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New Foreword

On October 1, 2001 Axiom was withdrawn from the market and ended life as a commer-
cial product. On September 3, 2002 Axiom was released under the Modified BSD license,
including this document. On August 27, 2003 Axiom was released as free and open source
software available for download from the Free Software Foundation’s website, Savannah.

Work on Axiom has had the generous support of the Center for Algorithms and Interactive
Scientific Computation (CAISS) at City College of New York. Special thanks go to Dr.
Gilbert Baumslag for his support of the long term goal.

The online version of this documentation is roughly 1000 pages. In order to make printed
versions we’ve broken it up into three volumes. The first volume is tutorial in nature. The
second volume is for programmers. The third volume is reference material. We’ve also added
a fourth volume for developers. All of these changes represent an experiment in print-on-
demand delivery of documentation. Time will tell whether the experiment succeeded.

Axiom has been in existence for over thirty years. It is estimated to contain about three
hundred man-years of research and has, as of September 3, 2003, 143 people listed in the
credits. All of these people have contributed directly or indirectly to making Axiom available.
Axiom is being passed to the next generation. I'm looking forward to future milestones.

With that in mind I've introduced the theme of the “30 year horizon”. We must invent
the tools that support the Computational Mathematician working 30 years from now. How
will research be done when every bit of mathematical knowledge is online and instantly
available? What happens when we scale Axiom by a factor of 100, giving us 1.1 million
domains? How can we integrate theory with code? How will we integrate theorems and
proofs of the mathematics with space-time complexity proofs and running code? What
visualization tools are needed? How do we support the conceptual structures and semantics
of mathematics in effective ways? How do we support results from the sciences? How do we
teach the next generation to be effective Computational Mathematicians?

The “30 year horizon” is much nearer than it appears.

Tim Daly
CAISS, City College of New York
November 10, 2003 ((iHy))



Chapter 1

Chapter Overview

This book contains the packages in Axiom, in alphabetical order.

Each package has an associated ’dotpic’ chunk which only lists the packages, categories, and
packages that are in the layer immediately below in the build order. For the full list see the
algebra Makefile where this information is maintained.

Each package is preceded by a picture. The picture indicates several things. The colors
indicate whether the name refers to a category, package, or package. An ellipse means that
the name refers to something in the bootstrap set. Thus,

- T
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Chapter 2

Chapter A

package AFALGGRO AffineAlgebraicSetComputeWith-
GroebnerBasis

— AffineAlgebraicSetComputeWithGroebnerBasis.input —

)set break resume

)sys rm -f AffineAlgebraicSetComputeWithGroebnerBasis.output
)spool AffineAlgebraicSetComputeWithGroebnerBasis.output
)set message test on

)set message auto off

)clear all

S 1of 1
)show AffineAlgebraicSetComputeWithGroebnerBasis

--R AffineAlgebraicSetComputeWithGroebnerBasis(K: Field,symb: List(Symbol),PolyRing: PolynomialCategory(K,E
--R Abbreviation for AffineAlgebraicSetComputeWithGroebnerBasis is AFALGGRO

--R This constructor is exposed in this frame.

--R Issue )edit bookvol1l0.4.pamphlet to see algebra source code for AFALGGRO

--R-——————- -—= - Operations -—= -——

--R affineAlgSet : List(PolyRing) -> Union(List(ProjPt),"failed",Infinite,Integer)
--R affineRationalPoints : (PolyRing,PositivelInteger) -> List(ProjPt)

--R affineSingularPoints : PolyRing -> Union(List(ProjPt),"failed",Infinite,Integer)

--E 1

) spool
)1lisp (bye)
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— AffineAlgebraicSetComputeWithGroebnerBasis.help —

AffineAlgebraicSetComputeWithGroebnerBasis examples

The following is part of the PAFF package

See Also:
o )show AffineAlgebraicSetComputeWithGroebnerBasis

AffineAlgebraicSetComputeWithGroebnerBasis (AFALGGRO)

Exports:
affineAlgSet  affineRationalPoints affineSingularPoints

— package AFALGGRO AffineAlgebraicSetComputeWithGroebner-
Basis —

)abbrev package AFALGGRO AffineAlgebraicSetComputeWithGroebnerBasis
++ Author: Gaetan Hache
++ Date Created: 17 nov 1992
++ Date Last Updated: May 2010 by Tim Daly
++ Description:
++ The following is part of the PAFF package
AffineAlgebraicSetComputeWithGroebnerBasis (K, symb,PolyRing,E,ProjPt) :Exports_
== Implementation where
K : Field
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symb: List(Symbol)

OV ==> OrderedVariableList (symb)

E : DirectProductCategory(#symb,NonNegativeInteger)
PolyRing : PolynomialCategory(K,E,Q0V)

ProjPt : ProjectiveSpaceCategory (K)

PCS : LocalPowerSeriesCategory (K)

OF ==> QutputForm

PI ==> Positivelnteger

NNI ==> NonNegativelInteger

RFP  ==> RootsFindingPackage

SUP  ==> SparseUnivariatePolynomial

PPFC1 ==> PolynomialPackageForCurve(K,PolyRing,E,#symb,ProjPt)

Exports ==> with

affineAlgSet: List PolyRing -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineSingularPoints : PolyRing -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineRationalPoints: (PolyRing,PI) -> List ProjPt
++ \axiom{rationalPoints(f,d)} returns all points on the curve
++ \axiom{f} in the extension of the ground field of degree \axiom{d}.
++ For \axiom{d > 1} this only works if \axiom{K} is a
++ \axiomType{LocallyAlgebraicallyClosedField}

Implementation ==> add
ss2:List Symbol:= [X1,X2]

DD ==> DistributedMultivariatePolynomial(ss2,K)
LexE ==> DirectProduct (#ss2,NonNegativeInteger)

0V2 ==> OrderedVariableList(ss2)

InGB ==> InterfaceGroebnerPackage (K,ss2,LexE,0V2,DD)

affineAlgSetLocal : List DD -> _
Union(List (ProjPt),"failed","Infinite",Integer)

import PPFC1
import PolyRing
import ProjPt

listVar:List(0V):= [index(i::PI)$0V for i in 1..#symb]

polyToYX1 : PolyRing -> DD

-- NOTE : polyToYX1l set the last variable to 1 and swap the 1st and 2nd var
-- so that a call to grobner will eliminate the second var before the

-- first ome
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-- 23/10/98 : Ce n’est plus vrai. La fonction a ete "repare’".

-- A priori ce la ne creait pas de bug, car on tenait compte de

-- cette particulariite dans la fonction affineAlgSetLocal.

-- cette derniere fct a aussi ete "ajuste’"

-- 27/10/98

-- Ce n’est pas vraie !!! I1 fauit trouve X d’abord et ensuite Y !!
-- sinon tout sr la notion de places distinguee fout le camp !!!

polyToX10 : PolyRing -> SUP(K)
--fonctions de resolution de sys. alg. de dim O
if K has FiniteFieldCategory then
affineRationalPoints(crv:PolyRing,extdegree:PI) :List(ProjPt) ==
--The code of this is almost the same as for algebraicSet
--We could just construct the ideal and call algebraicSet
--Should we do that? This might be a bit faster.

listPtsIdl:List(ProjPt):= empty()

monomial (1,directProduct (vector ([1,0])$Vector (NNI)))$DD
monomial (1,directProduct (vector ([0,1])$Vector (NNI)))$DD

X:
y:

if K has PseudoAlgebraicClosureOfFiniteFieldCategory then
setTower! (1$K) $K
q:= size()$K
px:= x*x(g**extdegree) - x
py:= y**(g**extdegree) - y

crvXY1l := polyToYX1l crv
rpts:= affineAlgSetLocal([crvXY1,px,pyl)

-- si les 3 tests qui suivent ne sont pas la,
-- alors ca ne compile pas !!! 777
rpts case "failed" =>_

error "failed: From affineRationalPoints in AFALGGRO,"
rpts case "Infinite" =>_

error "Infinite: From affineRationalPoints in AFALGGRO,"
rpts case Integer =>_

error "Integer: From affineRationalPoints in AFALGGRO,"
rpts case List(ProjPt) => rpts
error "Unknown: From affineRationalPoints in AFALGGRO,"

affineSingularPoints(crb)==
F:= polyToYX1l crb
Fx:=differentiate(F,index (1) $0V2)
Fy:=differentiate(F,index(2)$0V2)
affineAlgSetLocal ([F,Fx,Fy])
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affineAlgSet(ideal : List PolyRing )==
idealXY1 := [polyToYX1 pol for pol in ideall
affineAlgSetLocal idealXY1

--fonctions de resolution de sys. alg. de dim O

affineAlgSetLocal(idealToXY1:List DD ) ==
listPtsIdl:List(ProjPt)
idealGroXY1:=groebner(idealToXY1)$InGB
listZeroY:List (K) :=empty ()
listZeroX:List (K) :=empty()
1list0fExtDeg:List (Integer) :=empty ()
polyZeroX:DD:=last(idealGroXY1)
member? (index(1)$0V2, variables(polyZeroX)$DD) =>

print (("The number of point in the algebraic set is not finite")::0F)

print(("or the curve is not absolubtly irreducible.")::0F)

error "Have a nice day"

--now we find all of the projective points where z "= 0
rec0fZerosX:=distinguishedRoots0f (univariate (polyZeroX) , 1$K) $RFP (K)
-- HERE CHANGE
degExtX:=rec0fZerosX.extDegree
listZeroX:List K := recOfZerosX.zeros
listOfExtDeg:=cons(degExtX,1list0fExtDeg)
for a in listZeroX repeat

tjeker := [(eval(f,index(2)$0V2,a)$DD) for f in idealGroXY1]

idealGroaXbl := [univariate(£)$DD for f in tjeker]

rec0fZerosOfIdeal:=distinguishedCommonRoots0f (idealGroaXbl,a) $RFP (K)
listZeroY:= recOfZerosOfIdeal.zeros
listOfExtDeg:=cons(recOfZerosOfIdeal.extDegree,list0fExtDeg)
listPtsIdl:=
concat( [projectivePoint([a,b,1]) for b in listZeroY] ,listPtsIdl)

degExt:=lcm listOfExtDeg

zero?(degExt) =>
print (("------- Infinite number of points ------ ") ::0F)
"Infinite"

“one?(degExt) =>

print (("You need an extension of degree")::0F)

print (degExt: :0F)

degExt
listPtsIdl

polyToYX1(pol)==
zero?(pol) => 0
dd:= degree pol
lc:= leadingCoefficient pol
pp:= parts dd
ppr:= rest reverse pp
ppv:Vector (NNI) := vector ppr
eppr:=directProduct (ppv) $LexE
monomial (1lc,eppr)$DD + polyToYX1l reductum pol
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polyToX10(pol)==
zero?(pol) => 0
dd:= degree pol

lc:= leadingCoefficient pol

pp:= parts dd

lp:= last pp

“zero?(lp) => polyToX10 reductum pol
el:= pp.1

monomial (1c,el)$SUP(K) + polyToX10 reductum pol

— AFALGGRO.dotabb —

"AFALGGRO" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AFALGGRO"]
"DIRPCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=DIRPCAT"]
"PFECAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=PFECAT"]
"AFALGGRO" -> "DIRPCAT"

"AFALGGRO" -> "PFECAT"

package AFALGRES AffineAlgebraicSetComputeWithRe-
sultant

— AffineAlgebraicSetComputeWithResultant.input —

)set break resume

)sys rm -f AffineAlgebraicSetComputeWithResultant.output
)spool AffineAlgebraicSetComputeWithResultant.output
)set message test on

)set message auto off

Jclear all

--S 1 of 1

)show AffineAlgebraicSetComputeWithResultant

--R

--R AffineAlgebraicSetComputeWithResultant(K: Field,symb: List(Symbol),PolyRing: PolynomialCateg
--R Abbreviation for AffineAlgebraicSetComputeWithResultant is AFALGRES

--R This constructor is exposed in this frame.

--R Issue )edit bookvoll0.4.pamphlet to see algebra source code for AFALGRES

--R

--R-—- ettt Operations --- -—= -
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affineAlgSet : List(PolyRing) -> Union(List(ProjPt),"failed",Infinite,Integer)

affineAlgSetLocal : List(SparseUnivariatePolynomial(SparseUnivariatePolynomial(K))) -> Union(List(ProjP
affineRationalPoints : (PolyRing,PositiveInteger) -> Union(List(ProjPt),"failed",Infinite,Integer)
affineSingularPoints : PolyRing -> Union(List(ProjPt),"failed",Infinite,Integer)

affineSingularPoints : SparseUnivariatePolynomial (SparseUnivariatePolynomial(K)) -> Union(List(ProjPt),
allPairsAmong : List(SparseUnivariatePolynomial (SparseUnivariatePolynomial(K))) -> List(List(SparseUniv
polyRing2UPUP : PolyRing -> SparseUnivariatePolynomial(SparseUnivariatePolynomial(K))

1

)spool
)1lisp (bye)

— AffineAlgebraicSetComputeWithResultant.help —

AffineAlgebraicSetComputeWithResultant examples

The

See

following is part of the PAFF package

Also:

o )show AffineAlgebraicSetComputeWithResultant

AffineAlgebraicSetComputeWithResultant (AFALGRES)

Exports:
affineAlgSet affineAlgSetLocal affineRationalPoints
affineSingularPoints  allPairsAmong polyRing2UPUP
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— package AFALGRES AffineAlgebraicSetComputeWithResultant

)abbrev package AFALGRES AffineAlgebraicSetComputeWithResultant
++ Author: Gaetan Hache
++ Date Created: 17 nov 1992
++ Date Last Updated: May 2010 by Tim Daly
++ Description:
++ The following is part of the PAFF package
AffineAlgebraicSetComputeWithResultant (K,symb,PolyRing,E,ProjPt) :Ex==Impl where
K : Field
symb: List(Symbol)
0V ==> OrderedVariableList (symb)
E : DirectProductCategory (#symb,NonNegativeInteger)
PolyRing : PolynomialCategory(K,E,QV)

ProjPt : ProjectiveSpaceCategory(K)
PCS : LocalPowerSeriesCategory (K)
SUP ==> SparseUnivariatePolynomial

UPUP ==> SUP(SUP(X))
NNI ==> NonNegativelnteger
RFP ==> RootsFindingPackage

Ex ==> with

affineSingularPoints: PolyRing -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineSingularPoints: UPUP -> _
Union(List (ProjPt),"failed","Infinite",Integer)

affineAlgSetLocal: List UPUP -> _
Union(List(ProjPt),"failed","Infinite",Integer)

affineAlgSet: List PolyRing -> _
Union(List ProjPt ,"failed","Infinite",Integer)

polyRing2UPUP: PolyRing -> UPUP
allPairsAmong: List UPUP -> List List UPUP

affineRationalPoints: (PolyRing, PositiveInteger) -> _
Union(List(ProjPt),"failed","Infinite",Integer)

Impl ==> add
import ProjPt

evAtcoef: (UPUP,K) -> SUP(X)
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evAtcoef (pol,a)==
zero?(pol) => 0
dd:= degree pol
lc:= leadingCoefficient pol
monomial( 1lc(a), dd )$SUP(K) + evAtcoef( reductum(pol), a )

polyRing2UPUP (pol)==
zero?(pol) => 0
dd:= degree pol
lc:= leadingCoefficient pol
pp:= parts dd
monomial (monomial (1c,pp.1)$SUP(K) ,pp.2) $UPUP+polyRing2UPUP (reductum(pol))

if K has FiniteFieldCategory then

affineRationalPoints(crv:PolyRing,extdegree:Positivelnteger) ==
listPtsIdl:List(ProjPt):= empty()
x:= monomial(1,directProduct(vector([1,0,0])$Vector (NNI)))$PolyRing
y:= monomial(1,directProduct(vector([0,1,0])$Vector (NNI)))$PolyRing
if K has PseudoAlgebraicClosureOfFiniteFieldCategory then
setTower! (1$K) $K
q:= size()$K
px:= x**x(g**extdegree) - x
py:= y**x(g**extdegree) - y
rpts:= affineAlgSet ([crv,px,pyl)
-- si les 3 tests qui suivent ne sont pas la,
-- alors ca ne compile pas !!! 777
rpts case "failed" => _
error "case failed: From affineRationalPoints in AFALGRES"
rpts case "Infinite" => _
error "case infinite: From affineRationalPoints in AFALGRES"
rpts case Integer => _
error "case Integer: From affineRationalPoints in AFALGRES"
rpts case List(ProjPt) => rpts
error "case unknown: From affineRationalPoints in AFALGRES"

allPairsAmong(lp)==
#1lp = 2 => [1p]
rlp:=rest 1lp
subL:= allPairsAmong rlp
pol:=first 1p
frontL:= [[pol,p] for p in rlp]
concat( frontlL , subL )

affineSingularPoints(pol:PolyRing)==
affineSingularPoints( polyRing2UPUP pol )

affineSingularPoints(pol:UPUP)==
ground? pol => "failed"

11
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lc := coefficients pol

lcb := [ ground?( c )$SUP(K) for c in lc ]
reduce("and" , 1lcb) => "failed"
dy:=differentiate(pol)
dx:=map(differentiate$SUP(K) ,pol)
affineAlgSetLocal( [ pol, dy, dx ] )

resultantL: List UPUP -> SUP(X)
resultantL(lp)==

g:=first 1lp

h:= last 1p

resultant (g,h)

affineAlgSet (1pol:List PolyRing)==
affineAlgSetLocal( [ polyRing2UPUP pol for pol in 1lpol ] )

affineAlgSetLocal(lpol:List UPUP)==
listPtsIdl:List(ProjPt)
allP:= allPairsAmong lpol
beforGed:List SUP(K) := [resultantL(lp) for lp in allP]
polyZeroX:SUP(K) :=gcd beforGed
zero? polyZeroX => "failed"
listZeroY:List (K) :=empty ()
listZeroX:List (K) :=empty ()
rec0fZerosX:=distinguishedRoots0f (polyZeroX, 1$K) $RFP (K)
degExtX:=rec0fZerosX.extDegree
listZeroX:List K := recOfZerosX.zeros
listOfExtDeg:List (Integer) :=empty ()
1list0fExtDeg:=cons(degExtX,1list0fExtDeg)
lpolEval:List SUP(X)
for a in listZeroX repeat
lpolEval := [ evAtcoef(p,a) for p in 1lpol ]
rec0fZerosOfIdeal:=distinguishedCommonRoots0f ( lpolEval ,a)$RFP(K)
listZeroY:= recOfZerosOfIdeal.zeros
listO0fExtDeg:=cons(recO0fZeros0fIdeal.extDegree,list0fExtDeg)
listPtsIdl:=
concat( [projectivePoint([a,b,1]) for b in listZeroY] ,listPtsIdl)
degExt:=1lcm listOfExtDeg
zero?(degExt) =>
print (("AFALGRES:Infinite number of points")::0utputForm)
"Infinite"
“one?(degExt) =>
print (("AFALGRES:You need an extension of degree")::OutputForm)
print (degExt: :OutputForm)
degExt
listPtsIdl
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— AFALGRES.dotabb —

"AFALGRES" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AFALGRES"]
"RFP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=RFP"]
"AFALGRES" -> "RFP"

package AF AlgebraicFunction

— AlgebraicFunction.input —

)set break resume

)sys rm -f AlgebraicFunction.output
)spool AlgebraicFunction.output
)set message test on

)set message auto off

Jclear all

--S1of 1
)show AlgebraicFunction

--E 1

) spool
)1lisp (bye)

— AlgebraicFunction.help —

AlgebraicFunction examples

This package provides algebraic functions over an integral domain.

See Also:
o )show AlgebraicFunction

13
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AlgebraicFunction (AF)

Exports:
belong?  droot definingPolynomial  inrootof iroot
minPoly operator rootOf PRKD

— package AF AlgebraicFunction —

)abbrev package AF AlgebraicFunction

++ Author: Manuel Bronstein

++ Date Created: 21 March 1988

++ Date Last Updated: 11 November 1993

++ Description:

++ This package provides algebraic functions over an integral domain.

AlgebraicFunction(R, F): Exports == Implementation where
R: Join(OrderedSet, IntegralDomain)

F: FunctionSpace R

SE ==> Symbol

Z  ==> Integer

Q ==> Fraction Z

0P ==> BasicOperator

K  ==> Kernel F

P  ==> SparseMultivariatePolynomial(R, K)
UP ==> SparseUnivariatePolynomial F

UPR ==> SparseUnivariatePolynomial R
ALGOP ==> "Jalg"

SPECIALDISP ==> "YspecialDisp"
SPECIALDIFF ==> "YspecialDiff"

Exports ==> with
root0f : (UP, SE) -> F
++ root0f(p, y) returns y such that \spad{p(y) = O}.
++ The object returned displays as \spad{’yl}.
operator: OP -> OP
++ operator(op) returns a copy of \spad{op} with the domain-dependent
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++ properties appropriate for \spad{F}.
++ Error: if op is not an algebraic operator, that is,
++ an nth root or implicit algebraic operator.
belong? : OP -> Boolean
++ belong?(op) is true if \spad{op} is an algebraic operator, that is,
++ an nth root or implicit algebraic operator.
inrootof: (UP, F) -> F
++ inrootof(p, x) should be a non-exported function.
-- un-export when the compiler accepts conditional local functions!
droot : List F -> OutputForm
++ droot(1l) should be a non-exported function.
-- un-export when the compiler accepts conditional local functions!
if R has RetractableTo Integer then
okx : (F, Q > F
++ x *x q is \spad{x} raised to the rational power \spad{q}.
minPoly: K -> UP
++ minPoly (k) returns the defining polynomial of \spad{k}.
definingPolynomial: F -> F
++ definingPolynomial (f) returns the defining polynomial of \spad{f}
++ as an element of \spad{F}.
++ Error: if f is not a kermel.
iroot : (R, Z) -> F
++ iroot(p, n) should be a non-exported function.
-- un-export when the compiler accepts conditional local functions!

Implementation ==> add
ialg : List F > F
dvalg: (List F, SE) -> F
dalg : List F -> OutputForm

opalg := operator("rootOf"::Symbol)$CommonOperators
oproot := operator("nthRoot"::Symbol)$CommonOperators

belong? op == has?(op, ALGOP)
dalg 1 == second (1) : :OutputForm

root0f (p, x) ==
k := kernel(x)$K
(r := retractIfCan(p)@Union(F, "failed")) case "failed" =>
inrootof (p, k::F)
n := numer(f := univariate(r::F, k))
degree denom f > 0 => error "roofOf: variable appears in denom"
inrootof (n, k::F)

dvalg(l, x) ==
p := numer univariate(first 1, retract(second 1)@K)
alpha := kernel(opalg, 1)
- (map((s:F):F +-> differentiate(s, x), p) alpha)_
/ ((differentiate p) alpha)

15
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ialg 1 ==
f := univariate(p := first 1, retract(x := second 1)@K)

degree denom f > O => error "roof(Of: variable appears in denom"
inrootof (numer f, x)

operator op ==
is?(op, "rootOf"::Symbol) => opalg
is?(op, "nthRoot"::Symbol) => oproot
error "Unknown operator"

if R has AlgebraicallyClosedField then
UP2R: UP -> Union(UPR, "failed")

inrootof(q, x) ==
monomial? q => 0

(d := degree q) <= 0 => error "rootOf: constant polynomial"

one? d=> - leadingCoefficient(reductum q) / leadingCoefficient q
(d = 1) => - leadingCoefficient(reductum q) / leadingCoefficient q
((rx := retractIfCan(x)@Union(SE, "failed")) case SE) and

((r := UP2R q) case UPR) => rootO0f(r::UPR, rx::SE)::F
kernel(opalg, [q x, x])

UP2R p ==

ans:UPR := 0

while p "= 0 repeat
(r := retractIfCan(leadingCoefficient p)@Union(R, "failed"))

case "failed" => return "failed"

ans := ans + monomial(r::R, degree p)
P reductum p

ans

else
inrootof(q, x) ==
monomial? q => 0
(d := degree q) <= 0 => error "rootOf: constant polynomial"
one? d => - leadingCoefficient(reductum q) /leadingCoefficient q
(d = 1) => - leadingCoefficient(reductum q) /leadingCoefficient q
kernel(opalg, [q x, x])

evaluate(opalg, ialg)$BasicOperatorFunctionsi (F)
setProperty(opalg, SPECIALDIFF,

dvalg@((List F, SE) -> F) pretend None)
setProperty(opalg, SPECIALDISP,

dalg@(List F -> OutputForm) pretend None)

if R has RetractableTo Integer then
import PolynomialRoots(IndexedExponents K, K, R, P, F)

dumvar := "}%var"::Symbol::F
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lzero : List F -> F
dvroot : List F -> F
inroot : List F -> F

hackroot: (F, Z) -> F
inroot0 : (F, Z, Boolean, Boolean) -> F

lzero 1 == 0
droot 1 ==
x := first(1)::0OutputForm
(n := retract(second 1)@Z) = 2 => root x

root(x, n::0utputForm)

dvroot 1 ==
n := retract(second 1)@Z
(first(1) *»* ((1 - n) / n)) / (m::F)

X %% q ==
qr := divide(numer q, denom q)
X ** gqr.quotient * inroot([x, (denom q)::F]) ** gr.remainder

hackroot(x, n) ==

(n=1) or (x=1) => x

(((@x := denom x) "= 1) and
((rx := retractIfCan(dx)@Union(Integer,"failed")) case Integer) and
positive?(rx))
=> hackroot ((numer x)::F, n)/hackroot(rx::Integer::F, n)

(x =-1) and n = 4 =>
((-1::F) **x (1::Q / 2::Q) + 1) / ((2::F) *x (1::Q / 2::Q))

kernel (oproot, [x, n::F])

inroot 1 ==
zero?(n := retract(second 1)Q@Z) => error "root: exponent = 0"
-- one?(x := first 1) or one? n => x

((x := first 1) = 1) or (n = 1) =>x
(r := retractIfCan(x)@Union(R,"failed")) case R => iroot(r::R,n)
(u := isExpt(x, oproot)) case Record(var:K, exponent:Z) =>

pr := u::Record(var:K, exponent:Z)

(first argument(pr.var)) *x*

(pr.exponent /$Fraction(Z)
(n * retract(second argument(pr.var))Q@Z))

inroot0(x, n, false, false)

-- removes powers of positive integers from numer and denom
-- num? or den? is true if numer or denom already processed
inrootO0(x, n, num?, den?) ==
rn:Union(Z, "failed") := (num? => "failed"; retractIfCan numer x)
rd:Union(Z, "failed") := (den? => "failed"; retractIfCan denom x)
(rn case Z) and (rd case Z) =>

17
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rec := qroot(rn::Z / rd::Z, n::NonNegativeInteger)
rec.coef * hackroot(rec.radicand, rec.exponent)

rn case Z =>
rec := qroot(rn::Z::Fraction(Z), n::NonNegativeInteger)
rec.coef * inrootO((rec.radicand**(n exquo rec.exponent)::Z)
/ (denom(x)::F), n, true, den?)
rd case Z =>
rec := qroot(rd::Z::Fraction(Z), n::NonNegativeInteger)
inrootO((numer(x)::F) /
(rec.radicand ** (n exquo rec.exponent)::Z),
n, num?, true) / rec.coef

hackroot (x, n)

if R has AlgebraicallyClosedField then iroot(r, n) == nthRoot(r, n)::F

else
iroot0: (R, Z) > F

if R has RadicalCategory then
if R has imaginary:() -> R then iroot(r, n) == nthRoot(r, n)::F
else
iroot(r, n) ==
0dd? n or r >= 0 => nthRoot(r, n)::F
irootO(r, n)

else iroot(r, n) == irootO0(r, n)

iroot0(r, n) ==
rec := rroot(r, n::NonNegativeInteger)
rec.coef * hackroot(rec.radicand, rec.exponent)

definingPolynomial x ==
(r := retractIfCan(x)@Union(K, "failed")) case K =>
is?(k := r::K, opalg) => first argument k
is?(k, oproot) =>
dumvar ** retract(second argument k)@Z - first argument k
dumvar - x
dumvar - x

minPoly k ==

is?(k, opalg) =>

numer univariate(first argument k,

retract(second argument k)@K)

is?(k, oproot) =>

monomial (1,retract(second argument k)@Z :: NonNegativeInteger)

- first(argument k)::UP

monomial(l, 1) - k::F::UP

evaluate(oproot, inroot)$BasicOperatorFunctionsi(F)
derivative(oproot, [dvroot, lzero])
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else -- R is not retractable to Integer
droot ==
x := first(1l)::OutputForm
(n := second 1) = 2::F => root x

root(x, n::0OutputForm)

minPoly k ==
is?(k, opalg) =>
numer univariate(first argument k,
retract(second argument k)@K)
monomial(1l, 1) - k::F::UP

setProperty(oproot, SPECIALDISP,
droot@(List F -> OutputForm) pretend None)

— AF.dotabb —

"AF" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=AF"]
"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]
"ACF" [color="#4488FF" ,href="bookvol1l0.2.pdf#nameddest=ACF"]
IIAF" _> I|FSI|

IIAFII _> IIACF!I

package INTHERAL AlgebraicHermitelntegration

AlgebraicHermiteIntegration (INTHERAL)

— AlgebraicHermiteIntegration.input —

)set break resume

)sys rm -f AlgebraicHermiteIntegration.output
)spool AlgebraicHermiteIntegration.output
)set message test on

)set message auto off

Jclear all

--S 1 of 1
)show AlgebraicHermiteIntegration
--E 1

19
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) spool
)1lisp (bye)

— AlgebraicHermiteIntegration.help —

AlgebraicHermiteIntegration examples

Algebraic Hermite reduction.

See Also:
o )show AlgebraicHermiteIntegration

Exports:
Hermitelntegrate

— package INTHERAL AlgebraicHermiteIntegration —

)abbrev package INTHERAL AlgebraicHermitelIntegration
++ Author: Manuel Bronstein

++ Date Created: 1987

++ Date Last Updated: 25 July 1990

++ Description:

++ Algebraic Hermite reduction.

AlgebraicHermiteIntegration(F,UP,UPUP,R) :Exports == Implementation where
F : Field
UP : UnivariatePolynomialCategory F
UPUP: UnivariatePolynomialCategory Fraction UP
R : FunctionFieldCategory(F, UP, UPUP)
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N  ==> NonNegativeInteger
RF ==> Fraction UP

Exports ==> with
HermiteIntegrate: (R, UP -> UP) -> Record(answer:R, logpart:R)
++ HermiteIntegrate(f, ’) returns \spad{[g,h]} such that
++ \spad{f = g’ + h} and h has a only simple finite normal poles.

Implementation ==> add
localsolve: (Matrix UP, Vector UP, UP) -> Vector UP

-- the denominator of f should have no prime factor P s.t. P | P’
-- (which happens only for P = t in the exponential case)
HermiteIntegrate(f, derivation) ==

ratform:R := 0
n := rank()
m = transpose((mat:= integralDerivationMatrix derivation).num)
inum := (cform := integralCoordinates f).num
if ((iden := cform.den) exquo (e := mat.den)) case "failed" then
iden := (coef := (e exquo gcd(e, iden))::UP) * iden
inum := coef * inum

for trm in factors squareFree iden | (j:= trm.exponent) > 1 repeat
u’:=(u:=(iden exquo (v:=trm.factor)*x(j::N))::UP) * derivation v

sys := ((u * v) exquo e)::UP * m

nn := minRowIndex sys - minIndex inum

while j > 1 repeat
ji=4 -1
p:=-3J*xu
sol := localsolve(sys + scalarMatrix(n, p), inum, v)
ratform := ratform + integralRepresents(sol, v ** (j::N))
inum := [((gelt(inum, i) - p * gelt(sol, i) -

dot(row(sys, i - nn), sol))
exquo v)::UP - u * derivation gelt(sol, i)
for i in minIndex inum .. maxIndex inum]
iden :=u * v
[ratform, integralRepresents(inum, iden)]

localsolve(mat, vec, modulus) ==
ans:Vector(UP) := new(nrows mat, 0)
diagonal? mat =>

for i in minIndex ans .. maxIndex ans
for j in minRowIndex mat .. maxRowIndex mat
for k in minColIndex mat .. maxColIndex mat repeat

(bc := extendedEuclidean(qgelt(mat, j, k), modulus,
gelt(vec, 1))) case "failed" => return new(0, 0)
gsetelt_!(ans, i, bc.coefl)
ans
sol := particularSolution(
map (x+->x: :RF, mat)$MatrixCategoryFunctions2(UP,
Vector UP, Vector UP, Matrix UP, RF,
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Vector RF, Vector RF, Matrix RF),
map (x+->x: :RF, vec)$VectorFunctions2(UP,
RF))$LinearSystemMatrixPackage (RF,
Vector RF, Vector RF, Matrix RF)
sol case "failed" => new(0, 0)
for i in minIndex ans .. maxIndex ans repeat
(bc := extendedEuclidean(denom gelt(sol, i), modulus, 1))
case "failed" => return new(0, 0)
gsetelt_!(ans, i, (numer gelt(sol, i) * bc.coefl) rem modulus)
ans

— INTHERAL.dotabb —

"INTHERAL" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=INTHERAL"]
"FFCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FFCAT"]
"INTHERAL" -> "FFCAT"

package INTALG AlgebraicIntegrate

— AlgebraicIntegrate.input —

)set break resume

)sys rm -f AlgebraicIntegrate.output
)spool AlgebraicIntegrate.output
)set message test on

)set message auto off

Jclear all

--S1o0f1
)show AlgebraicIntegrate
--E 1

) spool
)1lisp (bye)

— AlgebraicIntegrate.help —
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AlgebraicIntegrate examples

This package provides functions for integrating a function
on an algebraic curve.

See Also:
o )show AlgebraicIntegrate

AlgebraicIntegrate (INTALG)

Exports:
algintegrate palginfieldint palgintegrate

— package INTALG AlgebraicIntegrate —

)abbrev package INTALG AlgebraicIntegrate

++ Author: Manuel Bronstein

++ Date Created: 1987

++ Date Last Updated: 19 May 1993

++ Description:

++ This package provides functions for integrating a function
++ on an algebraic curve.

AlgebraicIntegrate(RO, F, UP, UPUP, R): Exports == Implementation where

RO : Join(OrderedSet, IntegralDomain, RetractableTo Integer)
F : Join(AlgebraicallyClosedField, FunctionSpace RO)
UP : UnivariatePolynomialCategory F

UPUP : UnivariatePolynomialCategory Fraction UP
R : FunctionFieldCategory(F, UP, UPUP)
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SE ==> Symbol

Z  ==> Integer

Q ==> Fraction Z

SUP ==> SparseUnivariatePolynomial F

QF ==> Fraction UP

GP ==> LaurentPolynomial(F, UP)

K ==> Kernel F

IR ==> IntegrationResult R

UPQ ==> SparseUnivariatePolynomial Q

UPR ==> SparseUnivariatePolynomial R

FRQ ==> Factored UPQ

FD ==> FiniteDivisor(F, UP, UPUP, R)

FAC ==> Record(factor:UPQ, exponent:Z)

LOG ==> Record(scalar:Q, coeff:UPR, logand:UPR)
DIV ==> Record(num:R, den:UP, derivden:UP, gd:UP)

FAILO ==> error "integrate: implementation incomplete (constant residues)"

FAIL1==> error "integrate: implementation incomplete (non-algebraic residues)"

FAIL2 ==> error "integrate: implementation incomplete (residue poly has multiple non-linear fa
FAIL3 ==> error "integrate: implementation incomplete (has polynomial part)"

NOTI ==> error "Not integrable (provided residues have no relations)"

Exports ==> with
algintegrate : (R, UP -> UP) -> IR
++ algintegrate(f, d) integrates f with respect to the derivation d.
palgintegrate : (R, UP -> UP) -> IR
++ palgintegrate(f, d) integrates f with respect to the derivation d.
++ Argument f must be a pure algebraic function.
palginfieldint: (R, UP -> UP) -> Union(R, "failed")
++ palginfieldint(f, d) returns an algebraic function g
++ such that \spad{dg = f} if such a g exists, "failed" otherwise.
++ Argument f must be a pure algebraic function.

Implementation ==> add
import FD
import DoubleResultantPackage(F, UP, UPUP, R)
import PointsOfFiniteOrder(RO, F, UP, UPUP, R)
import AlgebraicHermiteIntegration(F, UP, UPUP, R)
import InnerCommonDenominator(Z, Q, List Z, List Q)
import FunctionSpaceUnivariatePolynomialFactor (RO, F, UP)
import PolynomialCategoryQuotientFunctions(IndexedExponents K,
K, RO, SparseMultivariatePolynomial(RO, K), F)

F2R : F >R
F2UPR : F -> UPR
UP2SUP : UP -> SUP
SUP2UP : SUP -> UP
UPQ2F : UPQ -> UP
univ : (F, K) -> QF

pLogDeriv : (LOG, R -> R) -> R
nonLinear : List FAC -> Union(FAC, "failed")
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mkLog : (UP, Q, R, F) -> List LOG

R2UP : (R, K) -> UPR

alglogint : (R, UP -> UP) -> Union(List LOG, "failed")
palglogint : (R, UP -> UP) -> Union(List LOG, "failed")

trace00 : (DIV, UP, List LOG) -> Union(List LOG,"failed")

trace0 : (DIV, UP, Q, FD) -> Union(List LOG, "failed")

tracel : (DIV, UP, List Q, List FD, Q) -> Union(List LOG, "failed")
nonQ : (DIV, UP) -> Union(List LOG, "failed")

rlift : (F, K, K) -> R

varRoot? : (UP, F -> F) -> Boolean

algintexp : (R, UP -> UP) -> IR
algintprim : (R, UP -> UP) -> IR

dummy:R := 0
dumx := kernel(new()$SE)$K
dumy := kernel (new()$SE)$K

F2UPR f == F2R(f)::UPR
F2R £ == f::UP::QF::R

algintexp(f, derivation) ==

d := (c := integralCoordinates f).den
v := c.num
vp:Vector(GP) := new(n := #v, 0)
vf:Vector (QF) new(n, 0)
for i in minIndex v .. maxIndex v repeat

r := separate(qelt(v, i) / d)$GP

gsetelt_!(vf, i, r.fracPart)

gsetelt_!(vp, i, r.polyPart)
ff := represents(vf, w := integralBasis())
h := HermiteIntegrate(ff, derivation)
p := represents(

map ((x1:GP) :QF+->convert (x1)@QF, vp)$VectorFunctions2(GP, QF), w)
zero?(h.logpart) and zero? p => h.answer::IR
(u := alglogint(h.logpart, derivation)) case "failed" =>
mkAnswer (h.answer, empty(), [[p + h.logpart, dummy]])

zero? p => mkAnswer (h.answer, u::List(L0G), empty())
FAIL3

algintprim(f, derivation) ==
h := HermitelIntegrate(f, derivation)
zero?(h.logpart) => h.answer::IR
(u := alglogint(h.logpart, derivation)) case "failed" =>
mkAnswer (h.answer, empty(), [[h.logpart, dummy]])
mkAnswer (h.answer, u::List(LOG), empty())

-- checks whether f = +/[ci (ui)’/(ui)]
-- f dx must have no pole at infinity
palglogint(f, derivation) ==
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rec := algSplitSimple(f, derivation)

ground?(r := doubleResultant(f, derivation)) => "failed"
r(z) has roots which are the residues of f at all its poles
(u := gfactor r) case "failed" => nonQ(rec, r)

(fc := nonLinear(1f := factors(u::FRQ))) case "failed" => FAIL2
at this point r(z) = fc(z) (z - bl)"el .. (z - bk)“ek
where the ri’s are rational numbers, and fc(z) is arbitrary
(fc can be linear too)
la = [bl....,bk] (all rational residues)
la := [- coefficient(q.factor, 0) for q in remove_! (fc::FAC, 1f)]

1d = [D1,...,Dk] where Di is the sum of places where f has residue bi
1d := [divisor(rec.num, rec.den, rec.derivden, rec.gd, b::F) for b in la]
pp := UPQ2F(fc.factor)
bb = - sum of all the roots of fc (i.e. the other residues)
zero?(bb := coefficient(fc.factor,
(degree(fc.factor) - 1)::NonNegativeInteger)) =>
-- cd = [[al,...,ak], d] such that bi = ai/d
cd := splitDenominator la
-- g = gcd(al,...,ak), so bi = (g/d) ci with ci =bi / g
-- so [g/d] is a basis for [al,...,ak] over the integers
g := gcd(cd.num)

-- dv0 is the divisor +/[ci Di] corresponding to all the residues
-- of f except the ones which are root of fc(z)
dv0 := +/[(a quo g) * dv for a in cd.num for dv in 1d]
traceO(rec, pp, g / cd.den, dv0)

tracel(rec, pp, la, 1d, bb)

UPQ2F p ==
map((x:Q) :F+->x::F,p)$UnivariatePolynomialCategoryFunctions2(Q,UPQ,F,UP)

UP2SUP p ==
map ((x:F) :F+->x,p)$UnivariatePolynomialCategoryFunctions2(F, UP, F, SUP)

SUP2UP p ==
map ((x:F) :F+->x,p)$UnivariatePolynomialCategoryFunctions2(F, SUP, F, UP)

varRoot?(p, derivation) ==
for ¢ in coefficients primitivePart p repeat
derivation(c) “= 0 => return true
false

pLogDeriv(log, derivation) ==
map(derivation, log.coeff) "= 0 =>
error "can only handle logs with constant coefficients"

one?(n := degree(log.coeff)) =>
((n := degree(log.coeff)) = 1) =>
¢ := - (leadingCoefficient reductum log.coeff)
/ (leadingCoefficient log.coeff)

(log.logand) c
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(log.
numlog
(diflog

"fa
algans
ans:R

scalar)::R * ¢ * derivation(ans) / ans
:= map(derivation, log.logand)
:= extendedEuclidean(log.logand, log.coeff, numlog)) case
iled" => error "this shouldn’t happen"
:= diflog.coefl

=0

for i in 0..n-1 repeat

algan
ans
(log.sc

R2UP(f, k

s := (algans * monomial(l, 1)) rem log.coeff
:= ans + coefficient(algans, i)
alar)::R * ans

) ==

x = dumx :: F

g :=
(map ((

£1:QF) :F+->f1(x), lift f)_

$UnivariatePolynomialCategoryFunctions2(QF,UPUP,F,UP))

(y

map ((x1:F) :R+->rlift(xl, dumx, dumy), univariate(g, k, minPoly k))_

$Univ
univ(f, k
g := un

(SUP2UP

rlift(f,

:= dumy: :F)
ariatePolynomialCategoryFunctions2(F,SUP,R,UPR)
) ==
ivariate(f, k)

numer g) / (SUP2UP denom g)

kx, ky) ==

reduce map(x1+->univ(xl, kx), retract(univariate(f, ky))@SUP)_

$Univ

nonQ(rec,
empty?

FAIL1

—-- case when

ariatePolynomialCategoryFunctions2 (F,SUP,QF,UPUP)

p) ==
rest(1f := factors ffactor primitivePart p) =>
trace00(rec, first(lf).factor, empty()$List(LOG))

the irreducible factor p has roots which sum to O

-- p is assumed doubly transitive for now

traceO(re

lg:List

zero?
(rco

¢, q, r, dv0) ==

(LOG) :=

dv0 => empty()

:= torsionIfCan dv0) case "failed" => NOTI

mkLog(1l, r / (rcO.order::Q), rcO.function, 1)

trace00

(rec, q, 1lg)

trace00(rec, pp, 1lg) ==
pO := divisor(rec.num, rec.den, rec.derivden, rec.gd,

q :=(
alpha
dvr :=
(rc :=

degre

alpha0O := zeroOf UP2SUP pp)
pp exquo (monomial(l, 1)$UP - alphaO::UP))::UP

:= root0f UP2SUP q

divisor(rec.num, rec.den, rec.derivden, rec.gd, alpha) - pO
torsionIfCan dvr) case "failed" =>
e(pp) <= 2 => "failed"
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NOTI
concat(lg, mkLog(q, inv(rc.order::Q), rc.function, alpha))

-- case when the irreducible factor p has roots which sum <> 0O

-- the residues of f are of the form [al,...,ak] rational numbers
—-- plus all the roots of q(z), which is squarefree
-- la is the list of residues la := [al,...,ak]

-- 1d is the list of divisors [D1,...Dk] where Di is the sum of all the
-- places where f has residue ai
-- q(z) is assumed doubly transitive for now.
-- let [alpha_1,...,alpha_m] be the roots of q(z)
-- in this function, b = - alpha_l - ... - alpha_m is <> 0
-- which implies only one generic log term
tracel(rec, q, la, 1d, b) ==

-- cd = [[b1,...,bk], d] such that ai / b =bi / d
cd := splitDenominator [a / b for a in la]
-- then, a basis for all the residues of f over the integers is
-- [beta_1 = - alpha_1 / d,..., beta_m = - alpha_m / d], since:
- alpha_i = - d beta_i
-- ai = (ai / b) * b=(bi/ d) *b =D>bl * beta_l + ... + bm * beta_m
-- linear independence is a consequence of the doubly transitive assumption
-- v0 is the divisor +/[bi Di] corresponding to the residues [al,...,ak]
v0 := +/[a * dv for a in cd.num for dv in 1d]

-- alpha is a generic root of q(z)
alpha := root0f UP2SUP q
-- v is the divisor corresponding to all the residues

v := v0 - cd.den * divisor(rec.num, rec.den, rec.derivden, rec.gd, alpha)
(rc := torsionIfCan v) case "failed" => -- non-torsion case

degree(q) <= 2 => "failed" -- guaranteed doubly-transitive

NOTI -- maybe doubly-transitive

mkLog(q, inv((- rc.order * cd.den)::Q), rc.function, alpha)

mkLog(q, scalr, lgd, alpha) ==
degree(q) <=1 =>
[[scalr, monomial(l, 1)$UPR - F2UPR alpha, lgd::UPR]]
[[scalr,
map(F2R, q)$UnivariatePolynomialCategoryFunctions2(F,UP,R,UPR),
R2UP(1gd, retract(alpha)@K)]]

-- return the non-linear factor, if unique
-- or any linear factor if they are all linear
nonLinear 1 ==
found:Boolean := false
ans := first 1
for q in 1 repeat
if degree(q.factor) > 1 then
found => return "failed"
found := true
ans = q
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-- f dx must be locally integral at infinity
palginfieldint(f, derivation) ==

h := HermitelIntegrate(f, derivation)
zero?(h.logpart) => h.answer
"failed"

-- f dx must be locally integral at infinity
palgintegrate(f, derivation) ==
h := HermitelIntegrate(f, derivation)
zero?(h.logpart) => h.answer::IR
(not integralAtInfinity?(h.logpart)) or
((u := palglogint(h.logpart, derivation)) case "failed") =>
mkAnswer (h.answer, empty(), [[h.logpart, dummyl])
zero?(difFirstKind := h.logpart - +/[pLogDeriv(lg,
xl+->differentiate(xl, derivation)) for lg in u::List(LOG)]) =>
mkAnswer (h.answer, u::List(L0G), empty())
mkAnswer (h.answer, u::List(LOG), [[difFirstKind, dummy]])

-- for mixed functions. f dx not assumed locally integral at infinity
algintegrate(f, derivation) ==

zero? degree(x’ := derivation(x := monomial(l, 1)$UP)) =>
algintprim(f, derivation)
((zx := x’ exquo x) case UP) and

(retractIfCan(xx::UP)@Union(F, "failed") case F) =>
algintexp(f, derivation)
error "should not happen"

alglogint(f, derivation) ==
varRoot?(doubleResultant (f, derivation),
x1+->retract(derivation(x1::UP))@F) => "failed"
FAILO

— INTALG.dotabb —

"INTALG" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=INTALG"]
"ACF" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=ACF"]

"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]

"FFCAT" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FFCAT"]
"INTALG" -> "ACF"

"INTALG" -> "FS"

"INTALG" -> "FFCAT"
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package INTAF AlgebraicIntegration

— AlgebraicIntegration.input —

)set break resume

)sys rm -f AlgebraicIntegration.output
)spool AlgebraicIntegration.output
)set message test on

)set message auto off

)clear all

--S1of 1
)show AlgebraicIntegration

--E 1

)spool
)1lisp (bye)

— AlgebraicIntegration.help —

AlgebraicIntegration examples

This package provides functions for the integration of
algebraic integrands over transcendental functions;

See Also:
o )show AlgebraicIntegration

CHAPTER A
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AlgebraicIntegration (INTAF)

Exports:
algint

— package INTAF AlgebraicIntegration —

)abbrev package INTAF AlgebraicIntegration

++
++
++
++
++
++

Al

Author: Manuel Bronstein

Date Created: 12 October 1988

Date Last Updated: 4 June 1988

Description:

This package provides functions for the integration of
algebraic integrands over transcendental functionms;

gebraicIntegration(R, F): Exports == Implementation where
R : Join(OrderedSet, IntegralDomain)
F : Join(AlgebraicallyClosedField, FunctionSpace R)

SY ==> Symbol

N  ==> NonNegativeInteger

K ==> Kernel F

P  ==> SparseMultivariatePolynomial(R, K)
UP ==> SparseUnivariatePolynomial F

RF ==> Fraction UP

UPUP==> SparseUnivariatePolynomial RF

IR ==> IntegrationResult F

IR2 ==> IntegrationResultFunctions2(curve, F)

ALG ==> AlgebraicIntegrate(R, F, UP, UPUP, curve)
FAIL==> error "failed - cannot handle that integrand"

Exports ==> with
algint: (F, K, K, UP -> UP) -> IR
++ algint(f, x, y, d) returns the integral of \spad{f(x,y)dx}
++ where y is an algebraic function of x;
++ d is the derivation to use on \spad{k([x]}.
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Implementation ==> add
import ChangeOfVariable(F, UP, UPUP)
import PolynomialCategoryQuotientFunctions(IndexedExponents K,
K, R, P, F)

rootintegrate: (F, K, K, UP -> UP) -> IR
algintegrate : (F, K, K, UP -> UP) -> IR

UPUP2F : (UPUP, RF, K, K) -> F
F2UPUP : (F, K, K, UP) -> UPUP
UP2UPUP : (UP, K) -> UPUP

F2UPUP(f, kx, k, p) == UP2UPUP(univariate(f, k, p), kx)

rootintegrate(f, t, k, derivation) ==

rl := mkIntegral (modulus := UP2UPUP(p := minPoly k, t))
f1 := F2UPUP(f, t, k, p) monomial(inv(rl.coef), 1)

r := radPoly(rl.poly)::Record(radicand:RF, deg:N)

q := retract(r.radicand)

curve := RadicalFunctionField(F, UP, UPUP, q::RF, r.deg)

map (x1+->UPUP2F (1ift x1, rl.coef, t, k),
algintegrate(reduce f1, derivation)$ALG)$IR2

algintegrate(f, t, k, derivation) ==

rl := mkIntegral (modulus := UP2UPUP(p := minPoly k, t))
f1 = F2UPUP(f, t, k, p) monomial(inv(rl.coef), 1)
modulus:= UP2UPUP(p := minPoly k, t)

curve := AlgebraicFunctionField(F, UP, UPUP, ril.poly)
map (x1+->UPUP2F (1ift x1, rl.coef, t, k),
algintegrate(reduce f1, derivation)$ALG)$IR2

UP2UPUP(p, k) ==
map (x1+->univariate(x1,k),p)$SparseUnivariatePolynomialFunctions2(F,RF)

UPUP2F (p, cf, t, k) ==
map ((x1:RF) :F+->multivariate(x1, t),
p) $SparseUnivariatePolynomialFunctions2(RF, F)
(multivariate(cf, t) * k::F)

algint(f, t, y, derivation) ==
is?(y, "nthRoot"::SY) => rootintegrate(f, t, y, derivation)

is?(y, "rootOf"::8Y) => algintegrate(f, t, y, derivation)
FAIL

— INTAF.dotabb —

"INTAF" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=INTAF"]
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"ACF" [color="#4488FF" ,href="bookvol1l0.2.pdf#nameddest=ACF"]
"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]
"INTAF" -> "ACF"

"INTAF" -> "FS"

package ALGMANIP AlgebraicManipulations

— AlgebraicManipulations.input —

)set break resume

)sys rm -f AlgebraicManipulations.output
)spool AlgebraicManipulations.output
)set message test on

)set message auto off

)clear all

-—-S1of 1
)show AlgebraicManipulations

--E 1

) spool
)1lisp (bye)

— AlgebraicManipulations.help —

AlgebraicManipulations examples

AlgebraicManipulations provides functions to simplify and expand
expressions involving algebraic operators.

See Also:
o )show AlgebraicManipulations
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AlgebraicManipulations (ALGMANIP)

Exports:
ratDenom ratPoly rootKerSimp rootPower
rootProduct rootSimp rootSplit

— package ALGMANIP AlgebraicManipulations —

)abbrev package ALGMANIP AlgebraicManipulations

++ Author: Manuel Bronstein

++ Date Created: 28 Mar 1988

++ Date Last Updated: 5 August 1993

++ Description:

++ AlgebraicManipulations provides functions to simplify and expand
++ expressions involving algebraic operators.

AlgebraicManipulations(R, F): Exports == Implementation where
R : IntegralDomain
F : Join(Field, ExpressionSpace) with

numer : $ -> SparseMultivariatePolynomial(R, Kernel $)
++ numer(x) \undocumented
denom : $ -> SparseMultivariatePolynomial(R, Kernel $)

++ denom(x) \undocumented
coerce : SparseMultivariatePolynomial(R, Kernel $) -> $
++ coerce(x) \undocumented

N ==> NonNegativelnteger

Z ==> Integer

0P ==> BasicOperator

SY ==> Symbol

K ==> Kernel F

P ==> SparseMultivariatePolynomial(R, K)
RF ==> Fraction P

REC ==> Record(ker:List K, exponent: List Z)
ALGOP ==> "}alg"

NTHR ==> "nthRoot"

CHAPTER A
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Exports ==> with
rootSplit: F -> F
++ rootSplit(f) transforms every radical of the form
++ \spad{(a/b)**(1/n)} appearing in f into \spad{a**(1/n) / b*x(1/n)}.
++ This transformation is not in general valid for all
++ complex numbers \spad{a} and b.
ratDenom : F -> F
++ ratDenom(f) rationalizes the denominators appearing in f
++ by moving all the algebraic quantities into the numerators.
ratDenom : (F, F) -> F
++ ratDenom(f, a) removes \spad{a} from the denominators in f
++ if \spad{a} is an algebraic kermel.
ratDenom : (F, List F) -> F
++ ratDenom(f, [al,...,an]) removes the ai’s which are
++ algebraic kernels from the denominators in f.
ratDenom : (F, List K) -> F
++ ratDenom(f, [al,...,an]) removes the ai’s which are
++ algebraic from the denominators in f.
ratPoly : F -> SparseUnivariatePolynomial F
++ ratPoly(f) returns a polynomial p such that p has no
++ algebraic coefficients, and \spad{p(f) = 0}.
if R has Join(OrderedSet, GcdDomain, RetractableTo Integer)
and F has FunctionSpace(R) then
rootPower : F -> F
++ rootPower(f) transforms every radical power of the form
++ \spad{(a**(1/n))**m} into a simpler form if \spad{m} and
++ \spad{n} have a common factor.
rootProduct: F -> F
++ rootProduct(f) combines every product of the form
++ \spad{(ax*(1/n))**m * (a**(1/s))**t} into a single power
++ of a root of \spad{a}, and transforms every radical power
++ of the form \spad{(a**(1/n))**m} into a simpler form.
rootSimp : F->F
++ rootSimp(f) transforms every radical of the form
++ \spad{(a * b**x(gq*n+r))**(1/n)} appearing in f into
++ \spad{b**q * (a * b**r)**(1/n)}.
++ This transformation is not in general valid for all
++ complex numbers b.
rootKerSimp: (OP, F, N) -> F
++ rootKerSimp(op,f,n) should be local but conditional.

Implementation ==> add
import PolynomialCategoryQuotientFunctions(IndexedExponents K,K,R,P,F)

innerRF : (F, List K) > F
rootExpand : K -> F

algkernels : List K -> List K
rootkernels: List K -> List K

dummy := kernel(new()$SY)$K
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ratDenom x == innerRF(x, algkernels tower x)

ratDenom(x:F, 1l:List K):F == innerRF(x, algkernels 1)

ratDenom(x:F, y:F) == ratDenom(x, [y])

ratDenom(x:F, 1l:List F) == ratDenom(x, [retract(y)@K for y in 1]$List(K))
algkernels 1 == select_!((z1:K):Boolean +-> has?(operator z1l, ALGOP), 1)

rootkernels 1 == select_!((z1:K):Boolean +-> is?(operator zl1l, NTHR::SY), 1)

ratPoly x ==
numer univariate(denom(ratDenom inv(dummy::P::F - x))::F, dummy)

rootSplit x ==
1k := rootkernels tower x
eval(x, lk, [rootExpand k for k in 1k])

rootExpand k ==
x := first argument k
n := second argument k
op := operator k
op(numer(x)::F, n) / op(denom(x)::F, n)

-- all the kernels in 11 must be algebraic
innerRF(x, 11) ==
empty?(1l := sort_!((z1:K,z2:K):Boolean +-> zl1 > z2,kernels x)$List(K)) or
empty? setIntersection(ll, tower x) => x
1k := empty()$List(K)
while not member?(k := first 1, 11) repeat
1k := concat(k, 1k)
empty?(1l := rest 1) =>
return eval(x, 1k, [map((z3:F):F+->innerRF(z3,11), kk) for kk in 1k])
q := univariate(eval(x, 1k,
[map((z4:F) :F+->innerRF(z4,11) ,kk) for kk in 1k]),k,minPoly k)
map ((z5:F) :F+->innerRF(z5, 11), q) (map((z6:F):F+->innerRF(z6, 11), k))

if R has Join(OrderedSet, GcdDomain, RetractableTo Integer)
and F has FunctionSpace(R) then
import PolynomialRoots(IndexedExponents K, K, R, P, F)

sroot : K -> F

inroot : (0P, F, N) -> F
radeval: (P, K) -> F
breakup: List K -> List REC

if R has RadicalCategory then
rootKerSimp(op, x, n) ==
(r := retractIfCan(x)@Union(R, "failed")) case R =>
nthRoot(r::R, n)::F
inroot(op, x, n)
else
rootKerSimp(op, x, n) == inroot(op, x, n)
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-- 1 is a list of nth-roots, returns a list of records of the form
-- [a**x(1/n1) ,a**(1/n2),...], [n1,n2,...]1]
-- such that the whole list covers 1 exactly
breakup 1 ==

empty? 1 => empty()

k := first 1

a := first(arg := argument(k := first 1))

n := retract(second arg)QZ

expo := empty()$List(Z)

others := same := empty()$List(K)

for kk in rest 1 repeat

if (a = first(arg := argument kk)) then

same := concat(kk, same)
expo := concat(retract(second arg)@Z, expo)
else others := concat(kk, others)

11 := breakup others
concat ([concat(k, same), concat(n, expo)], 11)

rootProduct ==
for rec in breakup rootkernels tower x repeat

kO := first(l := rec.ker)

nx := numer x; dx := denom X

if empty? rest 1 then x := radeval(nx, kO) / radeval(dx, kO)

else
n := lcm(rec.exponent)
k := kernel(operator kO, [first argument kO, n::F], height k0)$K
lv := [monomial(l, k, (n quo m)::N) for m in rec.exponent]$List(P)
x := radeval(eval(nx, 1, 1v), k) / radeval(eval(dx, 1, 1lv), k)

rootPower x ==
for k in rootkernels tower x repeat
x := radeval (numer x, k) / radeval(denom x, k)

-- replaces (a**(1/n))**m in p by a power of a simpler radical of a if
-- n and m have a common factor
radeval(p, k) ==
a := first(arg := argument k)
n := (retract(second arg)@Integer)::NonNegativelnteger
ans:F := 0
q := univariate(p, k)
while (d := degree q) > O repeat
term :=
- one?(g := gcd(d, n)) => monomial(l, k, d)
((g := gcd(d, n)) = 1) => monomial(l, k, d)
monomial (1, kernel(operator k, [a,(n quo g)::F], height k), d quo g)
ans := ans + leadingCoefficient(q)::F * term::F
q := reductum q
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leadingCoefficient(q)::F + ans

inroot(op, x, n) ==
- one? x => X
(x=1) =>x
- (x "= -1) and (one?(num := numer x) or (num = -1)) =>
(x "= -1) and (((num := numer x) = 1) or (num = -1)) =>
inv inroot(op, (num * denom x)::F, n)
(u := isExpt(x, op)) case "failed" => kernel(op, [x, n::F])
pr := u::Record(var:K, exponent:Integer)
q := pr.exponent /$Fraction(Z)
(n * retract(second argument (pr.var))@Z)
gr := divide(numer q, denom q)
x := first argument (pr.var)
X ** gr.quotient * rootKerSimp(op,x,denom(q)::N) #** qr.remainder

sroot k ==
pr := froot(first(arg := argument k), (retract(second arg)@Z)::N)
pr.coef * rootKerSimp(operator k, pr.radicand, pr.exponent)

rootSimp x ==
1k := rootkernels tower x
eval(x, 1k, [sroot k for k in 1k])

— ALGMANIP.dotabb —

"ALGMANIP" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=ALGMANIP"]
"FS" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=FS"]
"ALGMANIP" -> "FS"

package ALGMFACT AlgebraicMultFact

— AlgebraicMultFact.input —

)set break resume

)sys rm -f AlgebraicMultFact.output
)spool AlgebraicMultFact.output
)set message test on

)set message auto off

)clear all
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-——S1of 1
)show AlgebraicMultFact
--E 1

) spool
)1lisp (bye)

— AlgebraicMultFact.help —

AlgebraicMultFact examples

This package factors multivariate polynomials over the domain of
AlgebraicNumber by allowing the user to specify a list of algebraic
numbers generating the particular extension to factor over.

See Also:
o )show AlgebraicMultFact

AlgebraicMultFact (ALGMFACT)

Exports:
factor

— package ALGMFACT AlgebraicMultFact —

)abbrev package ALGMFACT AlgebraicMultFact
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Author: P. Gianni

Date Created: 1990

Description:

This package factors multivariate polynomials over the
domain of \spadtype{AlgebraicNumber} by allowing the user

++ to specify a list of algebraic numbers generating the particular
++ extension to factor over.
AlgebraicMultFact(OV,E,P) : C ==

where

AN ==> AlgebraicNumber

ov : OrderedSet

E : OrderedAbelianMonoidSup

P : PolynomialCategory (AN,E,Q0V)

BP ==> SparseUnivariatePolynomial AN

z ==> Integer

MParFact ==> Record(irr:P,pow:Z)

USP ==> SparseUnivariatePolynomial P

SUParFact ==> Record(irr:USP,pow:Z)

SUPFinalFact ==> Record(contp:R,factors:List SUParFact)

MFinalFact  ==> Record(contp:R,factors:List MParFact)

-- contp = content,
-- factors = List of irreducible factors with exponent
L ==> List
C == with
factor : (P,L AN) -> Factored P

++ factor(p,lan) factors the polynomial p over the extension
++ generated by the algebraic numbers given by the list lan.
factor : (USP,L AN) -> Factored USP
++ factor(p,lan) factors the polynomial p over the extension
++ generated by the algebraic numbers given by the list lan.
++ p is presented as a univariate polynomial with multivariate
++ coefficients.
T == add

AF := AlgFactor(BP)
INNER ==> InnerMultFact(0OV,E,AN,P)

factor(p:P,lalg:L AN) : Factored P ==
factor(p, (z1:BP) :Factored(BP) +-> factor(zl,lalg)$AF)$INNER

factor(up:USP,lalg:L AN) : Factored USP ==
factor (up, (z1:BP) :Factored(BP) +-> factor(zl,lalg)$AF)$INNER
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— ALGMPFACT.dotabb —

"ALGMFACT" [color="#FF4488" ,href="bookvol10.4.pdf#nameddest=ALGMFACT"]
"ACF" [color="#4488FF" ,href="bookvol10.2.pdf#nameddest=ACF"]
"ALGMFACT" -> "ACF"

package ALGPKG AlgebraPackage

— AlgebraPackage.input —

)set break resume

)sys rm -f AlgebraPackage.output
)spool AlgebraPackage.output
)set message test on

)set message auto off

Jclear all

--S1of 1
)show AlgebraPackage
--E 1

) spool
)1lisp (bye)

— AlgebraPackage.help —

AlgebraPackage examples

AlgebraPackage assembles a variety of useful functions for general algebras.

See Also:
o )show AlgebraPackage
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AlgebraPackage (ALGPKG)

Exports:
basis basisOfCenter basisOfCentroid basisOfCommutingElement
basisOfLeftNucleus basisOfLeftNucloid basisOfMiddleNucleus basisOfNucleus
basisOfRightNucleus basisOfRightNucloid biRank doubleRank
radicalOfLeft TraceForm rightRank weakBiRank

— package ALGPKG AlgebraPackage —

)abbrev package ALGPKG AlgebraPackage

++ Authors: J. Grabmeier, R. Wisbauer

++ Date Created: 04 March 1991

++ Date Last Updated: 04 April 1992

++ Reference:

++ R.S. Pierce: Associative Algebras

++ Graduate Texts in Mathematics 88

++ Springer-Verlag, Heidelberg, 1982, ISBN 0-387-90693-2
++

++ R.D. Schafer: An Introduction to Nonassociative Algebras
++ Academic Press, New York, 1966

++

++ A. Woerz-Bu