactor(p,1)]
startPoly : UP := monomial(1,1)$UP

eps : R := weakEps -- 10 per cent errors allowed
rl : R := rootRadius(p, eps)
rd : R := 1/rootRadius(reciprocalPolynomial p, eps)

(r1 > (2::R)) and (xrd < 1/(2::R)) => [startPoly,fp] -- unit circle splitting!

-- otherwise the norms of the roots are too closed so we

-- take the center of gravity as new origin:

u : C := schwerpunkt p

startPoly := startPoly-monomial (u,0)

p := shift(p,-u)

-- determine new rootRadius:

rl : R := rootRadius(p, eps)

startPoly := startPoly/(rl::C)

-- use one of the 4 points rl*zeta, where zeta is a 4th root of unity

-- as new origin, this could be changed to an arbitrary list

-- of elements of norm 1.

listOfCenters : L C := [complex(r1l,0), complex(0,rl), _
complex(-r1,0), complex(0,-r1)]

lp : L UP := [shift(p,v) for v in listOfCenters]
-- next we check if one of these centers is a root
centerIsRoot : Boolean := false
for i in 1..maxIndex lp repeat
if (mD := minimumDegree lp.i) > O then
pp : UP := monomial(l,1)-monomial(listOfCenters.i-u,0)
centerIsRoot := true

fp := fp * irreducibleFactor (pp,mD)

centerIsRoot =>

p := shift(p,u) quo expand fp

--print (p::0F)

zero? degree p => [p,fp]

sP:= startPolynomial(p)

[sP.start,fp]
-- choose the best one w.r.t. maximal quotient of norm of largest
-- root and norm of smallest root
lprl : L R := [rootRadius(q,eps) for q in 1lp]
lprd : L R := [1/rootRadius(reciprocalPolynomial q,eps) for q in 1lp]
-- later we should check here of an rd is smaller than globalEps
lg : LR := []
for i in 1..maxIndex lprl repeat

1q := cons(lprl.i/lprd.i, 1lq)
--1qg : L R := [(1/s)::R for 1 in 1lprl for s in lprd])
1lgq := reverse 1lq
po := position(reduce(max,lq),1lq)
--p := 1lp.po
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—--1lrr : L R := [rootRadius(p,i,l+eps) for i in 2..(degree(p)-1)]
--1rr := concat(concat(1lprl.po,lrr),lprd.po)

--1lu : LR := [(Qrr.i + 1lrr.(i+1))/2 for i in 1..(maxIndex(lrr)-1)]
[startPoly - monomial(listOfCenters.po,0),fp]

norm p ==
-- reduce(_+$R,map(absC,coefficients p))
mm : R :=0
for ¢ in coefficients p repeat
nm := nm + absC c
nm
pleskenSplit(poly,eps) == pleskenSplit(poly,eps,false)
graeffe p ==
-— If p = ao x**n + al x**(n-1) + ... + a<n-1> x + an
-- and q = bo x*¥*n + bl x*x*(n-1) + ... + b<n-1> x + bn
-- are such that q(-x**2) = p(x)p(-x), then
-= bk := ak**2 + 2 * ((-1) * a<k-1>¥a<k+1> + ... +

- (-1)**1 * a<1l>*a<1>) where 1 = min(k, n-k).
-- graeffe(p) constructs q using these identities.

n : NNI := degree p
aForth : L C := []
for k in O0..n repeat -- aForth = [a0, al, ..., a<n-1>, an]
aForth := cons(coefficient(p, k::NNI), aForth)
aBack : L C := [] -- after k steps
-- aBack = [ak, a<k-1>, ..., al, a0]
gp : UP := O$UP
for k in 0..n repeat
ak : C := first aForth
aForth := rest aForth
aForthCopy : L C := aForth -- we iterate over aForth and
aBackCopy : L C := aBack -- aBack but do not want to

-- destroy them

sum : C:=0
const : I := -1 -- after i steps const = (-1)#*x*i
for aminus in aBack for aplus in aForth repeat

-- after i steps aminus = a<k-i> and aplus = a<k+i>

sum := sum + const * aminus * aplus

aForthCopy := rest aForthCopy

aBackCopy := rest aBackCopy

const := -const
gp := gp + monomial(ak*ak + 2 * sum, (n-k)::NNI)
aBack := cons(ak, aBack)

gp

rootRadius(p,errorQuotient) ==
errorQuotient <= 1$R =>
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error "rootRadius: second Parameter must be greater than 1"
pp :UP :=p
rho : R calculateScale makeMonic pp
rR : R := rho
pp := makeMonic scale(pp,complex(rho,0$R))
expo : NNI :=1

d : NNI := degree p
currentError: R := nthRoot(2::R, 2)
currentError := d*20*currentError

while nthRoot(currentError, expo) >= errorQuotient repeat
-- if info then print (expo :: OF)
pp := graeffe pp
rho := calculateScale pp
expo := 2 * expo
rR := nthRoot(rho, expo) * rR
pp := makeMonic scale(pp,complex(rho,0%R))
rR

rootRadius(p) == rootRadius(p, 1l+globalEps)

schwerpunkt p ==
zero? p => 0$C
zero? (d := degree p) => error _
"schwerpunkt: non-zero const. polynomial has no roots and no schwerpunkt"
-- coeffient of x**d and x**(d-1)

1C : C := coefficient(p,d) -- "=0
nC : C := coefficient(p,(d-1) pretend NNI)
(denom := recip ((d::I::C)*1C)) case "failed" => error "schwerpunkt: _

degree * leadingCoefficient not invertible in ring of coefficients"
- (nCx(denom::C))

reciprocalPolynomial p ==
zero? p => 0
d : NNI := degree p

md : NNI := d+minimumDegree p
Im : L UP := [monomial(coefficient(p,i),(md-i) :: NNI) for i in 0..d]
sol := reduce(_+, 1m)

divisorCascade(p, tp, info) ==

1fae : L FAE := nil()

for i in 1..degree tp while (degree tp > 0) repeat
-- USE monicDivide !!!
gqr : Record(quotient: UP, remainder: UP) := divide(p,tp)
factorl : UP := tp
factor2 : UP := makeMonic qr.quotient
-- refinement of tp:
tp := qr.remainder
nm : R := norm tp
listOfFactors : L UP := cons(factor2,nil()$(L UP))
listOfFactors := cons(factorl,listOfFactors)
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1fae := cons( [listOfFactors,nm], 1lfae)
if info then
--lof : L OF := [i :: OF,"-th division:"::0F]

--print center box hconcat lof
print emptyLine

lof : L OF := ["error polynomial has degree " ::0F,_
(degree tp)::0F, " and norm " :: OF, nm :: OF]
print center hconcat lof
lof : L OF := ["degrees of factors:" ::0F,_
(degree factorl)::0F," ", (degree factor2)::0F]

print center hconcat lof
if info then print emptyLine
reverse lfae

divisorCascade(p, tp) == divisorCascade(p, tp, false)

factor(poly,eps) == factor(poly,eps,false)
factor(p) == factor(p, globalEps)

factor(poly,eps,info) ==

result : FR UP := coerce monomial (leadingCoefficient poly,0)
d : NNI := degree poly
--should be

--den : R := (d::I)::R * twox*(d::Integer) * norm poly
--epsO : R := eps / den
-- for now only
epsO : R := eps / (tenxten)
-- one? d => irreducibleFactor(poly,1)$(FR UP)
(d = 1) => irreducibleFactor(poly,1)$(FR UP)
listOfFactors : L Record(factor: UP,exponent: I) :=
list [makeMonic poly,1]
if info then
lof : L OF := [dashes,dots,"list of Factors:",dots,listOfFactors::0F, _
dashes, "list of Linear Factors:", dots, result::0F, _
dots,dashes]
print vconcat lof
while not null listOfFactors repeat
p : UP := (first listOfFactors).factor
exponentOfp : I := (first listOfFactors).exponent
listOfFactors := rest listOfFactors
if info then
lof : L OF := ["just now we try to split the polynomial:",p::0F]
print vconcat lof
split : FR UP := pleskenSplit(p, epsO, info)
- one? numberOfFactors split =>
(number0fFactors split = 1) =>
-- in a later version we will change error bound and
—-- accuracy here to deal this case as well
lof : L OF := ["factor: couldn’t split factor",_
center(p :: OF), "with required error bound"]
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print vconcat lof
result := result * nilFactor(p, exponentOfp)
-- now we got 2 good factors of p, we drop p and continue
-- with the factors, if they are not linear, or put a
-- linear factor to the result
for rec in factors(split)$(FR UP) repeat
newFactor : UP := rec.factor
expOfFactor := exponentOfp * rec.exponent
- one? degree newFactor =>
(degree newFactor = 1) =>
result := result * nilFactor(newFactor,expOfFactor)
listOfFactors:=cons([newFactor,exp0fFactor],_
listOfFactors)
result

-- implementation of local functions

absC ¢ == nthRoot (norm(c)$C,2)
absR r ==

r <0 = -r

r
min(fael,fae2) ==

fae2.error < fael.error => fae2

fael

calculateScale ==
d := degree p
maxi :R := 0

for j in 1..d for cof in rest coefficients p repeat
-- here we need abs: R -> R

rc : R := absR real cof
ic : R := absR imag cof
locmax: R := max(rc,ic)

maxi := max( nthRoot( locmax/(binomial(d,j)$ICF::R), j), maxi)
-- Maybe I should use some type of logarithm for the following:
maxi = O$R => error("Internal Error: scale cannot be 0")

rho :R := one

rho < maxi =>
while rho < maxi repeat rho := ten * rho
rho / ten

while maxi < rho repeat rho := rho / ten

rho = 0 => one

rho

makeMonic p ==
p=0=>p

monomial (1,degree p)$UP + (reductum p)/(leadingCoefficient p)

scale(p, c) ==
-- eval(p,cx) is missing !!
eq : Equation UP := equation(monomial(1l,1), monomial(c,1))

eval(p,eq)
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-- improvement?: direct calculation of the new coefficients

shift(p,c) ==
rhs : UP := monomial(1,1) + monomial(c,0)
eq : Equation UP := equation(monomial(1,1), rhs)
eval(p,eq)

-- improvement?: direct calculation of the new coefficients

nthRoot (r,n) ==

R has RealNumberSystem => 1 **x (1/n)

R has QuotientFieldCategory Integer =>
den : I := approxNthRoot(globalDigits * denom r ,n)$IntegerRoots(I)
num : I := approxNthRoot(globalDigits * numer r ,n)$IntegerRoots(I)
num/den

-- the following doesn’t compile

--R has coerce: J -> Fraction Integer =>

-- q : Fraction Integer := coerce(r)@Fraction(Integer)

-— den : I := approxNthRoot(globalDigits * denom q ,n)$IntegerRoots(I)

-- num : I := approxNthRoot(globalDigits * numer q ,n)$IntegerRoots(I)

-- num/den

r —— this is nonsense, perhaps a Newton iteration for x**n-r here

)fin
—-- for late use:

graeffe2 p ==
-- substitute x by -x :
eq : Equation UP := equation(monomial(l,1), monomial(-1$C,1))
pp : UP := pxeval(p,eq)

gp : UP := O0$UP
while pp "= O repeat
i:NNI := (degree pp) quo (2::NNI)

coef:C:
even? i => leadingCoefficient pp
- leadingCoefficient pp
gp := gp + monomial(coef,i)
PP reductum pp
gp
shift2(p,c) ==
d := degree p

cc : C:=1

coef := List C := [cc := ¢ * cc for i in 1..d]

coef := cons(1,coef)

coef := [coefficient(p,i)*coef.(1+i) for i in 0..d]

res : UP := 0
for j in 0..d repeat
cc :=0
for i in j..d repeat
cc := cc + coef.i * (binomial(i,j)$ICF :: R)
res := res + monomial(cc,j)$UP

215
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res
scale2(p,c) ==
d := degree p
cc: C:=1
coef := List C := [cc := ¢ * cc for i in 1..d]
coef := cons(1,coef)
coef := [coefficient(p,i)*coef.(i+1) for i in 0..d]
res : UP := 0
for i in 0..d repeat res := res + monomial(coef.(i+1),i)$UP
res

scale2: (UP,C) -> UP

shift2: (UP,C) -> UP

graeffe2 : UP -> UP
++ graeffe2 p determines q such that \spad{q(-z*x2) = p(2)*p(-z)}.
++ Note that the roots of q are the squares of the roots of p.

— CRFP.dotabb —

"CRFP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CRFP"]
"COMPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=COMPCAT"]
"CRFP" -> "COMPCAT"

4.17 package CMPLXRT ComplexRootPackage

4.17.1 ComplexRootPackage (CMPLXRT)

Exports:
complexZeros
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— package CMPLXRT ComplexRootPackage —

)abbrev package CMPLXRT ComplexRootPackage

++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++

Author: P. Gianni

Date Created:

Date Last Updated:

Basic Functions:

Related Constructors: Complex, Float, Fraction, UnivariatePolynomial
Also See:

AMS Classifications:

Keywords:

References:

Description:

This package provides functions complexZeros

for finding the complex zeros

of univariate polynomials with complex rational number coefficients.
The results are to any user specified precision and are returned

as either complex rational number or complex floating point numbers
depending on the type of the second argument which specifies the
precision.

ComplexRootPackage(UP,Par) : T == C where

RN ==> Fraction Integer

I ==> Integer

NF ==> Float

UP : UnivariatePolynomialCategory Complex Integer
Par : Join(Field, OrderedRing) -- will be Float or RN
CP  ==> Complex Par

PCI ==> Polynomial Complex Integer

T == with
complexZeros: (UP,Par) -> List CP
++ complexZeros(poly, eps) finds the complex zeros of the
++ univariate polynomial poly to precision eps with
++ solutions returned as complex floats or rationals
++ depending on the type of eps.

C == add
complexZeros(p:UP,eps:Par) :List CP ==
x1:Symbol() :=new()
x2:Symbol () :=new()
vv:Symbol() :=new()
lpf:=factors factor(p)$ComplexFactorization(I,UP)
ris:List CP:=empty()
for pf in 1lpf repeat
pp:=pf.factor pretend SparseUnivariatePolynomial Complex Integer
q:PCI :=multivariate(pp,vv)
q:=eval(q,vv,x1::PCI+complex(0,1)*(x2::PCI))
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pl:=map(real,q)$PolynomialFunctions2(Complex I,I)
p2:=map(imag,q) $PolynomialFunctions2(Complex I,I)
1z:=innerSolve([p1,p2],[], [x1,x2],
eps) $InnerNumericFloatSolvePackage (I,Par,Par)
ris:=append([complex(first z,second z) for z in 1lz],ris)
ris

— CMPLXRT.dotabb —
"CMPLXRT" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CMPLXRT"]

"COMPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=COMPCAT"]
"CMPLXRT" -> "COMPCAT"

4.18 package CTRIGMNP ComplexTrigonometricMa-
nipulations

4.18.1 ComplexTrigonometricManipulations (CTRIGMNP)

Exports:
complexElementary complexForm complexNormalize imag
real trigs

— package CTRIGMNP ComplexTrigonometricManipulations —

)abbrev package CTRIGMNP ComplexTrigonometricManipulations
++ Author: Manuel Bronstein

++ Date Created: 11 June 1993

++ Date Last Updated: 14 June 1993
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++ Keywords: complex, function, manipulation.

++ Description:

++ \spadtype{ComplexTrigonometricManipulations} provides function that
++ compute the real and imaginary parts of complex functioms.

ComplexTrigonometricManipulations(R, F): Exports == Implementation where
R : Join(IntegralDomain, OrderedSet, RetractableTo Integer)
F : Join(AlgebraicallyClosedField, TranscendentalFunctionCategory,
FunctionSpace Complex R)

SY ==> Symbol
FR ==> Expression R
K ==> Kernel F

Exports ==> with
complexNormalize: F -> F
++ complexNormalize(f) rewrites \spad{f} using the least possible number
++ of complex independent kernels.
complexNormalize: (F, SY) -> F
++ complexNormalize(f, x) rewrites \spad{f} using the least possible
++ number of complex independent kernels involving \spad{x}.
complexElementary: F -> F
++ complexElementary(f) rewrites \spad{f} in terms of the 2 fundamental
++ complex transcendental elementary functions: \spad{log, exp}.
complexElementary: (F, SY) -> F
++ complexElementary(f, x) rewrites the kernels of \spad{f} involving
++ \spad{x} in terms of the 2 fundamental complex
++ transcendental elementary functions: \spad{log, exp}.
real : F ->FR
++ real(f) returns the real part of \spad{f} where \spad{f} is a complex
++ function.
imag : F -> FR
++ imag(f) returns the imaginary part of \spad{f} where \spad{f}
++ is a complex function.
real? : F -> Boolean
++ real?(f) returns \spad{true} if \spad{f = real f}.
trigs : F > F
++ trigs(f) rewrites all the complex logs and exponentials
++ appearing in \spad{f} in terms of trigonometric functions.
complexForm: F -> Complex FR
++ complexForm(f) returns \spad{[real f, imag f]}.

Implementation ==> add
import InnerTrigonometricManipulations(R, FR, F)
import ElementaryFunctionStructurePackage(Complex R, F)

rreal?: Complex R -> Boolean
kreal?: Kernel F -> Boolean

219
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localexplogs : (F, F, List SY) -> F

real f == real complexForm f

imag f == imag complexForm f

rreal? r == zero? imag r

kreal? k == every?(real?, argument k)$List (F)

complexForm f == explogs2trigs f

trigs f ==
GF2FG explogs2trigs f

real? f ==
every?(rreal?, coefficients numer f)
and every?(rreal?, coefficients denom f) and every?(kreal?, kernels f)

localexplogs(f, g, 1x) ==
trigs2explogs(g, [k for k in tower f
| is?(k, "tan"::8Y) or is?(k, "cot"::SY)], 1x)

complexElementary f ==
any?(x +-> has?(x, "rtrig"),
operators(g := realElementary f))$List(BasicOperator) =>
localexplogs(f, g, variables g)

g

complexElementary(f, x) ==
any?(y +-> has?(operator y, "rtrig"),
[k for k in tower(g := realElementary(f, x))
| member?(x, variables(k::F))]$List(K))$List(K) =>
localexplogs(f, g, [x1)
g

complexNormalize(f, x) ==
any?(y +-> has?(operator y, "rtrig"),
[k for k in tower(g := realElementary(f, x))
| member?(x, variables(k::F))]$List(K))$List(K) =>
(rischNormalize(localexplogs(f, g, [x]), x).func)
rischNormalize(g, x).func

complexNormalize f ==
1 := variables(g := realElementary f)
any?(y +-> has?(y, "rtrig"), operators g)$List(BasicOperator) =>
h := localexplogs(f, g, 1)

for x in 1 repeat h := rischNormalize(h, x).func
h
for x in 1 repeat g := rischNormalize(g, x).func

g
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— CTRIGMNP.dotabb —

"CTRIGMNP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CTRIGMNP"]
"ACF" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=ACF"]

"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]

"COMPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=COMPCAT"]
"CTRIGMNP" -> "ACF"

"CTRIGMNP" -> "FS"

"CTRIGMNP" -> "COMPCAT"

4.19 package ODECONST ConstantLODE

4.19.1 ConstantLODE (ODECONST)

Exports:
constDsolve

— package ODECONST ConstantLODE —

)abbrev package ODECONST ConstantLODE

++ Author: Manuel Bronstein

++ Date Created: 18 March 1991

++ Date Last Updated: 3 February 1994

++ Description:

++ Solution of linear ordinary differential equations,
++ constant coefficient case.

ConstantLODE(R, F, L): Exports == Implementation where
R: Join(OrderedSet, EuclideanDomain, RetractableTo Integer,
LinearlyExplicitRingOver Integer, CharacteristicZero)
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F: Join(AlgebraicallyClosedFunctionSpace R,
TranscendentalFunctionCategory, PrimitiveFunctionCategory)
L: LinearOrdinaryDifferentialOperatorCategory F

Z  ==> Integer

SY ==> Symbol

K ==> Kernel F

V  ==> Vector F

M ==> Matrix F

SUP ==> SparseUnivariatePolynomial F

Exports ==> with
constDsolve: (L, F, SY) -> Record(particular:F, basis:List F)
++ constDsolve(op, g, x) returns \spad{[f, [yl,...,ym]l]l}
++ where f is a particular solution of the equation \spad{op y = g},
++ and the \spad{yil}’s form a basis for the solutions of \spad{op y = 0}.

Implementation ==> add
import ODETools(F, L)
import ODEIntegration(R, F)
import ElementaryFunctionSign(R, F)
import AlgebraicManipulations(R, F)
import FunctionSpaceIntegration(R, F)
import FunctionSpaceUnivariatePolynomialFactor(R, F, SUP)

homoBasis: (L, F) -> List F
quadSol : (SUP, F) -> List F
basisSqfr: (SUP, F) -> List F
basisSol : (SUP, Z, F) -> List F

constDsolve(op, g, x) ==
b := homoBasis(op, x::F)
[particularSolution(op, g, b, (£1:F):F +-> int(f1, x))::F, bl

homoBasis(op, x) ==

p:SUP := 0

while op "= 0 repeat
p := p + monomial(leadingCoefficient op, degree op)
op := reductum op

b:List(F) := empty()
for ff in factors ffactor p repeat

b := concat_!(b, basisSol(ff.factor, dec(ff.exponent), x))
b

basisSol(p, n, x) ==
1 := basisSqfr(p, x)
zero? n => 1
11 := copy 1
xn := x::F
for i in 1..n repeat
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1 := concat_!(1, [xn * £ for f in 11])
Xn := X * xn
1

basisSqfr(p, x) ==
- one?(d := degree p) =>
((d := degree p) = 1) =>
[exp(- coefficient(p, 0) * x / leadingCoefficient p)]
d = 2 => quadSol(p, x)
[exp(a * x) for a in rootsOf p]

quadSol(p, x) ==
(u := sign(delta := (b := coefficient(p, 1))**2 - 4 *
(a := leadingCoefficient p) * (c := coefficient(p, 0))))
case Z and negative?(u::Z) =>

y i=x/ (2 % a)
r :=-b=x*xy
i := rootSimp(sqrt(-delta)) * y
[exp(r) * cos(i), exp(r) * sin(i)]

[exp(a * x) for a in zerosOf pl

— ODECONST.dotabb —

"ODECONST" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=0DECONST"]
"ACFS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=ACFS"]
"ODECONST" -> "ACFS"

4.20 package COORDSYS CoordinateSystems

4.20.1 CoordinateSystems (COORDSYS)
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Exports:
bipolar bipolarCylindrical —cartesian conical cylindrical
elliptic ellipticCylindrical ~ oblateSpheroidal  parabolic parabolicCylindrical
paraboloidal  polar prolateSpheroidal  spherical  toroidal

— package COORDSYS CoordinateSystems —

)abbrev package COORDSYS CoordinateSystems

++ Author: Jim Wen

++ Date Created: 12 March 1990

++ Date Last Updated: 19 June 1990, Clifton J. Williamson

++ Related Constructors:

++ Also See:

++ AMS Classifications:

++ Keywords:

++ References:

++ Description:

++ CoordinateSystems provides coordinate transformation functions

++ for plotting. Functions in this package return conversion functions
++ which take points expressed in other coordinate systems and return points
++ with the corresponding Cartesian coordinates.

CoordinateSystems(R): Exports == Implementation where

R : Join(Field,TranscendentalFunctionCategory,RadicalCategory)
Pt ==> Point R

Exports ==> with
cartesian : Pt -> Pt
++ cartesian(pt) returns the Cartesian coordinates of point pt.
polar: Pt -> Pt
++ polar(pt) transforms pt from polar coordinates to Cartesian
++ coordinates: the function produced will map the point \spad{(r,theta)}
++ to \spad{x = r * cos(theta)} , \spad{y = r * sin(theta)}.
cylindrical: Pt -> Pt
++ cylindrical(pt) transforms pt from polar coordinates to Cartesian
++ coordinates: the function produced will map the point
++ \spad{(r,theta,z)}
++ to \spad{x = r * cos(theta)}, \spad{y = r * sin(theta)}, \spad{z}.
spherical: Pt -> Pt
++ spherical(pt) transforms pt from spherical coordinates to Cartesian
++ coordinates: the function produced will map the point
++ \spad{(r,theta,phi)}
++ to \spad{x = r*sin(phi)*cos(theta)}, \spad{y = rxsin(phi)*sin(theta)},
++ \spad{z = r*cos(phi)}.
parabolic: Pt -> Pt
++ parabolic(pt) transforms pt from parabolic coordinates to Cartesian
++ coordinates: the function produced will map the point \spad{(u,v)} to
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++ \spad{x = 1/2%(ux*2 - v**2)}, \spad{y = uxv}.
parabolicCylindrical: Pt -> Pt

++ parabolicCylindrical(pt) transforms pt from parabolic cylindrical

++ coordinates to Cartesian coordinates: the function produced will

++ map the point \spad{(u,v,z)} to \spad{x = 1/2%(u**2 - v**2)},

++ \spad{y = uxv}, \spad{z}.
paraboloidal: Pt -> Pt

++ paraboloidal(pt) transforms pt from paraboloidal coordinates to

++ Cartesian coordinates: the function produced will map the point

++ \spad{(u,v,phi)} to \spad{x = uxv*cos(phi)l}, \spad{y = uxv*sin(phi)},

++ \spad{z = 1/2 * (u**2 - v**2)}.
elliptic: R -> (Pt -> Pt)

++ elliptic(a) transforms from elliptic coordinates to Cartesian

++ coordinates: \spad{elliptic(a)} is a function which will map the

++ point \spad{(u,v)} to \spad{x = a*cosh(u)*cos(v)}, \spad{y = a*sinh(u)*sin(v)}.
ellipticCylindrical: R -> (Pt -> Pt)

++ ellipticCylindrical(a) transforms from elliptic cylindrical coordinates

++ to Cartesian coordinates: \spad{ellipticCylindrical(a)} is a function

++ which will map the point \spad{(u,v,z)} to \spad{x = axcosh(u)*cos(v)},

++ \spad{y = a*sinh(u)*sin(v)}, \spad{z}.
prolateSpheroidal: R -> (Pt -> Pt)

++ prolateSpheroidal(a) transforms from prolate spheroidal coordinates to

++ Cartesian coordinates: \spad{prolateSpheroidal(a)} is a function

++ which will map the point \spad{(xi,eta,phi)} to

++ \spad{x = axsinh(xi)*sin(eta)*cos(phi)}, \spad{y = a*sinh(xi)*sin(eta)*sin(phi)},

++ \spad{z = a*cosh(xi)*cos(eta)l}.
oblateSpheroidal: R -> (Pt -> Pt)

++ oblateSpheroidal(a) transforms from oblate spheroidal coordinates to

++ Cartesian coordinates: \spad{oblateSpheroidal(a)} is a function which

++ will map the point \spad{(xi,eta,phi)} to \spad{x = a*sinh(xi)*sin(eta)*cos(phi)},

++ \spad{y = a*sinh(xi)*sin(eta)*sin(phi)}, \spad{z = a*cosh(xi)*cos(eta)}.
bipolar: R -> (Pt -> Pt)

++ bipolar(a) transforms from bipolar coordinates to Cartesian coordinates:

++ \spad{bipolar(a)} is a function which will map the point \spad{(u,v)} to

++ \spad{x = a*sinh(v)/(cosh(v)-cos(u))}, \spad{y = a*sin(u)/(cosh(v)-cos(u))}.
bipolarCylindrical: R -> (Pt -> Pt)

++ bipolarCylindrical(a) transforms from bipolar cylindrical coordinates

++ to Cartesian coordinates: \spad{bipolarCylindrical(a)} is a function which

++ will map the point \spad{(u,v,z)} to \spad{x = a*sinh(v)/(cosh(v)-cos(u))},

++ \spad{y = a*sin(u)/(cosh(v)-cos(u))}, \spad{z}.
toroidal: R -> (Pt -> Pt)

++ toroidal(a) transforms from toroidal coordinates to Cartesian

++ coordinates: \spad{toroidal(a)} is a function which will map the point

++ \spad{(u,v,phi)} to \spad{x = a*sinh(v)*cos(phi)/(cosh(v)-cos(u))},

++ \spad{y = a*sinh(v)*sin(phi)/(cosh(v)-cos(u))}, \spad{z = a*sin(u)/(cosh(v)-cos(u))}.
conical: (R,R) -> (Pt -> Pt)

++ conical(a,b) transforms from conical coordinates to Cartesian coordinates:

++ \spad{conical(a,b)} is a function which will map the point \spad{(lambda,mu,nu)} to

++ \spad{x = lambda*mu*nu/(a*b)},

++ \spad{y = lambda/a*sqrt ((mu**2-ax*2)* (nux*2-a**2)/(a**2-b**2))},
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++ \spad{z = lambda/b*sqrt ((mu**2-b**2)* (nu**x2-b**2) / (b**2-a**2))}.
Implementation ==> add

cartesian pt ==
-- we just want to interpret the cartesian coordinates
-- from the first N elements of the point - so the
-- identity function will do

pt

polar ptO ==
pt := copy ptO
r := elt(pt0,1); theta := elt(pt0,2)
pt.1 :=r * cos(theta); pt.2 := r * sin(theta)

pt

cylindrical ptO == polar ptO
—-- apply polar transformation to first 2 coordinates

spherical ptO ==
pt := copy ptO
r := elt(pt0,1); theta := elt(pt0,2); phi := elt(pt0,3)
pt.1 := r * sin(phi) * cos(theta); pt.2 := r * sin(phi) * sin(theta)
pt.3 := r * cos(phi)
pt

parabolic pt0O ==

pt := copy ptO

u := elt(pt0,1); v := elt(pt0,2)
pt.1 := (uxu - v*v)/(2::R) ; pt.2 := uxv
pt

parabolicCylindrical ptO == parabolic ptO
-- apply parabolic transformation to first 2 coordinates

paraboloidal ptO ==
pt := copy ptO
u := elt(pt0,1); v := elt(pt0,2); phi := elt(pt0,3)
pt.1 := u*xv*cos(phi); pt.2 := wkvksin(phi); pt.3 := (uwku - v*v)/(2::R)

pt

elliptic a ==
X+=>
pt := copy(x)
u := elt(x,1); v := elt(x,2)
pt.1 := a*xcosh(u)*cos(v); pt.2 := axsinh(u)*sin(v)
pt

ellipticCylindrical a == elliptic a
-- apply elliptic transformation to first 2 coordinates
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prolateSpheroidal a ==

X+->
pt := copy(x)
xi := elt(x,1); eta := elt(x,2); phi := elt(x,3)
pt.1 := a*sinh(xi)*sin(eta)*cos(phi)

pt.2 := a*sinh(xi)*sin(eta)*sin(phi)
pt.3 := a*cosh(xi)*cos(eta)
pt

oblateSpheroidal a ==

X+->
pt := copy(x)
xi := elt(x,1); eta := elt(x,2); phi := elt(x,3)
pt.1 := a*sinh(xi)*sin(eta)*cos(phi)

pt.2 := a*cosh(xi)*cos(eta)*sin(phi)
pt.3 := axsinh(xi)*sin(eta)
pt

bipolar a ==

X+->
pt := copy(x)
u := elt(x,1); v := elt(x,2)
pt.1 := a*sinh(v)/(cosh(v)-cos(u))
pt.2 := axsin(u)/(cosh(v)-cos(u))
pt

bipolarCylindrical a == bipolar a

-- apply bipolar transformation to first 2 coordinates

toroidal a ==
X+->
pt := copy(x)

u := elt(x,1); v := elt(x,2); phi := elt(x,3)
pt.1 := axsinh(v)*cos(phi)/(cosh(v)-cos(u))
pt.2 := axsinh(v)*sin(phi)/(cosh(v)-cos(u))
pt.3 := axsin(u)/(cosh(v)-cos(u))

pt

conical(a,b) ==

X+->
pt := copy(x)
lambda := elt(x,1); mu := elt(x,2); nu := elt(x,3)
pt.1 := lambda*mu*nu/(a*b)
pt.2 :
pt.3 :
pt

lambda/a*sqrt ((mu**2-a**2) * (nu**2-a**2) / (a**2-b**2) )
lambda/b*sqrt ((mu**2-b**2) * (nu*x*2-b**2) / (b**x2-a**2) )

227
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— COORDSYS.dotabb —

"COORDSYS" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=COORDSYS"]
"PTCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PTCAT"]
"COORDSYS" -> "PTCAT"

4.21 package CRAPACK CRApackage

4.21.1 CRApackage (CRAPACK)

Exports:
modTree chineseRemainder multiEuclideanTree

— package CRAPACK CRApackage —

)abbrev package CRAPACK CRApackage
++ Description:
++ This package has no documentation

CRApackage (R:EuclideanDomain): Exports == Implementation where
Exports == with
modTree: (R,List R) -> List R
++ modTree(r,1l) \undocumented{}
chineseRemainder: (List R, List R) -> R

CHAPTER C

++ chineseRemainder (1v,1m) returns a value \axiom{v} such that, if

++ x is \axiom{lv.i} modulo \axiom{lm.i} for all \axiom{i}, then
++ x is \axiom{v} modulo \axiom{lm(1)*1m(2)*...*1lm(n)}.
chineseRemainder: (List List R, List R) -> List R

++ chineseRemainder(1lv,1lm) returns a list of values, each of which
++ corresponds to the Chinese remainder of the associated element of
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++ \axiom{llv} and axiom{lm}. This is more efficient than applying
++ chineseRemainder several times.
multiFuclideanTree: (List R, R) -> List R
++ multiEuclideanTree(1l,r) \undocumented{}
Implementation == add

BB:=BalancedBinaryTree(R)
x:BB

-- Definition for modular reduction mapping with several moduli
modTree(a,lm) ==

t := balancedBinaryTree(#lm, O$R)

setleaves_! (t,1m)

mapUp_! (t,"*")

leaves mapDown_!(t, a, "rem")

chineseRemainder(1v:List(R), 1lm:List(R)):R ==

#1m "= #1lv => error "lists of moduli and values not of same length"
x := balancedBinaryTree(#lm, O$R)
x := setleaves_!(x, 1lm)

mapUp_! (x,"*")
y := balancedBinaryTree(#lm, 1$R)

y := mapUp_!(copy ¥,x, (a,b,c,d)+->a*d + b*c)

(u := extendedEuclidean(value y, value x,1)) case "failed" =>
error "moduli not relatively prime"

inv := u . coefl

linv := modTree(inv, 1m)

1 := [(u*v) rem m for v in 1lv for u in linv for m in 1lm]

y := setleaves_!(y,1)
value (mapUp_!(y, x, (a,b,c,d)+->a*xd + b*c)) rem value(x)

chineseRemainder(1lv:List List(R), Im:List(R)):List(R) ==
X := balancedBinaryTree(#1lm, O$R)
x := setleaves_!(x, 1m)
mapUp_! (x,"*")
y := balancedBinaryTree(#lm, 1$R)

y := mapUp_!(copy v,x,(a,b,c,d)+->a*xd + b*c)

(u := extendedEuclidean(value y, value x,1)) case "failed" =>
error "moduli not relatively prime"

inv := u . coefl

linv := modTree(inv, 1m)

retVal:List(R) := []

for 1v in 1lv repeat
1 := [(u3*v) rem m for v in 1lv for u3 in linv for m in 1m]
y := setleaves!(y,1)
retVal :=

cons (value (mapUp! (y, x, (a,b,c,d)+->a*d+b*c)) rem value(x),retVal)
reverse retVal

extEuclidean: (R, R, R) -> List R
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CHAPTER 4.
extEuclidean(a, b, c) ==
u := extendedEuclidean(a, b, c)
u case "failed" => error [c, " not spanned by ", a, " and ",b]

[u.coef2, u.coefl]

multiFuclideanTree(fl, rhs) ==
x := balancedBinaryTree(#f1l, rhs)
x := setleaves_!(x, fl)
mapUp_! (x,"*")
leaves mapDown_!(x, rhs, extEuclidean)

— CRAPACK.dotabb —

"CRAPACK" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=CRAPACK"]
"FLAGG" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FLAGG"]
"CRAPACK" -> "FLAGG"

4.22 package CYCLES Cyclelndicators

— Cyclelndicators.input —

)set break resume

)sys rm -f CycleIndicators.output
)spool Cyclelndicators.output
)set message test on

)set message auto off

)clear all

--3

1 of 47

complete 1

--E

--S

1 @

CHAPTER C

Type: SymmetricPolynomial(Fraction(Integer))

1

2 of 47

complete 2
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--E 2

2 - (@ +- @)
2 2
Type: SymmetricPolynomial(Fraction(Integer))

--S 3 of 47
complete 3

--E 3

1 1 1 3
@ -@®+-en+-00)
3 2 6
Type: SymmetricPolynomial(Fraction(Integer))

--S 4 of 47
complete 7

--E 4

@

1 1 1 1 2 1 1 13
SM - B+ - (BD - (51)+-- (43)+- (421 +--(41)
7 6 10 10 12 8 24

1 2 1 2 1 2 1 4 1 3 1 23
- @1)+-—-B2)+-—-B21)+-—-@B1)+-—-21)+-(21)
18 24 12 72 48 48

1 5 1 7
- (21) 4 - (1)
240 5040
Type: SymmetricPolynomial(Fraction(Integer))

--S 5 of 47
elementary 7

(5)
1 1 1 1 2 1 1 1 3
-(M--61)--62)+--G1)---(43)+-(421)---(@41)
7 6 10 10 12 8 24

1 2 1 2 1 2 1 4 1 3 1 23
—-@B@L+-B2)-—-@B21)+-—-@B1)--—-(@21+--(21)
18 24 12 72 48 48

1 5 1 7
- e-(21) 4 - (1)
240 5040
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--R Type: SymmetricPolynomial (Fraction(Integer))
-E5

--S 6 of 47
alternating 7

--kR  (6)

--R 2 1 2 1 1 2 1 2 1 4 1 23
--R -(M+-6G1)+-G2D+- @B +--CB2)+-—-@1)+--(21)
--R 7 5 4 9 12 36 24

--R 1 7

-k - (1)

--R 2520

--R Type: SymmetricPolynomial(Fraction(Integer))
--E 6

--S 7 of 47
cyclic 7

--R 6 1 7

--R (M - +- 1)

--R 7 7

--R Type: SymmetricPolynomial(Fraction(Integer))
—E7

--S 8 of 47
dihedral 7

--R 3 1 3 1 7

--R @ - @™ +-2Q1+--0)

--R 7 2 14

--R Type: SymmetricPolynomial(Fraction(Integer))
--E 8

--S 9 of 47
graphs 5

--R (9

R 1 1 2 1 2 1 3 1 42 1 34 110
--R - (63D +-6B)+-@2D+-CDD+-Q@1)+--(21)+---(1)
--R 6 5 4 6 8 12 120

--R Type: SymmetricPolynomial(Fraction(Integer))
--E 9

--S 10 of 47
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cap(complete 2**2, complete 2*complete 1%%2)
--R

--R  (10) 4
- Type: Fraction(Integer)
--E 10

--S 11 of 47
cap(elementary 2**2, complete 2*complete 1%%2)
--R

--R (11) 2
--R Type: Fraction(Integer)
--E 11

--S 12 of 47
cap(complete 3*complete 2*complete 1,complete 2%*2%complete 1%%2)
--R

--R (12) 24
--R Type: Fraction(Integer)
--E 12

--S 13 of 47
cap(elementary 3*elementary 2*elementary 1,complete 2x*2xcomplete 1%x2)
--R

--R  (13) 8
--R Type: Fraction(Integer)
--E 13

--S 14 of 47
cap(complete 3*complete 2*complete 1,elementary 2**2*elementary 1%*2)
--R

--R (14) 8
--R Type: Fraction(Integer)
--E 14

--S 15 of 47
eval (cup(complete 3*complete 2*complete 1, _
cup(complete 2**2*complete 1x*2,complete 2%%3)))

--R  (15) 1500
--R Type: Fraction(Integer)
--E 15

--S 16 of 47
square:=dihedral 4
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--R 1 3 2 1 2 1 4

--R  (16) - @ +-2)+-(21)+-010)

--R 4 8 4 8

--R Type: SymmetricPolynomial(Fraction(Integer))
--E 16

--S 17 of 47
cap(complete 2%%*2,square)
--R

--R (7)) 2
--R Type: Fraction(Integer)
--E 17

--S 18 of 47
cap(complete 3*complete 2%*2,dihedral 7)
--R

--R (18) 18
--R Type: Fraction(Integer)
--E 18

--S 19 of 47
cap(graphs 5,complete 7*complete 3)
--R

--R (19) 4
--R Type: Fraction(Integer)
--E 19

--S 20 of 47

s(x) == powerSum(x)

--R

--R Type: Void
--E 20

--S 21 of 47
cube:=(1/24)*(s 1%*8+9*s 2%*4 + 8%s 3**2*ks 1*x2+6%s 4**2)

--R Compiling function s with type Positivelnteger ->
--R SymmetricPolynomial (Fraction(Integer))

--R 1 2 1 22 3 4 1 8

--R (21) - @) +-@B1)+-(2)+-—-@1)

--R 4 3 8 24

--R Type: SymmetricPolynomial (Fraction(Integer))
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--S 22 of 47
cap(complete 4*%2,cube)
--R

--R 22) 7
--R Type: Fraction(Integer)
--E 22

--S 23 of 47
cap(complete 2*x3*complete 1**2,wreath(elementary 4,elementary 2))
--R

--R  (23) 7
--R Type: Fraction(Integer)
--E 23

--S 24 of 47
cap(complete 2**3*complete 1**2,wreath(elementary 4,complete 2))
--R

--R (24) 17
--R Type: Fraction(Integer)
--E 24

--S 25 of 47
cap(complete 2**3*complete 1*x2,wreath(complete 4,elementary 2))
--R

--R (25) 10
--R Type: Fraction(Integer)
--E 25

--S 26 of 47
cap(complete 2*x3*complete 1**2,wreath(complete 4,complete 2))
--R

--R  (26) 23
--R Type: Fraction(Integer)
--E 26

--S 27 of 47
x: ULS(FRAC INT,’x,0) := ’x

-k (@27) x
--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 27

--S 28 of 47
ZeroOrOne: INT -> ULS(FRAC INT, ’x, 0)
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--R Type: Void
--E 28

--S 29 of 47

Integers: INT -> ULS(FRAC INT, ’x, 0)

--R

--R Type: Void
--E 29

--S 30 of 47

ZeroOrOne n == 1+x**n

--R

--R Type: Void
--E 30

--S 31 of 47
ZeroOrOne 5

--R Compiling function ZeroOrOne with type Integer ->
--R UnivariateLaurentSeries(Fraction(Integer),x,0)

--R 5

--R (31) 1 +x

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 31

--S 32 of 47

Integers n == 1/(1-x**n)

--R

--R Type: Void
--E 32

--8 33 of 47
Integers 5

--R Compiling function Integers with type Integer ->
--R UnivariateLaurentSeries(Fraction(Integer),x,0)

--R 5 10 11

--R (33) 1 +x +x +0&x )

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 33

--S 34 of 47

)expose EVALCYC

--R

-1 EvaluateCycleIndicators is now explicitly exposed in frame frameO
--E 34
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--S 35 of 47
eval(ZeroOrOne, graphs 5)

--R 2 3 4 5 6 7 8 9 10 11
--R (34) 1 +x+2x +4x +6x +6x +6x +4x +2x +x +x +0(x )
--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 35

--S 36 of 47
eval (ZeroOrOne,dihedral 8)

--R 2 3 4 5 6 7 8

--R (35) 1 +x+4x +5x +8x +5bx +4x +x + X

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 36

--S 37 of 47
eval (Integers,complete 4)

--R (36)

--R 2 3 4 5 6 7 8 9 10 11
--R 1 +x+2x +3x +5x +6x +9x + 1lx + 16x + 18x + 23x + 0(x )
--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 37

--S 38 of 47
eval(Integers,elementary 4)

--R (37
--R 6 7 8 9 10 11 12 13 14 15 16
--R x +x +2x + 3x + bx + 6x + 9x + 11x + 15x + 18x + 23x

--R 17

--R 0(x )

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 38

--S 39 of 47
eval (ZeroOrOne, cube)

--R 2 3 4 5 6 7 8

--R (38 1 +x+3x +3x +7x +3x +3x +x +x

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 39

237



238 CHAPTER 4. CHAPTER C

--S 40 of 47
eval (Integers, cube)

--R (39)
--R 2 3 4 5 6 7 8 9 10
--R 1 +x+4x + 7x + 21x + 37x + 85x + 151x + 292x + 490x + 848x

--R 11

--R 0 )

--R Type: UnivariatelLaurentSeries(Fraction(Integer),x,0)
--E 40

--S 41 of 47
eval (Integers,graphs 5)

--R (40
--R 2 3 4 5 6 7 8 9 10
--R 1 +x+3x +7x + 17x + 3bx + 76x + 149x + 291x + B539x + 974x

--R 11

--R 0(x )

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 41

--S 42 of 47
eval(ZeroOrOne ,graphs 15)

--R (41
--R 2 3 4 5 6 7 8 9 10
--R 1 +x+2x + 5x + 11x + 26x + 68x + 177x + 496x + 1471x + 4583x

--R 11

--R 0(x )

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 42

--S 43 of 47
cap(dihedral 30,complete 7*complete 8*complete 5*complete 10)
--R

--R (42) 49958972383320
--R Type: Fraction(Integer)
--E 43

--S 44 of 47
sf3221:= SFunction [3,2,2,1]
--R
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-k (43)

--R 1 1 2 1 2 1 1 4 1 2
--R - (62 --—-(61)--—-@)+-—-(431)+--(41)---(32)
--R 12 12 16 12 24 36

--R 1 22 1 2 1 3 1 5 1 4 1 32
R - (B1)--—-(B21)--—-(321)--—(@1)--—(2)+--(21)
--R 36 24 36 72 192 48

--R 1 24 1 6 1 8

--R —(@21)--—(@21)+--—-@1)

--R 96 144 576

--R Type: SymmetricPolynomial(Fraction(Integer))
--E 44

--S 45 of 47
cap(sf3221,complete 2%*4)
--R

--R  (44) 3
--R Type: Fraction(Integer)
--E 45

--S 46 of 47
cap(sf3221, powerSum 1%*8)
--R

--R (45) 70
--R Type: Fraction(Integer)
--E 46

--S 47 of 47
eval(Integers, sf3221)

--R  (46)
--R 9 10 11 12 13 14 15 16 17 18
--R x + 3x + 7x + 14x + 27x + 47x + 79x + 126x + 196x + 294x

--R 19 20

--R 432x  + 0(x )

--R Type: UnivariateLaurentSeries(Fraction(Integer),x,0)
--E 47

) spool

)1lisp (bye)
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— Cyclelndicators.help —

CycleIndicators examples

This section is based upon the paper J. H. Redfield, °‘The Theory of
Group-Reduced Distributions’’, American J. Math.,49 (1927) 433-455,
and is an application of group theory to enumeration problems. It is
a development of the work by P. A. MacMahon on the application of
symmetric functions and Hammond operators to combinatorial theory.

The theory is based upon the power sum symmetric functions s(i) which
are the sum of the i-th powers of the variables. The cycle index of a
permutation is an expression that specifies the sizes of the cycles of
a permutation, and may be represented as a partition. A partition of
a non-negative integer n is a collection of positive integers called
its parts whose sum is n. For example, the partition (372 2 1°2) will
be used to represent s72_3 s_2 s72_1 and will indicate that the
permutation has two cycles of length 3, one of length 2 and two of
length 1. The cycle index of a permutation group is the sum of the
cycle indices of its permutations divided by the number of
permutations. The cycle indices of certain groups are provided.

The operation complete returns the cycle index of the symmetric group
of order n for argument n. Alternatively, it is the n-th complete
homogeneous symmetric function expressed in terms of power sum
symmetric functions.

complete 1
(1)
Type: SymmetricPolynomial Fraction Integer
complete 2
1 1 2
- (@ +- 1)
2 2
Type: SymmetricPolynomial Fraction Integer
complete 3
1 1 1 3
-@+-@n+-QQ)
3 2 6
Type: SymmetricPolynomial Fraction Integer
complete 7
1 1 1 1 2 1 1 1 3
-(M+-6H+--B2)y+--GB1)+--@A3)+-0421)+--(41)
7 6 10 10 12 8 24
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12 1 2 1 2 1 4 1 3 1 23
— B +--@B2)+--B21)+-—-B1)+-- @1 +--(21)
18 24 12 72 48 48

+

1 5 17
- (21) + === (1)
240 5040

Type: SymmetricPolynomial Fraction Integer

The operation elementary computes the n-th elementary symmetric
function for argument n.

elementary 7

1 1 1 1 2 1 1 1 3
-M-- 6D -—-BD+--(B1)--—- @3 +-@E21)---(@41)
7 6 10 10 12 8 24
+
12 1 2 1 2 1 4 1 3 1 23
—~@D+—-@2)--—-@21)+--@B1)--—-(@1D+-—-(21)
18 24 12 72 48 48
+
1 5 17
---(21) - )
240 5040

Type: SymmetricPolynomial Fraction Integer

The operation alternating returns the cycle index of the alternating
group having an even number of even parts in each cycle partition.

alternating 7

2 1 2 1 1 2 1 2 1 4 1 23
- (M +-GB1)+-0(421)+-@1)+-—-B2)+-—-@B1)+-(21)
7 5 4 9 12 36 24
+
1 7
-—— (1)
2520

Type: SymmetricPolynomial Fraction Integer
The operation cyclic returns the cycle index of the cyclic group.
cyclic 7
6 17
-M+- Q@)
7 7
Type: SymmetricPolynomial Fraction Integer

The operation dihedral is the cycle index of the dihedral group.

dihedral 7
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3 1 3 17
S A= @1+ (1)
7 2 14
Type: SymmetricPolynomial Fraction Integer

The operation graphs for argument n returns the cycle index of the
group of permutations on the edges of the complete graph with n nodes
induced by applying the symmetric group to the nodes.

graphs 5

1 1 2 1 2 1 3 1 42 1 34 1 10
S(631)+-(B)+-(42+-@1)+-((Q21)+--(21)+-—-(1)
6 5 4 6 8 12 120

Type: SymmetricPolynomial Fraction Integer

The cycle index of a direct product of two groups is the product of
the cycle indices of the groups. Redfield provided two operations on
two cycle indices which will be called "cup" and "cap" here. The cup
of two cycle indices is a kind of scalar product that combines
monomials for permutations with the same cycles. The cap operation
provides the sum of the coefficients of the result of the cup
operation which will be an integer that enumerates what Redfield
called group-reduced distributions.

We can, for example, represent complete 2 * complete 2 as the set of
objects a a b b and complete 2 * complete 1 * complete 1 as c c d e.

This integer is the number of different sets of four pairs.
cap(complete 2**2, complete 2*complete 1%%2)
4
Type: Fraction Integer
For example,
aabb aabb aabb aabb

ccde cdce cecd decc

This integer is the number of different sets of four pairs no two
pairs being equal.

cap(elementary 2**2, complete 2*complete 1%*%*2)
2
Type: Fraction Integer

For example,

aabb aabb
cdce cecd

In this case the configurations enumerated are easily constructed,
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however the theory merely enumerates them providing little help in
actually constructing them.

Here are the number of 6-pairs, first from a a a b b c, second
fronddeefg.

cap(complete 3*complete 2%complete 1,complete 2**2*complete 1x*2)
24
Type: Fraction Integer

Here it is again, but with no equal pairs.

cap(elementary 3*elementary 2*elementary 1,complete 2**2xcomplete 1%x2)
8
Type: Fraction Integer

cap(complete 3*complete 2*complete 1,elementary 2x*2xelementary 1%*2)
8
Type: Fraction Integer

The number of 6-triples, first from a a a b b ¢, second from
ddeef g, third fromh h i i j j.

eval(cup(complete 3*complete 2*complete 1, cup(complete 2**2*complete 1%*2,complete 2**3)))
1500
Type: Fraction Integer

The cycle index of vertices of a square is dihedral 4.
square:=dihedral 4
1 3 2 1 2 1 4
-@+-@)+-(21)+-@Q)
4 8 4 8
Type: SymmetricPolynomial Fraction Integer
T